Maremaruani Crymgii. T.19, Nel Matematychni Studii. V.19, No.1

YIK 517.53

Yu. M. Gar’, O. M. MurLyava, M. M. SHEREMETA

ON BELONGING OF NAFTALEVICH-TSUJI PRODUCTS TO
A GENERALIZED CONVERGENCE CLASS

Yu. M. Gal’; O. M. Mulyava, M. M. Sheremeta. On belonging of Naftalevich-Tsujt products to
a generalized convergence class, Matematychni Studii, 19 (2003) 45-54.

In terms of the zeros distribution, a class of Naftalevich-Tsuji products 7 defined by the con-
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1. Introduction. For an analytic in Dp = {2z : |z] < R}, 0 < R < 400, function f let
My(r) = max{|f(2)| : |z|] = r < R}, and let z; be the zeros of f lying in Dgr. G. Valiron
[1] defined for entire functions (R = 4o00) of order p € (0, +00) the convergence class by
the condition floo In M;(r)r=¢'dr < +oo and proved that if f belongs to this convergence
class then 3, |zx|7% < +oo. If p is a noninteger number then the last condition is also
sufficient in order that f belongs to the convergence class.

Let L be a class of positive continuous increasing to +oo functions on [xg, +00). For
canonical products of infinite order in [2] the following theorem is proved.

Theorem A. Let a continuously differentiable function o« € L be such that
o(z)eln zlnln z = O(1) as ¢ — +oo, o/(:z:)ea(x) is a nonincreasing function on [xq, +00)
and o (x — l)ea(l’_l) =0 (o/(:z:)ea(x)> as r — +oo.

In order that a canonical product m(z) = [[—; E(z/zn, [In n]) belongs to the convergence

a-class <i.e. [ exp{a(ln My(r))}r-etdr < —|—oo> it is necessary and sufficient that

0

< 4o00.

= o (k)exp{alk
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We remark that in the proof of Theorem A in [2] the condition lim In n(r)/In r > 0 is
r—+0oo
used, where n(r) = E|Zk|<r 1 is the counting function of the sequence (z;), but this condition

1S unnecessary.
The following theorem is proved in [3].

Theorem B. Let o € L, 3 € L,w € L, a(2*) = O(a(z)) and 5(2z) = O(B(x)) as v — 400,
T b <+ d In n(r) (r)l — +
— oo and In n(r) ~ w(r)ln r as r o0.
5 B(2)
In order that a canonical product n(z) = [] .

> E(z/z, [2w(|2,])]) belongs to the con-
vergence a3-class, i.e.

7a(ln M (r))
rB(In r)

dr < 400,
ro

it is necessary and sufficient that

S (k) — alk - 1)B(In [24]) < +oo.

oo dt
where B(x —

L)

Here we obtain analogues of Theorem A and B for Naftalevich-Tsuji canonical products.

So, let (ax) be a sequence of numbers from D = Dy such that |ax| < |agq], D re (1 —
lax])? = +oo and Y- (1 —|ag|)"t < oo. Studying a factorization of meromorphic functions
in D, A. G. Naftalevich [4-5] and M. Tsuji [6] constructed and used the following canonical
product

o= (=), 0

where ,

u uP
E(u, p) = (1—u>exp{u+—+---+—}

2 p
is a primary Weierstrass factor. Product (1) is absolutely and uniformly convergent on
each compact set from D and, thus, 7 is an analytic function in D. A. G. Naftalevich [5]
proved that if p is a noninteger number then product (1) belongs to a convergence class (i.e.
fo )¢ T (r,m)dr < 400, where T'(r,7) is the Nevanlinna characteristic) if and only if
Ek:l(l — |ag])? < 4oo.

We construct Naftalevich-Tsuji products which belong to a generalized convergence class

in the case when Y 7,2 (1 — |ag|)? = +oo for each p € N.

2. Auxiliary results. We use the Dirichlet series theory. Let 0 < A, /" oo (n — o)
and a Dirichlet series

o0

F(o)= Z anexp{oA,} (a,>0) (2)

n=1
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be convergent for all o € R. Let (o) = max{a,exp{ocA,} : n > 1} be the maximal term
and v(o) = max{n : a,exp{oA,} = u(o)} be the central index of series (2). The following
lemma is well known [7; 8, p. 23] in the case when A, T oo (n — o0). In virtue of simplicity
we give its proof.

— 1
Lemmal. If Tm —— = h < L, then F(o) < K(s)u(

n—eo In (1/ay,)
e € (0,1 —h) and all ¢ > o¢(e), where K (&) = const > 0.

g

m) for every

1 1
Proof. Since > | a,exp{oA,} is convergent for all & € R, we have n In — — 400 (n —
n an
o0). We put
1 o
N, = —In — < d
! {n nnan_l—h—e} ot
1 1 o
Ny = —1In —
’ {" o 1—h—5}
Then

oA h+¢e)oh,
F(o)= Z anexp{m}exp{—%} + Z a, exp{oA,} <
neEN,

o (h+e)A, (1—h—e) 1
<pl—m" - In —
—’“‘<1—h—5>zeXP{ —h—: n tagt

l—h—e¢ 1

-I-Za exp{ " nan}

o = 1
<2 _ —(h In — 5.
N M<1_h_€> 1exp{ ( +€)nan}

Since In n < (h+¢/2)In(1/a,), n > no(e), we obtain the required inequality. O

Lemma 2. For all o > o

[

In p(o) =1In p(og) + / Aunydt.

g0

In the case when A, T oo (n — o0) Lemma 2 is well known [9, p. 184; 8, p. 17]. For the
case when A, /0o (n — o) its proof is the same as in [§].
We need also the following

Lemma 3. [10, p.18] The inequality
In|E(z, p)] < 3e(2+In p)|="*1 /(L +]2])

holds for all z € C.
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Now, let zx € D, 0 < |z] /" 1(k — o0) and (px) be a sequence of positive integers,
1 < pp /1 oo(k — o). Consider the canonical product

Dl (). e

In view of Lemma 3
| g A <
n |7T ‘ ( _ ZkZ s Pk ™~

k=
N (1 = [z)/11 = Zez)) "

<) 3e(241

S Q) T

LK (1 z]) Prtd LK (1 z]) Prtl
< - < g _ 7 K 1. 5
_k_1< |1 — Zxz| _k—l 1—r A1 (5)

Here and further by K; we denote positive constants.
It is easy to see that if

. Pk 1
| | 1 6
ngilolnknl—|zk|> (6)

then the last series in (4) is convergent and, thus, 7 is an analytic function in D. Condition
(5) holds if, for example, p; = [In £].
For o € L and B € L we say that = belongs to the convergence af3-class if

[ a(ln M (r))
< e ")

0

Proposition 1. Let a € L, § € L, a(2?) = O(a(x)) and f(2z) = O(3(x)) as v — 400 and
a(x)dx

e

< 4o00. Then (6) implies

1

o(n(r))
/u—mmuu—m“<+“' ®)

Proof. Indeed, by the Jensen inequality

(14r)/2 (14r)/2

1 t t
In M, ( ;r> > / thﬂn (0] > / th—l—ln (0] >
0 r
5 ( ) (14r)/2 |
n(r —r
> =
Z T4y / dt +In |7(0)] 1_I_rn(r)—l—hq |7(0)],

that is

3 14+
n(r)§1 rlnMw< 5 ), r € [ro, 1).
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Therefore, in view of the condition a(2?) = O(a(x)) (z — +00) we have

ey =a (e fin =2 s (201 <
(oo fomes i o ()W) <
<t o o i e ()
oo (25) o (man (57) ) =
< (o (75) e (mae (57))) ®

Since a(3z) = O(a(x)) (¢ — +00), the condition Tfﬁ(é?)

dr < 400 implies

[ a(3/(1-1))
/u—mmuu—m“<+“'

0

Clearly,

[oln Mo((4r)/2) [ ol M)
I er e M e e

0 (14+r0)/2

Therefore, in view of the condition and §(2x) = O(f(z)) (x — +o0), (6) and (8) imply

(7). O
1ti 7 ale)de = Ooi en olds
Proposition 2. Let a € L, 3 € L,xfo e < 400 and B(z) = [ ) Ay Then (6) hold
if and only if
= 1
;()(a(n) —a(n—1))B (1 — |Zn|> < Foc. (10)
Proof. Indeed,
1 l2nt1]
) )
/u—wmm—m“‘“+giw<rwwwu—md
o 741l J o 1/(1=|zn411) ”
= K5+ n;) a(n) =30/ =) = K5+ Z a(n) m —
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o0

=t 3 et (8 (=) - 7 (=) -
— K+ go(a(n) —a(n—1))B (1 _1|Zn|> |

O

Proposition 3. If p, = [In k| then there exist constants Ky > 1 and K3 > 1 such that for
canonical product (3)

InIn M;(r) < K3 . dt. (11)

1
Proof. We put ¢ =1In 7

. Then for n > 0 we obtain from (4)
—r

o0

In M, (r) < Z([\l(l — |za])e )ln nl+l _

Z [Xl 1 — |Z cr—|—1—|—77)[ln n]—l—le—(l—l—n)([ln n|+1) S

-

= Ky
plo+1+n) Ze 1""771“”< ; ulo+1+mn), (12)
n=1

where (o) is the maximal term of Dirichlet series (2) with a,, = (K1(1 — |2n|))[l“ 7+l Since
(o) = 400, 0 — +oo, for central index of this series we have K;(1 — |Zl,(g)|)eg > 1 that is
|20y £ 1 —=1/(Kye7), whence v(o) < n(l —1/(Ke”)). Therefore, by Lemma 2

[ [

In p(o) <1In p(0) + /(ln v(t)+ 1)dt <1In p(0) + /(ln n(l — 1/([&”1et)) + 1)dt <

0 0

1-1/(Kye )1 _—
<In p(0) + / %dt. (13)
0

From (11) and (12) we obtain

o

[X4
+14+n)+In—<
r n

1
InIn M;(r) <In <ln !
—(1—r)/(K1ettT)

K 1 1 1
e B gy Mdt,
n 1—1

whence (10) follows. O
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Proposition 4. LetIn n(r) ~w(r)In ﬁ, r 1 1, where w is a positive continuous decreasing
function on [0, 1). If py, = 2]w(|zx|)] then there exist constants Ky > 1 and K3 > 1 such that
for canonical product (3)

InIn M,(r) < K3ln n(1 — (1 — )’/ Ky). (14)

Proof. Clearly, condition (5) holds and for Dirichlet series (2) with a,, = (K{(1—|z,|))"" ! we

have lim lnzllji/z) = 1. Therefore, by Lemma 1 from (4) we obtain In M.(r) < Keu(30), o =
n—00 n
In . By Lemma 2, In p(o) < oA, (o) for greater o. As in the proof of Proposition 3,

|20y £ 1 —=1/(K1€e7) and, thus,

M(o) <p(o)+1< 2w(|2y(cr)|) +1<2w(l—-1/(K1e”)+1< M%ln n(l —1/(K€e”)).
1
Therefore,
. 1
InIn M;(r) <In [&’6—|—1n/,c<31n . ) <
—7r
<In Ko+ 300 I Inn(l—1/(K; exp{i’)ln(l/(} —r))}) <
1—r In(1/(1=r))+1In K,
<In K¢ +3lnn(l — (1 —r)°/K;),
whence (13) follows. O

3. Main results. First, we consider the case when py = [In £].

Theorem 1. Let o € L and 3 € L be continuosly differentiable functions such that

o0

O(l), x— +ooand /a

Zo

o ()

a(z)

8
I

zln x1n In 2 = O(1),

In order that product (3) with p, = [In k] belongs to the convergence af3-class it is
necessary and sufficient that its zeros satisfy condition (9).

Proof. From the conditions on « and 3 it follows that o and [ satisfy the conditions of
Proposition 1. Therefore, in view of Propositions 1 and 2, we need to prove only that (7)
implies (6).
From (10) we obtain
K

InIn M;(r) < Ksln n(R)In ,

— T

where R = 1 — (1 —r)/Ks. We put exp,@ = exp{e”}. Then in view of the condition
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z/((;))xln zln In 2 = O(1), + — 400, we have

a(ln M. (r)) = a(expy{In In In M,(r)})

<
. K,
<alexpy,<In K3+ 1InIn ] +1In In n(R) <

T—,
< tymas{o () ot} <
6 (1) atimy).

Therefore, in view of the conditions To;(;;();l;z; < 400 and g/((j))x =0(1), + = +oo, we
obtain b
/ ofln Mo(r)) / a(n(R)) dr —
/ (T=nan /- = / (=B =7)
] o(n(R))dR
~ e B | T -
Ro
e [ _eln(R)dR
=R R/ (= PO/ R’
whence it follows that (7) implies (6). Theorem 1 is proved. O

If we choose B(x) = 22, o > 0, then B(x) = 1/(px?) and from Theorem 2 we obtain

/
Corollary 1. Let o € L be a continuosly differentiable function, a (x)x InzlnIn 2 =0(1)

a(z)

(x = 40o0). Then for product (3) with py = [In k]

(/(1 — ) a(ln M, (r))dr < —I-OO) = (Z (a(n) —aln —1))(1 —|z.])¢ < —|—oo> :

ro n=ng

The function a(x) = In & does not satisfy the condition of Corollary 1. However, the
following result is true.

Theorem 2. For product (3) with p; = [In k]

(/(1 — )2 n In M, (r)dr < —I-OO) = (i hﬂ < —|-oo> .

ro n=ng
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Proof. From (10) we obtain

1 1 r /IXQ

/(1—r)@—11n1nM dr<ﬁ/ / h”‘ dtd(( )<

0

< K4+ K5 /(1 — )2 I n(l — (1 —r)/Ky)dr =

1
= K¢+ K- /(1 — )2 n n(r)dr

0

and, thus, (7) implies (6). In view of Propositions 1 and 2, Theorem 2 is proved. O

Now, we examine the case when In n(r) ~ w(r)In T 1 1. The following theorem is
r

true.

Theorem 3. LetIn n(r) ~w(r)n !
function on [0, 1). Let o € L and 8 € L be continuous]y differentiable functions such that

o (z) EAGD) a(z)dr
xln x = 0(1), zln x = O(1) as * = +00 and
o) W50 Y e
In order that product (3) with p;, = 2|w(|zx|)] belongs to the convergence af3-class it is
necessary and sufficient that its zeros satisfy condition (9).

, 711, where w is a positive continuous decreasing
”

“+00.

(
a(x)
a(ln M.(r)) < Kya(n(l — (1 — T)S/Kg))

EAGD)
p(x)

[ a(n My(r) ) a(n(R))
/m—wwuﬂrwwwéhi/u—Rwummu—RW%WS

ro Ro

Proof. In view of the condition zln 2 = O(1), + — 400, from (13) we obtain

and in view of the condition zln 2 = O(1) (x — 4+00), we have

that is (7) implies (6). In view of Propositions 1 and 2, Theorem 3 is proved. O
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