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We describe singular boundary functions of functions f # 0 which are analytic the in
half-plane Cy = {z : Rez > 0} and satisfy the condition

(3 € (0;1)) Ber > 0) (V2 € Cy ) = |f(2)] < crexp (0™ (ea]2]))

where 7 : [0; +00) — (0; +00) is an increasing function such that In n(r) is a convex function in
Inr on [1;400).
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[Moay4eno onmucanue CHHTYJAAPHBIX TPAHUIHBIX (QDYHKIWH aHATUTHIECCKUX B TTOMYTIOCKOCTH
Cy = {2z : Rez > 0} dpyukuiii f Z 0, yI0BAETBOPAIOUINX YCJIOBUIO

(3 € (0;1)) Ber > 0) (V2 € Cy ) = |f(2)] < crexp (0™ (ea]2]))

rae n: [0;+00) = (0; +00) — BospacTatoias GYHKIHA Takad, 970 QyHKIuA In 7(r) Aagercs
BBLIY KON OTHOCHTeaBHO In 7 Ha [1;+00).

Let a function f be analytic and bounded in each half-disk Qr={z : |z| < R,Rez > 0},
0 < R < 4o0. The equality

t2 t

bita) = hits) = lim, [1nfetipldy = [l fGlds. 6 <t

T—40
ty ty

where f(iy) are the angular boundary values of the function f on the imaginary axis, defining
[1, p. 23] up to a constant summand values at the points of continuity a nonincreasing on
(—o0, +00) function h such that h'(2) = 0 almost everywhere. This function & is called a
singular boundary function of the function f. It is known [1, p. 30], [2, p. 189-190] that a
nonincreasing on (—oo, +00) function h such that h'(t) = 0 almost everywhere is a singular
boundary function of some analytic and bounded in the half-plane C; = {z:Rez > 0}
function if and only if

+oo
|dh(t)|
142

< 4o0. (1)

— 00
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Let : [0; +00) — (0; +00) be an increasing function such that Inn(r) is a convex function
in Inr on [1;+00). Denote by B, the class of analytic functions f # 0 in the half-plane C;
which satisfy the condition

(3 € (0;1)) Fer > 0) (V2 € Cp) = |f(2)] < crexp (™ (ar]2])) - (2)
We shall prove here the following statement.

Theorem 1. A nonincreasing on (—oo; +00) function h such that h'(t) = 0 almost every-
where is a singular boundary function of some function f € B, if and only if

(3Fm € (0:1)) (Fes > 0) (¥ > 1) : P(r) < 20 4 (3)

7

where

mmzégf($—§9<wwn+%«ﬁ»

1

In order to prove Theorem 1 we need the following statements.

Lemma 1. If a function Inn(r) is convex in Inr on [1;4+00), then

lim Inn(r)/Inr= lim r'(r)/n(r) = v € (0; +oo], (4)

r—+0oo r—+0oo
where ' is the right-hand derivative of the function .

Proof. 1t follows from the convexity of the function Inn(r) in Inr on [1; +00) that there exist
finite or infinite limits

lim Inn(r)/Inr and  lim rn'(r)/n(r).

r—+0oo r—+0oo
Applying I"'Hospital’s rule we obtain (4). O

Lemma 2. [fa function Inn(r) is convex in Inr on [1; +00), then condition (3) is equivalent
to each of the following conditions

(37 € (0:1)) (Fes > 0) (Vr > 1)1 Po(r) < @ e (5)
(34 € (0;1)) (Fea > 0) (Vr > 1) = p(r) < n™(car) + ca, (6)

where

R = L [ ) L]0l

Proof. The equivalence of conditions (3) and (5) follows from the inequalities

P(r) < Py(r) <

FTIES

P(2r).
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Further, prove equivalence of conditions (3) and (6). If condition (3) is fulfilled, then (6)

follows from the inequality P(2r) > SZ—(:). Let condition (6) be fulfilled. Since

P = [ (G4 )0 7)

P(r) < /17’ (%2 + i) n™(cat) dt + cs. (8)

r2

we have from (6)

If vo > 1, then using the I"Hospital’s rule we obtain (3) from (8). If vo < 1, then n(r) =
pro(+o(1) a5 3 +o0. Then condition (6) is equivalent to the condition

(Jee > 0) (Fy1 <70) (Vr = 1) 1 p(r) <7 + e,
and condition (3) is equivalent to the condition
P(r)=0(1), r€[l;4o0).

In this case from (7) we obtain that condition (3) follows from (6). Thus, conditions (3) and
(6) are equivalent. O

Lemma 3. Let a function f # 0 be analytic in C; and bounded in each halt-disk Qr. Then
for all r € [1;+00) we have

7'['/2 r
1 » 1 1 1
P(r) SE / 1n‘f(reuﬂ)‘coscpd<p—|—§/(t—z—r—2> In|f(it) - f(—it)|dt + ¢z,
—7/2 1

where f(it) are the angular boundary values of the function f on the imaginary axis.
This statement follows from the generalized Carleman’s formula [1, p. 26-27].

Proof of Theorem 1. Sufficiency. Without loss generality, we may assume that +1 are points
of continuity of the function h and h(?) # const.

1. If 4 < 1, then n(r) = ro0(+eM) a5 » — +oo. Then the class B, coincides with the
class of functions f # 0 analytic in Cy, for which

(312 <70) (Fey > 0) (V2 € Cy) : [f(2)] < ey exp (|2]7), (9)

and condition (3) is equivalent to the condition P(r) = O(1), r € [1; +00), i.e. the condition
(because condition (3) is equivalent to condition (5))

+oo
|dh(t)|
142

< 400. (10)

— 00

If condition (10) holds, then [1, p. 30] the function

- 1T (it 4+ 1) dh(1)
f(z) = exp _; / (t2 + 1) (it — Z)

— 00
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is analytic in C; and satisfies condition (9).
2. If 1 < v < 400, then n(r) = pro(+o(1) a5 ¢ —s 400, Then the class B, coincides with
the class of functions f # 0 analytic in Cy, for which

(13 < 70) (Fe] > 0) (V2 € Cy) : [f(2)] < cfexp (|2]7), (11)
and condition (3) is equivalent the condition
(Fya < 70) (Fes > 0) (Vr > 1) 2 P(r) <77 4 cs. (12)
If condition (12) holds, then [1, p. 35] the function
too "
F(z) = exp | —= / itz D7 A ) )

T (12 + 1)q+1 (it — 2)

is analytic in C; and satisfies condition (11), where [z] is the integer part of a number z.
3. Let v = +00. We consider the function

+ oo

f(z) =exp —% /

(—itz + D)UDF g
(t2 + 1)q(|t|)+1 (it o Z)

) (13)

where a nondecreasing function ¢: [0; +00) — Z will be chosen below. It is obvious that

A ox _l (—ZtZ—|— 1)Q(|t|)+1 " -
flz) = exp [ —— / (@ + 1)+ (G — 2 (t)

{t:|it—z|>1}

1 (—itz + 1)q(|t|)+1
T / (12 + 1)q(|t|)+1 (it — Z)dh(t) =exp(l1+ ). (14)
{t:|it—z|<1}

Since

(—itz + 1)+
(t2 + 1)q(|t|)+1 (it o Z)

for |it — z| > 1, we have

(12 4+ 1) WDHE = (] 4 1)+

<

(2l + D)
(It 1y

1
L] < —
Vis

|dh ()] (15)
{t:|it—z|>1}

Further,

1 it 1 g(lth+1 2101 q(t))+1
L= —— (zit=+ 1) D" ey —
T (t2 + 1)q(|t|)+1 (it _ Z)

{t:|st—z|<1}

1 1
- / dh(t) — [271 —|— ]272.

T 1t — z
{t:|st—z|<1}
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Since for |it — z| < 1

‘(—itz—l— 1)q(|t|)+1 . (t2 + l)q(ltl)-l-l . 4a(lth+1 (| |_|_ 2) Fi)

(i + ) (it ) (1 + 17
we obtain A A
1 AnD+1 (]2 4 2)1
s [T e (16)
{t:|st—z|<1}
Finally, since the function A is nonincreasing, we have
T dh(t)
Rely,; = — < 0. 17
€21 s / lit — z|> — (17)

{t:|st—z|<1}

Therefore, from (14)—(17) we obtain

q(lt))+1 g(lt))+1 g([t])
O e e e KUIE

g(lt)+1 a(J¢)+1
{t:]it—z]>1} (I+ 1" {t:]st—z]<1} (It +1)*
U A ey ] )y i
§7T_/ (] + 1) Idh(t)l—ﬁo/ D (|dh(t)| + dh(—1)). (18)

Now we construct a function g such that the integral

+oo

2 g(t)+1
/ (4E|t|++1)2q3"‘)>+1 (|dh(t)] + dh(=1))

is convergent. Then from (18) it follows that the integral defining the function f converges
uniformly in each compact set from C; and the function f is analytic in C,.

We pass to construction of a function ¢ by a method close to [3]. Let My(r) = max{|6(z)| :
|z| = r} and pe(r) = max{|f,|r" : n > 0} be the maximum modulus and the maximum
term of an entire function 6, respectively, with the Taylor coefficients ,,. Choose numbers
Ag and 79 such that 74 < Ag < 79 < 1, and let ¢g = 4eq, A = 79/Ag. Then A > 1. Since the
function AglInn(cor) is a convex function in Inr and Inr = o (AgInn(cor)), there exists (see
[4]) an entire function v such that

Aolnr(cor) = (1 + o(1)) In My(r), r — +oo. (19)
It is well known that for each entire function ¢ and for any r > 0 and & > 0
pp(r) < My(r) < (1 + 1/e) py((1+€)r). (20)
Then from (19) and (20) we have
rolnn(ear) = AAgInn(cor) = A(1+o(1)) In My(r) > Inpy(r), +— +oo,

rolnn(cor) = A (1 +o(1))In My(r) < 1o/ Inpy(2r), r— 400, 74 <75 <Ay <1<l
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Thus,
pop(r) <n™(cor),  pu(r) 207 (cor/2), 2o (21)

Let ;/A)(r) =5, 12" be Newton’s majorant [5, 7] of the function b, %n(;[)) = |thn_s|/|n]

n=0

N

for n > 1 and s(¢) = 0. It is well known [6, 7] that u;(r) = py(r), the sequence s, (¢)
is nondecreasing, %n(L/AJ) — +oo and /,lej(?“) = |;/A)n|r” for s, <;/A)> <r < s <;/A)> Choose
a function ¢ such that s, <;/A)> <t4+1 < s <;/A)> Then ;/A)q(t)(t + 1)1 = gt +1),
;/A)q(t)rq(t) < pg(r), v > 0. Therefore, from (20) and (21) we obtain

+oo . g(2)+1
[ LB o+ - =

+ oo

= q(t)+1
(|dh(t)|—|—dh(—t))-|-/(4(| [+2)

(t 4 1)1+

! g(t)+1
N / ST (Idh(t)] + dh(—t)) <

(t+ 1)1+

T +2)

(®)
< eullzl+2)" 457 (12| +2) 0 =

®
dp(t) < s (|| +2)" +

+00
= cs (|2] +2)® + 87 (2] + 2) / W;)(
J (

q(t)

4(|z] +2))"
(t—l- 1)q(t)

+ oo

—|-87r(|z|—|—2)/

1

gy (4(12] +2))
pg (4 1)

dp(t) < s (|z[+2)7 +

+ oo

wsr(lsl+2) [ T
1

Thus, from (6), (18) and (22) we have

(4eo(l=] +2))
(co(t+1)/2)

dp(t). (22)

+ oo

In [£(2)] < es (2] +2)" + 8 (2] +2) ™ (4eo(]2] +2)) / o

(et +1)/2) —

+ oo

c T /QCt
§08(|Z|‘|‘2)9‘|‘8(|Z|‘|‘2)770(16C4(|Z|—|—2)) CIO—I'CII/ 77( 4)
1

dt
nTs Tt (2¢9(t 4+ 1)

Since 75 > 74, the last integral converges. Therefore the function f is analytic in C; and
using that lim Inn(r)/Inr = 400 we obtain
r—+0oo

|f(2)] < crzexp (™(8ea]2])), =€ Cy.

Thus, f € B,.
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We shall show that h is a singular boundary function of function f (proof of this fact is
analogous to [1, p. 25]). First, we shall show that the moduli of angular boundary values of
the function f are equal to 1 almost everywhere. It suffices to show that it holds on the each

closed interval [—a;a] C R. To this end we note that f(z) = fi(z) + f2(2) + f5(z), where

a+1

1 [ dh(t)
A =ew |~ [ 50
—a—1
1T (e 1) g2yt
= - dh(t
e =ew = / ErST 1]
B 1 (—itz + DD g
f3(2) = €exp _7_[_ / (t2 + 1)q(|t|)-|—1 (Zt . Z)

[t|[>a+1

By a property of the Poisson-Stieltjes integral [8, p. 57-62] it holds for f;. Further, since
the real part of the expression

(—itz + 1)U+ _ (g2 4yt
(t2 + 1)q(|t|)+1 (it o Z)

contains x, * = Re z, we have . lim |f2(2)] = 1. Moreover, using the equality
+ D2y
(it + DAV (o= ) g o 100

(12 + 1)q(|t|)+1 (it — 2) (2 + 1)q(|t|)+1 ((t — y)? + 22)

(z+i(t —y)) ((—m 4 1)DF gy 1)q<'fl>+1>

(22 4+ 1)V (1 = y)2 4 a2)

we obtain that lim |fx(z)] = 1.
Cy 321y

If 1,13 € [—a;a], then

_|_

Y

t2 t
Jim [l iy — [l f)dy =
11 t1
to 12 t2
=l [ (Wl inlay+ [tnlfe+ i+ [l i)dy
ty ty t

By a property of the Poisson-Stieltjes integral [8, p. 57-62]

t
Ty [l + in)ldy = hit2) — hit,),
t1

and the limits of two last integrals are equal to 0.
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Necessity. Let h be a singular boundary function of some function f € B,. Then it is
bounded in each half-disk @ r. Thus, [8, p. 182] f has almost everywhere on the imaginary
axis the angular boundary values f(iy), and | f(iy)| < ez exp (n™ (e1]y|)) for almost all y € R.
Then from Lemma 1 we obtain

r

P(T) < l/ nTl(Clt)dt_l_ QUTl(CIT) + ¢, (23)

12 Tr

If v < 1, then [ Wdt = O(1) for r € [l;400). If v > 1, then using "Hospital’s rule
1

and (4), we get

r 777'1 (Clt) dt 1 1
lim fl% = lim - = = ¢34 < +00,
r—+oo n 1(C17’) r—+oo Tlclrn((c”)) -1 T1Y0 — 1
T nieir
because 71 can be chosen such that 7199 > 1. Hence from (23) we obtain (3). O
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