Maremaruani Crymgii. T.19, Nel Matematychni Studii. V.19, No.1

YK 517.5

P. V. FILEVYCH

ON PALEY’S EFFECT FOR ENTIRE FUNCTIONS

P. V. Filevych. On Paley’s effect for entire functions, Matematychni Studii, 19 (2003) 37-41.

Let M;(r) be the maximum modulus of an entire function f, T¢(r) be its Nevanlinna
characteristic, ® be a convex function such that ®(z)/x — 400 as # — +oo, and A(P) be
the class of entire functions f such that In M (r) < ®(lnr) as r > ro(f). It is shown that for
the relation In My (r) ~ T¢(r) (or In My (r) = O(Ty(r))) as r — 400 for each entire function
J € A(®) it is necessary and sufficient that ®(z) = O(z?) as * — +o0.

I1. B. ®uaesuy. 06 sfiexme Iletiau das yeanr dynryui // Maremaruuni Cryaii. — 2003. —
T.19, Nel. — C.37-41.

IMyctes My (r) — makcuMyM Mogyas negonl gyukmun f, Ty (r) — eé xapaxTepuctuka He-
BaHawHHBI, ¢ — Bhmykaad GyHKOuA Takad, 9To $(x)/r — 400, ¥ = 400, u A(P) — kaace
neabix gyExnui f takux, 4ro ln My (r) < ®(Inr), » > ro(f). okasano, 9To 144 TOro, YTOGH
cootnotenue In My (r) ~ T (r) (miu ln M, (r) = O(T%(7))), ¥ — 400, BEIOIHAIOCEH L1A JIOGOH
uenoit byukunu f € A(P), neobxoaumo u gocrarouno, 4rober ®(x) = O(2?) npu z — +o0.

1. Introduction. Let A be the class of transcendental entire functions

) =Y an &

n=0

Put My(r) = max{|f(z)| : |z| = r} and let T(r) = 3= 0% In* |f(re')|dO be the Nevanlinna
characteristic of entire function (1) (u™ := max{u,0}).

Denote by € the class of convex on (—oo,+o00) functions ® such that ®(x)/z — +oo,
r — 4oo. It is known that In M;(e”),Ts(e”) € Q and Ty(r) < Int My(r) for each entire
function f € A(®).

For & € O let A(®) be the class of entire functions f € A such that In Ms(r) < ®(Inr),
r > ro(f).

For every p > 0, Paley [1] has constructed an example of entire function f of order p (i.e.
E@ Inln My (r)/Inr = p) such that

— InMs(r)
T M) 2
ATy (2)

As in [2], we say that f has the Paley effect, if (2) holds.
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It is known (see for example [3]) that if f € A and In M;(r) = O(In*r), r — 400, then
In Mg(r) ~ T(r), r— +oo.
Therefore, the condition
®(z) = O(2*), x— +oo, (3)
is sufficient in order that each function f € A(®) has not the Paley effect. In this paper we

prove the necessity of condition (3) in the last assertion.

Theorem. Let & € Q. If condition (3) is not fulfilled, then there exists an entire function
f € A(®) such that (2) holds.

2. Proof of Theorem. Let us(r) = max{|a,|r" : n > 0} be the maximal term, and
ve(r) = max{n > 0: |a,|r" = us(r)} be the central index of entire function (1).
In order to prove Theorem, we will need two lemmas.

Lemma 1. [4] Let (ny) be an increasing sequence of nonnegative integers, and (c;) be a
sequence of positive numbers increasing to +oo. If (a,) is a complex sequence such that
a, =0 for n < ng, a,, # 0 and for every k > 0

nE—n

k
1
|ank+1| = |an0| H W; |an| < |ank|ck ) when n € (nkvnk-l-l)v
7=0 "1
then power series (1) with the coefficients a,, defines an entire function such that:
(i) ve(r) =ng for r € (0,¢p);
(ii) v§(r) = npqq for r € [cg, cpq1) and k > 0.

Lemma 2. Let ¢ = const > €. Then for every integer n > 0 there exist nonnegative

numbers §(0,n),...,d(n,n) and €, such that:
(i) max{d(0,n),...,d(n,n)} =1;

(ii) e, = o(1), n — o0;

(iii) E?:o §(7,n)e?

Proof. We put 6(0,n) =...=4é(n,n)=1and ¢, =2+ ¢ for n € [0,¢).

Let n > ¢ and r = n/c. Consider the entire function

<exp {%(COS@ — 14 5n)} for every 6 € [0, 27].

Using the inequality
m™ e 2mm < m! < m™e " i y/ 2rm, m > 1, (4)

we obtain

7 ! <e>i 1 1
- < = — = -] < — < —.
Z 7! (c) jled c/ = Z e en

i>n i>n i>n i>n
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Consequently,

i>n

It is known [5] that s, (r) = r[1/[7]!. Put

d(g,n) = = " if j€40,...,n}; 5n:£<E—[r]—l—%m—l—ln\/Zw[r]—l—an).

Jlg(r)’ LN
Then (i) and (ii) are valid. Further, we prove (iii). Using (5) and (4) we have

2 a 2[r]! »
Z(S(j7n)€2]€ S e;cos@ S [T[]] ?Cos€ <
im0 fig(r) [r]t
< 26% Cos@—[r]—l—wlﬁ—l—ln 27[r] _ 6%(COS€_1+6n).
Lemma 2 is proved. O

Now, we will prove Theorem. Let ® € © be such that condition (3) is not fulfilled. We
take U(z) = 2®(x —1) and {(z) = ¥/ (z). Then ¥ € Q and the function [ are nondecreasing.

4
Furthermore, since

— v
lim (z) = 400,
r—+oo X
then in view of I’'Hospital’s rule we obtain that
—
lim @ =400

r—+oo X

Therefore, there exists an increasing to +o0o sequence (¢x) such that ¢o > 1, [[(In¢g)] > 1
and

[(Inckp1)] = (B+ D[l(Ineg)] Incpqr, k> 0. (6

Let ng = 0 and ng1 = [[(Ineg)] for k > 0.
We put by = b,, = 1 and let

1 - .
bnk+1 - H ;o by = bnkczk ,ifn € (n’ﬂnk‘l'l)? (7)

k
nj+1 =y !

J J

for £ > 0. Consider the auxiliary power series

h(z) = Z b, z". (8)

By Lemma 1 this series defines an entire function such that
vp(r) = ngpr = [{(Iney)] < I(Invr),  r € [ex, cry1), k> 0.

Since [5],

ro t
In gp(rz) — Inpp(r) = / vi(t) dt, 1y >r; >0,
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then for r > ¢
"t [(Int
In gep(r) — In pen(co) = / VfT()dt < / ( ? )dt U(lnr) — ¥(lnep),

and we see that In puy,(r) < 2U(Inr) for r > r3. Therefore, for every r > ry

Zb r" ;b (2r) o = < un(2r) Z o = =20 (2r) < pp(2r)” <
< exp{4\I/(ln 2r)} < exp{4¥(Ilnr + 1)} = exp{®(Inr)},
i.e. h € A(D).
Further, from (7) we obtain p(cy) = byh(ck)czh(ck) = b,c} for each n € [ng,ng1] and

k> 0. Thus, by (6),
0 <Inpp(ck) =Inb,, +nplney <ngplneg <npya/k, k> 1,

and, moreover, Ny 1= njgp1 — ngp ~ ngpr as k — oo. Hence, ay 1= ¢ln pp(cr)/Ny — 0 as
k — oo, where ¢ = const > €?.

Put ky = 0. Since Inr = o(In up(r)) as r — +oo, and series (8) converges for every
z =1 >0, we can define

1
kpy1 =min<{m >k, +2: In Z boep < 1 ln/,ch Chm ) Z bck <1 (9)
p

ngnkp_H N2 Ny,

for each p > 0.

Choose a,, = b,d(n — ny,, Ni,) for every n € [ng,, np,41] and p > 0, where §(0, Ny, ), ...,
8(Ny,, Ni,) are numbers from Lemma 2, and let a,, = 0 in other cases. Consider power series
(1) with the coefficients a, and note that

Since a, < b, for n >0, then f € A(P).
Now, we prove (2). From (i) of Lemma 2 we see that pis(c,) = pn(cy,) for p > 0. Thus,
for every n € [ng,,np,41) and p > 0,

ClnCZp = bn5(n — Ny, Nkp)czp = Mh(ckp)(S(n — Ny, Nkp) = Mf(ckp)(s(n — Ny, Nkp)-

Applying (iii) of Lemma 2 we find that

Ny 41 N,

n _ind 2]9
g anC € #(cr,) g 3, N <
n:nkp

N,
§exp{ﬁ(cosﬁ—1—l—5]\rk —|—ozkp)}, 0 €10, 2r]. (10)
IS r
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Consider
Nhp41
F) = 3w gl = > ad k()= Y et
n<ng, 41 n=ngy, 2Nk,
for p > 2. Since f(2) = f,(2) + ¢,(2) + hy(z), then [6, §1.2]
T(r) < Ty (r) + T, (r) + Th, (1) + 103
for every r > 0. From (9) we get
1
Th(er,) <™ My (er,) <In Y bach < —Inpup(er,) =
ngnkp_1+1 p
1
= —Inpug(er,) = o(ln My(cy,)) as p — oo; (11)
p
Th,(cx,) < InT My (cx,) <Int D" buep = 0. (12)

Further, since 0 < ENy, T Ok, = 0 as p — o0, then for p > py we can define 8, =

arccos(l —ep, —ay,). It is clear that §, — 0 as p — co. From (10) we have |gp(cr, )] <1,
if 0 € [0,,2r —0,] and p > 0. Thus,

Op 27 )
Tgp(ckp) = (/0 +/2 . ) 1H+ |gp(ckpew)|d0 S 2027 1H+ Mgp(ckp) S
< 20,1In* My (cy,) = o(ln My(cy,)), as p — oo. (13)

From (11), (12) and (13) we obtain T¢(c,) = o(ln My(cy,)) as p — oo. So, the proof of
Theorem is complete.
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