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For entire Dirichlet series a condition on exponents is found in order that the logarithms
of maximum modulus of its sum and maximal term have the same m-termed exponential
asymptotics.
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Nlas meaoro paga [lupuxie HalleHO YCAOBHE Ha MOKA3aTedd s TOTO, 9TOOHI JoTapud-
MBI MaKCUMyMa MOJYJA €ro CYMMBI I MaKCUMaJBHOI'O “JeHAa UMeJIN OAMHAKOBYIO M-<ICHHYIO
SKCIIOHEHIINATBHYIO aCUMITOTHUKY.

Let A = (X,)22, be an increasing to +o0o sequence of nonnegative numbers (Ao = 0) and
S(A) be the class of entire Dirichlet series

o0

F(s) = Zan exp{sA,}, s=o+1l, (1)
n=0
We put M(o, F') = sup{|F(c+it)|: t € R} and let p(o, F') = max{|a,|exp (cA,) : n > 0}
be the maximal term and v(o, F') = max{n : |a,|exp (c),) = (o, F')} be the central index
of series (1).
We suppose that F' has Ritt’s order pr € (0, +00) and Ritt’s type Tr € (0, +00) and

let n(t) = > 1 be the counting function of the sequence A. In [1] the following theorem is
An<t
proved.

Theorem A. Let 0 < p < or and 7 € R. In order that

In pi(o, F') = Trexp{oro} + (7 + o(1)) exp{oo}, o — +oo,
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it is necessary and sufficient that for every ¢ > 0 the inequality

An An
In |a,| <——1n
OrR  €CRIR

—I-(T—|—5)< An )Q/QR, n > no(e)

or1R

is valid and there exists a sequence (ny) of positive integers such that

\ \ \ ofer
In la,, |>—"2n —% 4 (r—=¢ <&>
g or  corlRr ( ) or1R
and n
M — A = 0(A2 ) (k= o0), a=20T2

20r

A connection between In p(o, F') and In M(o, F) is established [2] in the following result.

Theorem B. In order that the relations

In pi(o, F') < Trexp{oro} + (7 + o(1)) exp{oo}, o — +o0,
and

In M(o, F) < Trexp{oro} + (7 + o(1))exp{oc}, o — 400,
be equivalent for each F' € S(A) it is necessary and sufficient that

Inn(t) =0 (tQ/QR> , 1 — +oo.

Everywhere further for m > 2 1let 0 < g, < -+ < p2 < o1 < 400, Ty > 0,T; € R(j €
{2,...,m —=1}), 7 € R and ¢, + 01 > 202 for m > 3. In [3] the following analogue of
Theorem A is proved.

Theorem C. In order that
m—1

I (o, )= Tiexp{ojo} + (r + o(1)) exp{omo}, o — +o0,

j=1
it is necessary and sufficient that for every ¢ > 0 the inequality

)\n )\n m—1 )\n Q]/Ql )\n om/ o1
In |a,| <——1In —I—ZTj< ) —|—(T—|—€)< ) . n > no(e)

01 eor1h e 011 o'}

is valid and there exists a sequence (ny) of positive integers such that

A A m—1 A 25/ e1 A em/ o1
In la,,| > —"%1n — 4 T( nk) +(r—e ( nk) ,
| k| €Q1T1 Z J ( )

21 =2 o11h

and

A — A, =0(A,) (k= o0), a=

NE41

Here we will prove the following analogue of Theorem B.
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Theorem 1. In order that the relations

m—1
In p(o, F) < Z Tiexp{ojo} + (7 + o(1)) exp{omc}, o — +oo,

7=1

and .
In M(o, F) < Z Tiexp{ojo} + (1 + o(1))exp{omc}, o — 400,

7=1

be equivalent for each F' € S(A) it is necessary and sufficient that

Inn(t) =0 (tQm/Ql> , 1 — 4oo.

(2)

(3)

(4)

Proof. Let condition (4) hold. Since by Cauchy’s inequality In p(o, F') < In M(o, F') for

every I' € S(A), (3) implies (2). On the other hand, for A, > 2X, ;41 ) we have

|an| exp{oAn} = [ap| exp{(c + DAt exp{—=A,} < p(o + 1, F)exp{—A.} =
= |alI(cr+1,F)| exp{(a + 1))‘u(0+1,F)}eXp{_)‘n} =
— |a1/(cr—|—1,F)| eXp{U)‘U(U—I—I,F)}exp{)\u(cr—l—l,F) - )‘n} S
< (o, F)exp{hn /2 — A} = (o, P expl—,/2)

Therefore,

o0

Mo, F) <Y ladespford = S+ 3 ladexplon} <

n=0 A77«S2Au(o'-|-1,F) A77«>2Au(o'-|-1,F)
< p(o, F) Yooo1+ > exp{-A/2}]| <
AnL2A (041, ) An>2X (o 41,F)
<o, F) | n(2A011,7)) + / exp{—t/2}dn(t)
2Alz(o'-l-l,F)

1
Since In n(t) < 5#”"/91 (t > to) and Ay(pq1,7) — +00 (0 = +00), it follows that

/ exp{—t/2}dn(t) < % / n(t)exp{—t/2}dt <
2 (041,F)

2Alz(o'-l-l F)
1 1 /
§§ exp —§(t—t9m wyrdt -0, o— 4oo.
2Alz(o'-l-l,F)

On the other hand,

o+2
In wlo4+2,F)—Inulc+1,F) = / At ydt = Ayoq1,m)
o+1
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and, thus,
In n(2X,(o41,7)) = <)\52’;/_ﬁ F)> =0 <1n9m/91 (o + 2,F)> . o — +oo. (7)
From (2), (5), (6) and (7) we obtain

In M(o, F) <In p(o, F)+In n(2)\y(g+17p)) +o(l) <In u(o, F)+o <lngm/91 plo+ 2, F)> <
—1

Z yexp{ojo} + (1 + o(1)) exp{omc} + o(exp{oma}), o — +o0,

whence (3) follows. The sufficiency of condition (4) is proved.
For the proof of the necessity of condition (4) we need some lemmas.
Let © be a class of positive unbounded on (—oo, +00) functions ® such that the derivative

®’ is continuous positive and increasing to 400 on (—oo, +00). By ¢ we denote the inverse
function to @', and let U(x) = x — ®(x)/P’(x) be the function associated with ® in the sense
of Newton.

Lemma 1. [3] Let ® € Q and

m—1

=Y Tiexp{ejo} + (7 +o(1) explonc}, o= +oo. (8)

J=1

Then

1 0 05/e1—1 (7_ + 0(1))9 1 omfe1—1
ty= —1In — — ”( ) — = , t— +oo.
20 01 Q1T1 ]z:: Tio1 \ 1Ty ot} o1}

(9)

Moreover,

(1)) = —1n — ff@( ! )Qﬂ/m—(wou))( ! )Qmm, I = 4o0. (10)

01 eor1h s 011 011

Lemma 2. [3] In order that inequality (2) hold it is necessary and sufficient that

In Ja,| < =X P(p(N,)) =

)\ )\ m—1 )\ Q]/Ql )\ em/ o1
=—""In LS T(—n> + (7 + ol ( n) , N — 00.
= ! 011 ( ( )) 011

The following lemma is proved in [2].

Lemma 3. If0 < g,,, 01 < +o00 and

>03>0

lim
Nn—00 )\Qm/gl

then there exists a subsequence (\%) of the sequence (),) such that k < exp{B(A;)em/a} +1
(k € N) and ks > exp{ﬁ()\zs)gm/gl} for some increasing sequence (ks) of positive integers.
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If condition (4) does not hold then such number 3 as in Lemma 3 exists. We put a,, =0

for A, # A} and a,, = af for A\, = X}, where

)\* m—1 * 05/ 01 )‘Z om/e1
Inaf=—-—=2 + T ( ) + 7 ( ) )
g 91 691T1 ]z; ! 0114 0114

Since In k = o(A}), k — oo, series (1) with such coefficients is entire, and by Lemma 2
relation (2) holds. It is easy to see that the sequence (a}) is decreasing.

We will prove that (3) is false. We put m, = [k, — v/k,]. Then

)\fn > (%)Ql/@m . <ln(k5 —f_Q))QI/Qm _
B <ln ks — (1 —|—0(1))/\/k_5>91/9m -
= ; _

_ (m k5>91/9’" (1_ 1—|—0(1)>91/Qm>)\* ye Lt
g VEsIn k S ek, T

where

(1+o(1))o
om 3

Therefore, for o > 0 we have

5, = Op e exp B0 el b s o

ks
M(o.F) > Y aiexp{oi} = (k= m, + L)a_exp{oX; } = vVhai, exp{o(M. — 8.},

k=ms

that is

1
In M(o, F) > —ln ks +1n azs—l—a)\z —0ds >

6 )\* m—1 * ej/e1 A* om/e1
5( £\ )Qm/Ql _ + Z T; ( ) + 7 ( ks ) + a)\zs — 0d,.1 (1)
=2

01 6@1 1 Q1T1 0114

Taking o = o, = @(X},), where ¢ is defined by (9) with 7 + B/2(Ty01)em/? instead of T,
according to (10), from (11) we obtain

o M(0,, F) > —Ne W(p(AL)) + 0N, — 0.0, =
= ALp(ML) + B((N)) + (NI, — 0.8, = @(0.) — ()6

It is easy to show that p(A} )é; — 0, s — oo. Therefore, In M(o,, F') > ®(oy) + o(1),
5 — 0o, where ® is defined by (8) with 7 4 3/2(Ty01)¢"/? instead of 7, that is inequality
(3) does not hold.

The proof of Theorem 1 is complete. O

We remark that using the method of the proof of Lemma 3 in [2] (see also the proof of
Lemma 4 in [4]) we may prove the following result.
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Proposition 1. Let o: [1,4+00) — [0, +00) and v: [0,4+00) — [0, +00) be nonnegative con-
tinuous increasing to +oo functions and a(x + O(1)) ~ a(x) as @ — +oo. If
lim 2L > 1 then there exists a subsequence (X}) of the sequence (),) such that k <

n—0c0 W(/\")

a ' (y(A1)) + 1 (k € N) and ks > a~'(vy(Ax,)) for some increasing sequence (k) of positive
integers.

Proposition 1 with a(z) = Inx was used in papers [5-7].
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