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For an entire Dirichlet series with arbitrary exponents an estimate of the maximum modulus
of the derivative is obtained.

A. B. lManoaaosckuii. 3amevanue o npoussodnoti yeaozo pada Jupuzae [/ Maremarudni

Cryaii. — 2003. — T.19, \el. — C.42-44.

Nasa nemoro paga [upnxie ¢ TPON3BOJLHLIMA MOKA3aTEAAMI MOTYIeHa OITeHKa MAKCHUMYyMa
MOyt TPOM3BOTHOM.

Refining a result of S. Bernstein [1], T. Kovari [2] proved for an entire function of order
0 € (0,+00) and type T € (0, +00) the following sharp estimate holds:

— Myi(r) B ‘ B
rkg_noo W <e (Mi(r)=max{|f(2)|: |z] =r}).

M. M. Sheremeta and S. I. Fedynyak [3] extended the result on the Dirichlet series

F(z)= Zan exp{zA,}, z=ua+1y, (1)
n=1
with exponents 0 = A\g < A, T 400 and arbitrary abscissa of absolute convergence A €

(—o0, +00]. In particular, they proved that if A = 400, In n = 0()\,) (n — o), and F' has
R-order p € (0,400) and R-type T € (0,+00) then

— Mz, F'
lim (2, 1)

2
z—+400 M(J?,F)TQGQQU - ( )

Here

M(z, ) = sup{[F(z +1y)| : y € R},
— InlnM(x, F — InM(x, F
o= lim nmAE ) (, ), 7= fm 200 (, )
r—+co T r—+co eer

In the note we consider the case when (A,) is an arbitrary sequence (without the condition
Inn =o0(A,), n = o0) and obtain an estimate, which is somewhat worse than (2).
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Theorem. [fan entire Dirichlet series (1) has R-order p € (0,+00) and R-typeT' € (0, +00)
then
— Mz, F") e?
lim —.
e—=too M(x, F')T peo” — 2

Y

(3)

Proof. Since F'is bounded in each half-plane {z : Rez < ¢}, 0 < 0 < 400, the function
(F'(z)— F(—1))/(z + 1) belongs to the Hardy class H? in {z : Rez < ¢} and, therefore [4],

P =P _ 1 RO-FCED, o

z4+1 ) ' (t+1)(t—=2)
whence '
L | |
F(z)=F(-1 — Ft — ) dt
(Z) ( )+2m/ ()<t—z t—l—l)
and '
1 F(t)
F dt
(2) i | e Rez <0
Hence
+ oo
0 F) M 0, F d M0, F
M(x F / (’ )/ T dr = (7 )
et =l e el

and, thus, M(o + a, F') < M(o, F')/(2|z]) for + < 0 and 0 < 0 < +00. Therefore, for every
6 >0 and all z € R,
M(a, ') < M(x + 5, 1)) (26). ()
Since In M (x, F') is a convex function,
z+6
In M(x+06,F)—In M(z,F) = / [(t)dt,

where [ is a positive nondecreasing function. Hence

s+5+1/0
In M(x+06,F)—In M(x,F') <dl(x+6) < dp / [(t)dt <
z+8
<doln M(z+d+1/p, F) < dorexp{or+ o+ 1} (5)

for each 7 > T and all & > xo(7). From (4) and (5) we have
Mz, F") _ exp{dorexp{or + do + 1}}

M(x, F)Tpee — 20T el
whence for § = 1/(o7 exp{ox + do + 1}) we obtain
_ M F/ 2
lim (z, 17) << hm exp{do+1}=—

r—40c0 M(w,F)TQGQQE o 2 r—

In view of arbitrariness of 7 Theorem is proved. O
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