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Explicit solutions f in the Hardy-Smirnov space in a semistrip of the convolution equation
Jop. flw+ T)g(w)dw = 0,7 < 0, are found in the case when a singular boundary function of
the characteristic function of the equation has discontinuities.

b. B. Bunnunkuii, B. M. [luabusii. O peweHuAr odHopodHo2o YypasHEeHUus ceepmkl, nopo-
acdennbir cunzyasprocmeio [/ Maremaruani Cryail. — 2003, — T.19, Ne2. — C.149-155.

B npoctpancte Xapmu-CMupHOBa B TOAymoJd0oCe HAlJAeHEl ABHEIE PelIeHnA f ypaBHeHUA
cBepTKE [y, f(w+ 7)g(w)dw = 0,7 <0, B cy4dae, Korja CHHIyIApHAA TPaHIIHAA QyHKINA
XapaKTepUCTHYIeCKOH (byHKINI ypaBHEHUA NMeeT Pa3phIB.

It is well known [9] that solutions f € L?*(—o0;0) of the convolution equation

/ fw+ 7)g(w)dw = 0,9 € L*(—c0;0), 7 <0, (1)

exists if and only if the function

G(z) = \/% / g(u)e™du

is not outer for the Hardy space H*(C, ). This space consists of the analytic functions f in
the right half-plane C; = {z : Rez > 0}, for which

lel< 5

+oo
sup / |f(re")|Pdr 3 < 4o0.
0

It is known [7, p. 59] that
1/p

+oo
1l = / Fliy)Pdy
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Lemma 1. A function f belongs to H?(C, ), if and only if

1/p

+oo
1]l = sup / e Pdr b < 4o
0

lel< S

and
277 £ < N f1e < -

This lemma is contained in [8].
A function G is outer (that is equation (1) has a nonzero solution) if and only if at least
one of the following conditions holds:

a) G has at least one zero in Cy;

b) T In |G(2)]

=a; < 0;
r—r400 x

¢) a singular boundary function of the function (7 is not an identical constant.

Let D, = {z : |Imz] < 0,Rez < 0},0 < 0 < +oo Di = C\D,. Let EP[D,] (respectively
E?[D,]),1 < p < 400, is the space of analytic functions in D, (in D; = C\D,) for which

sup d [ 17Ip1as] § < +oc,
Y

where the supremum is taken over all segments v that lie in D, (D?) and are parallel to one
of sides of dD,. The functions from these spaces have [3] almost everywhere (a. e.) on 9D,
the angle boundary values, which will be denoted by f(z), and f € L?[0D,]. Further, let
H?(Cy),1 < p < o0, be the class of analytic functions f in Cy, for which

lel< 5

+oo
sup /|f(rew)|pe_pm|5inﬂdr < 4oo.
0

The functions from this space also have a. e. on dCy the angle boundary values f(iy) and
fliy)e=W € [P(—o00; 00).
If g € E2[D,], then [1] the function

1

G(z) = o

g(z)e ™ dw (2)
/

belongs to the class H2?(C,) and equality (2) determines a bijection between H2(C,) and
E2[D,].
The equation

/ f(w+ )g(w)dw =0, <0, g€ ED,], (3)

is studied in [1]-[3], [10]. In these papers it is proved that equation (3) has a nonzero solution
f in the class E?[D,] provided that at least one of conditions a), c) or

) 1 1 N o
b') rli%lo (t_2 — r_2> In ‘G(zt)e |t|‘ dl > —o0
1<]t|<r
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holds, and condition b) is not sufficient for the existence of a solution for (3). In [2] a solution
for case a) was found. In the case c¢) the problem of a form for a solution of (3) was
open. In the following result we find a solution of (3) when singular boundary function has
discontinuities.

Theorem. If G(z) = Gy(2)exp{——_-}, where G € H*(Cy),b > 0,a € R, then the

function f(w) = d(w)e™ is a solution of equation (3) in the class E*[D,], where d is an
arbitrary entire function of order 1/2 and type < 2v/b such that d € E*[D,)].
In order to prove this theorem we need some auxiliary results.

Lemma 2. If f € E?[D,],g € E[D,], then

+o0 0 +o0

(Vr <0): /f(w—l—r)g(w)dw:i/q)l(iy)e”ydy—i/q)g(iy)e”ydy—l—/q)g(x)emdx

dD, 0 —00
and ®1(z) + ®3(2) + P5(2) = 0 a. e. on IC,, where ®; = F;G,j € {1,2,3}. Here (G is
determined by equality (2), and

Fi(z) = %/f(w)e_zwdw, f € E*D,],

l; and l3 are the halflines of D, lying above and under the real axis, respectively, and [ is
the segment [—io;i0] oriented according to the positive orientation of 9D, .

Let E?[C(e, 5)],0 < f—a < 27,1 < p < 0o, be the space of analytic functions f in
Cla, 8) = {z: a < argz < [} for which

a<e<f

+ oo
sup /|f(rew)|pdr < 4oo.
0
The functions f from the class E?[C(a, 3)] have [4] a. e. on 0C(«a, 3) the angle boundary
values and f € LP[0C(a, 3)].
Lemma 3. If f € E'[C(a, 3)], then
/ f(z)dz = 0.
oC(,0)

Lemma 4. Let a function ¢ be analytic in C,,

— 1 4
sup lim M < 2\/[;,
|@|<% r—r0o0 T

continuous in C, and » € L?(0Cy ). Then ;/)(w)e_Z\/gw € H*(Cy).

Lemma 2 is from [2], Lemma 3 from [4], and Lemma 4 from [5].
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Lemma 5. Let a function d satisfy the conditions of Theorem. Then
dy(w) def d(w £ i0)e —2VhVw o E?[C(—m, 7))

Proof. The functions vx(w) = 2wd(w? £ io) satisfy the conditions of Lemma 4 and
@bi(w)eﬂﬁw € H*(C,). Hence

YelV) 25 ¢ g,

V4w
Thus, d(w + ia)e_z\/g\/a € E?[C(—m; )], and Lemma 5 is proved. O
Lemma 6. If f € E?[C(a, )], then

1/p 1/p

+oo
sup / Free)pdr b < /|f(2)|p|d2|
ale<lf 4

0C(a,3)
This lemma is a consequence of Lemma 1.

Lemma 7. If a function f is analytic in Cla, 3], has the angle boundary values a.e. on

0C(a, 3), f € LP(0C(«v, 3)), and for some v € (0;7/(8 — a))

1/p
(Ve >0): sup / |f(re')|Pe (47 gy < 400, (4)
a<w<ﬁ
then f € E?[C(a, 3)].
Proof. Let
fs(Z) _ f(Z)e—s(zV-l—l/zv)‘
From (4) we have f. € C(o; 3), and
too 1/p l/p
s 3 [ UGl <8 [ e
a<e<f
0 oC(e,B)
Hence, by the Fatou lemma, Lemma 7 is proved. 0

Lemma 8. If a function f is analytic in C,, has the angle boundary values a.e. on 0C,,

f € LP(0C,), for some § > 0 f(:z;)e_é(x—i'%) € L?(0;4+00) and for all v € (0;2)

1/p

(Ve>0): sup /|f re'?)|Pe (7 43) gy < +oo0, (5)

Jol<n/2

then f € H?(Cy).
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Proof. Let

Fu(z) = f(z)e 864109
From (5) we have |F;(iy)| = |f(iy)|, F5 € L*(0;400). Then by Lemma 7 Fy € EP[C(—7%;0)],
Fs € EP[C(0; 7)]. Hence Fy € H?(Cy) and

+oo 1/p o0 1/p
s § [ 1Beenpart <8 [Py
jol<z J
By the Fatou lemma, we obtain f € H?(C,). O

Lemma 9. If a function d satisfies the conditions of Theorem, then the functions

. +oo
Qi(z) = — 62 / d(te™ + ia)e_(teXp(m)ﬂg)Zdt, 0 < cos(a + argz), (6)
T
0

Vo

do not depend on a € [—m;m) and Q+(Z)6_ge“’z € H*(Cy), Q_(Z)e_ge_wz € H*(Cy).

Proof. The functions d(w+io) are entire of order 1/2, because the functions Q4 are analytic
in C;\{0} and do not depend on « (see [6]) as Borel’s transforms of the functions d(z +i0).
If o = —7 then from Paley-Wiener’s theorem [12, p.20] the functions Q4 (z)e* belong to
the Hardy space H? in the halfplane {z : Re z < 0}, hence Qi(z)eimze_S € L*(0C,).

From Schwartz’ inequality

+oo
/ 0, (2)et 2 () g <
0
+oo
< / e=e(r+7v) exp {—26 C:S c,o} I(r)dr,

where by Lemma 5

a€(—m;m)

+oo
¢ = sup / |d(te™ + i0)|264\/¥C°S%dt < 400,
0

+o0

[(T) _ / e4\/fcos %—Qtrcos(a—l—ap)dt _
0
+o0

2 o 2[) 2 o
S / exp{—C()SiQ(Z\/ﬂ— u)} du.

r? cos?(a + ¢) r cos(a + )
0

Splitting the last integral on the sum of the integrals on [0; 1] and [1;400) and substituting
Vu =14 /7, we obtain

cos? S et 1]

I(r) = - +/Ooe_ﬁd +
A cos? (a+¢) \ /by N v by by |’
0
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where by = (2bcos? a/2) / (r cos(a + ¢)). Taking o = —p, we find that the functions

b

Q)
satisfy the conditions of Lemma 8. Hence they belong to H?*(C,). O
Proof of Theorem. The functions

T +oo ) it
Dy(z):= —\j%/ flte™ £ ia)e_(te Fio)z gy —
0

eioz +oo ) L )
= — d(te'™ + o )e~ e F) i) gy z —1a
= ) Qulz — ia)

are analytic continuations in C/{ia} of F; and —F5, respectively (see Lemma 2). As
in Lemma 9 Qi(z)eii”e_g € H?*(Cy), so Di(z)e_ﬁei”(z_m) € H?*(C,), and hence

b . . .
Dyi(z)e”7=met s ¢ H*(C,). By (2) we get that G4(2)e"7* € E*[C(0;7/2)] and G (z)e 7% €
E?[C(—7/2;0)]. So ®, € E'[C(0;7/2)] and ®3 € E'[C(—n/2;0)]. Since ®,(z)e™* €
EYC(0;7/2)] and ®3(z)e™ € E'[C(—7/2;0)],7 <0, by Lemma 3

- / Qi(z)e™dz + / Qi(z)e™dz =0, 7<0.

oC(057/2) 9C(—=/2;0)
Therefore, the right side of (3) is equal to zero and hence the theorem is proved. 0

The following proposition is a consequence of Lemma 8 and is an extension of Mar-
tirosian’s results (see [11]).

Proposition. If function f is analytic in C,, has a.e on dC, the angle boundary values,
f € LP(0C,), and satisfies condition (5) then f € H?(Cy).
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