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Conditions on zeros under which the Blaschke product is an analytic function of bounded
[-index in the unit disc are investigated.

10. C. Tpyxan, M. M. Olepemera. K oepanuuennocmu l-undexca npoussedenus Baswke [/
Maremaruanai Ctymii. — 2003. — T.19, Nel. — C.106-112.

WccaenoBanbl yciaoBuaA Ha HYAW, TPH KOTOPHIX MPOM3BeeHne BJslliKe ABAAeTCA aHAINTH-
YeCKOU B €IUHUYHOM KPyTre (PYHKINEN OTrpAHUYEHHOT O [-IHIEKCA.

1. Introduction. Let (aj) be a sequence of numbers from D = {z : |z| < 1}, |ax| < |ag1]

for all k> 1, > (1 — |ax]) < 400, and let
k=1

o]
H T
-- l—akz

be the Blaschke product.
For a positive continuous function { on [0, 1) such that (1—r){(r) > 8 > 1 forallr € [0,1)
function B by the definition [1, p. 71] is said to be of bounded [-index if there exists N € Z,

such that | ( ) | ( )
B (2 z
MITHET < max{ PR 0<k< N}

foralln € Z; and z € D. Asin [1, p. 71], for g € [0, 3) we put

Mlg) = mf{f(% ponl< L }
Aa(q) = sup{ll((:o)) sr—ro| < %, 0<ry < 1}

and say that [ € Qg(D) if (1 —r)l(r) > >1forallr €[0,1)and 0 < A1(q) <1 < Ai(g) <
+oo for every ¢ € [0, ).
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1 — n
In [2] it is proved that if lim [
n—00 1— |an—|—1|

,p> 1, and if (1 — |ag]) \( 0 (k — oo) then B is of bounded [-index with {(r) =
P 1
(1—r)* 1 — |an]
0, n — oo) then in [2] it is proved that B is of bounded [-index for an arbitrary nondecreasing

function [ € Qp(D), 8 > 1, provided the following conditions hold:

a) l([ant1]) = O(lan])), n = oo;
b) kln k= O((1 — |ax))l(|ak])), k& — oo;

&) 3 (1—las) = O((1L = a,(lan])), n — oo.

k=2n

> 1 then B is of bounded [-index with {(r) =

1—r

p > 1. If the sequence ( ) is convex (hence it follows that n(1 — |a,|) \,

From the method applied here we see that condition a) in last statement is unnecessary. It

|
is easy to see that condition b) holds if [ € Qs(D), 5 > 1, and I(r) < 771(7“) n n(r)

where n(r) = > 1 is the counting function of the sequence (ay). For such a function [ the
lax|<r
following theorem is true.

as r — 1,

Theorem 1. Let n(l — |a,|) \( 0, n — oo. In order that the Blaschke product B is of
n(r)In n(r)

bounded l-index with the function | € Qg(D), 8 > 1, such that I(r) < N asr — 1,
it is sufficient and in the case when the zeros are positive it is necessary that
Y (L—Jal) = O((1 = r)n(r)In n(r)), r—1. (1)
k=2n(r)

We remark that for the sequence a, = 1 — 1/n* we have

- 1 1
Z(l—|ak|)xn(r), n(r) < ——

k=2n(r)

as 7 — 1 and condition (1) holds. If @, =1 —1/(nlnnIn*Inn) then

- 1 1, 1!
Y (t—laxl) < 7=———=, n(r) << (1=r)kn In?In
M Inlnn(r) 1—r 1—r

as r — 1 and condition (1) does not hold.

2. Auxiliary Lemmas. For [ € Q3(D) and ¢ € (0, 5) we put

Gq(B):U{Z: 2 —ay] < m}

k

and

n(r, zo, 1/B) = Z 1.

lag—z0|<r

The following lemma is an immediate corollary of Theorem 2.1 from [1, p. 27].
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Lemma 1. Forl € Qs(D), 8 > 1, the Blaschke product B is of bounded [-index it and only
if
1) for every ¢ € (0,) there exists P(q) > 0 such that |B'(2)/B(z)| < P(q)l(|z|) for all
z €D\ Gy(B),
2) for every q € (0,03) there exists n*(q) € N such that n(q/l(|z0|),z0,1/B) < n*(q) for
each zg € D.

From Remark 1 in [2] we see that the following lemma is true.

Lemma 2. Condition 2) of Lemma 1 holds provided | € Q3(D), 5 > 1, and |ap41| — |ar| >
> 2qo/l(|ag]) for some gy € (0,3) and all k > kq.

Lemma 3. Ifn(l — |a,|) \ 0, n — oo, there exists a function | € Q3(D), 5 > 1, such that
n(r)In n(r)

I(r) =< N as r — 1 and condition 2) of Lemma 1 holds.

—r
Proof. We put ni(r) = 1 4 r/jas| for 0 < r < Jag| and ny(r) = n + 1 +
+(r — |an|)/(Jans1| = |an]) for |a,] < r < |apg1]. Then the function nq(r) is continuous,

n(r)+1 <ni(r) <n(r)4+ 2 and ny(r)(1 —r) \ 0 as r — 1, because for |a,| < r < |ap41]

m(r)(1 = )y = =2 e e 2l

(n+1)(1 = Jans1]) = n(l — |an|)

|@nt1| = |an]

< <0

() ni(r)In ny(r) (

Therefore, if we put [(r) = ————(ro < r < 1) then firstly I(r) /400, r — 1, and
I(r—q/l(r)) <1(r) <IU(r+q/l(r)) for ¢ > 0 and secondly, since

ni(r+q/l(r)) <mi(r)(1 =r)/(L =r —q/l(r)) = (1 + o(1))na(r), r = 1,
we have [(r 4+ ¢/l(r)) < (1 4+ o(1))l(r), r — 1. By analogy,
ni(r—q/l(r)) Z m(r)(1 =r)/(L =7+ q/l(r)) = (1 + o(1))na(r), r = 1,

and I(r — q/l(r)) > (1 + o(1))l(r), r — 1. Hence it follows that [ € Qz(D).
Now,

n(l — la, n+ (1 —|a, 1 —la,/nlnn
|an+1|_|an|: ( | |) _( )( | +1|) Z | | Z q
n n4+1 nlnn n+1 [(|an|)

for each ¢ > 0 and all n > ng(q). Therefore, by Lemma 2, condition 2) of Lemma 1 holds. O

Lemma 4. If1 € Qs(D) (8> 1), |an| < |2| < |anyi], |2 — an| = q/U(|an]) and |2 — apps| >
q/U(lant1]), 0 < g < 3, then

! L < P(U:]), Pi(q) = const > 0. (2)

[z —an| [z —anp| T

Se(z) :=
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Proof. 1f |z—a,| > q/l(|z]) and |z—a,+1| > q/I(|z]|) then (6) holds with Pi(¢) = 2/q. Suppose
that |z —a,| < q/I(]z]) and [z —a,| = q/I(lan]). Then |z[—g/I(|z]) < |an| < [z]+¢/1(]z]) and,
since [ € Q3(D), we have I(|a,]) < Aa(q)l(]z]) and, therefore, |z — a,| > ¢/(X2(q)l(|z])). By

analogy, i |2 — ] < g/I(]2]) and |2~ duas | > 4/ U(Japal). then |2~ oga] > ¢/ ha(a)i(]2]).
Hence inequality (6) with Pi(q) = 2X2(q)/q follows. O

Lemma 5. If n(l — |a,|) \(0, n — oo, and |a,| < |z]| < |a,41] then

— 1 — [ay] _ nlr)n n(r)
= ar (1 = lax[[=]) L=

(r = [z])-

k=1

Proof. First we remark that from the condition n(1 — |a,|) \, 0, n — oo, we have for n > k

1 — |ay] B n(l — la,)) - k
(1 —laxl) = (1 = lanl) k(1 = |ax])(n/k) = n(l = an]) = n—k’
Therefore,
n—1 n—1
1 1 1
Si(z) < = <
1”—;r—|ak| T & T /A== 1
n—1 n—1
S 1 Z k Snlnn:n(r)lnn(r)‘
—r (1 —|agl)/ 1—|an|) —1l-r n—k = 1—r L—r
k=1 k=1
0
Lemma 6. Ifn(l — |a,|) \(0, n — oo, and |a,| < |z]| < |a,41] then
2n+1
1 — |ag| 3n(r)In n(r)
Ss(z) := < (r = |z]).
S D SR v
Proof. As above, we have
2n+1 2n+1
1 1
= <
9= e T 2 T a0 S
1 1 R 3nlnn
< =
_1—rk;21—(1—|ak)/(1—|an+1 1—rzk n—l—l — 11—
B 3n(r)Inn(r)
B 1—r '
0

Lemma 7. Ifn(l — |a,|) \(0, n — oo, and |a,| < |z] < |a,41] then

= 1 — |ag| 1 =
= (1 —Jagl) (r=lz] = 1).
k (Z (Jael = D1 = Jaxl[]) = (T =72 (Z)
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Proof. Since (|ag| — r)(1 — |ag|r) < (1 —r)?, we have

o0

Sz Y ()

_ 2
(1 ) k=2(n+1)

On the other hand, for & > 2(n 4 1) we have 1 — |ag|r > |ak|(1 — r) > |a2u42|(1 — r) and

1 — |ag| n+1 L—r
—r>(1-— l—— 2> (1= 1 — > .
d=r2 (= (1= ) 2 00 (1-557) 2 5

Therefore,
2 o0
Si(z) < (1 — |ax]).
|z 42| (1 —7)2 k:;(n;_l)
Lemma 7 is proved. O

3. Proof of Theorem. Suppose that condition (1) holds. In view of Lemma 3 we only
need to prove that condition 1) of Lemma 1 holds. Since

o0

Z 2{: 1'—|akP
(2) (z —ap)(1 — apz)’

=1

if |an| < |z| < lang1]| and z € G (B) by Lemmas 4 — 7 in view of (1) we have

3n(r)Inn(r) 2 =
1 — <
1 + |Cln-|—2|(1 _ 7,,)2 ;1)( |Clk|) >

In(r)Inn(r

2B < i)
—r

Thus, for all |z| > |ai| and z € G,(B) we obtain |B'(z)/B(z)| < P(¢)l(|z]). For |z| < |a4|

and z € G,(B) we prove the estimate |B'(z)/B(z)| < P(¢)l(|z]) (perhaps, with another

constant P(q)) using the maximum modulus principle and positivity of [. The sufficiency of

B'(z)

2) <203+ Pi(q))

IItV1>>

Z

< P(q)

(1) is proved.
In order to prove necessity of (1) we write for z=r >0

2n+1

|B'(r)] _ Z 1 —a? N i 1 —a?
|B(r)| — (r —ag)(l — agr) b2t 1) (r —ag)(1 — agr)
- 1 —ay o 1 — az
N k:zz(n:-u) (r —ap)(l —agr) kz:: (r —ag)(1 — agr)

Using Lemmas 4 — 7, we therefore obtain

|B'(r)] 1 - . n(r)Inn(r) .
BWMZO—ﬂﬁgifl ”+O<_TZTO’ - 1.

Thus, if condition (1) does not hold then condition 1) of Lemma 1 for positive z does not
hold. By Lemma 1, B is of unbounded [-index. The proof of Theorem is complete.



ON [FINDEX BOUNDEDNESS OF THE BLASCHKE PRODUCT 111

4. Remarks.
2n(r)+1 o) 1
Since >, (1—Jax]) < (1 =7)(n(r)+1)and > (1 —|ax]) < [n(®)dt, r—1,itis
k=n(r) k=n(r) r

1
natural to consider the function [(r) = (1 —r)~? fn(t)dt.

r

It is easy to show that the function [ € Q3(D) (§ > 1) and, using auxiliary lemmas to
prove the following

1
Proposition 1. Let n(l — |a,|) \ 0, n — oco. If (1 —r)n(r)lnn(r) = O (f n(t)dt) as

r

1
r — 1 then the Blaschke product B is of bounded l-index with [(r) = (1 — r)™% [ n(t)dt.

From the proof of Theorem we also see that the following proposition is true.

Proposition 2. Let n(1 — |a,|) \, 0, n — oo, and [ € Q3(D) (B > 1) be a function such
1

that n(r)Inn(r) = O((1—r)l(r)) and [ n(t)dt = O((1—r)*l(r)) asr — 1. Then the Blaschke

product B is of bounded [-index. '

From > (1 — Jax|) < +o0 and n(1 — |a,|) \y 0, n — oo, we have for every € > 0 and all

k=1
n > ng(€)
k(1 —lar]) _ n(l —la,|)Inn
ex > (I-luh= > k > 5
N N
1 1 L
and, thus, n(r) In n(r) = o ), 7 — 1. Therefore, since [ n(t)dl = o(1), r — 1, from

1 —r (1 —r)?

Proposition 2 we obtain the following refinement of Theorem 2 from [2].

Proposition 3. Ifn(l —|a,|) \¢0, n — oo, then there exists a function | € Qg(D) (8 >1)
such that l(r) = o((1 —r)~?) as r — 1 and the Blaschke product B is of bounded l-index.

On the other hand, the following proposition is true.

Proposition 4. For any function | € Qz(D) (8 > 1) such that {(r) = o((1 —r)™?) as
r — 1 there exists a Blaschke product B of unbounded [-index with zeroes a, such that
n(l —la,]) \¢ 0, n — oo.

Indeed, there exists a function w(x) T 400, © — o0, such that

1
(1 =r)w(d/(1=r)

l(r) =

rw'(x)
w(x

because if [1(r) < l3(r) and B of unbounded ly-index then [1, p. 23] B of unbounded

[i{-index.

We may assume that w is a slowly increasing function such that Inx — 0, 2 — oo,
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Since —— T 400, 29 < & — 00, we can choose a positive sequence (a,) such that
w(x)In x
1
n = . Then n(1 — |a,|) \ 0, n — oo,
T a1 — ey (170 a1
) 1
n(r) =<
(1 =r)w(d/(1 =r))In(1/(1 —7))
and n(r)In n(r) ! =I(r)asr — 1.

IL—r 7 (I=r)20(1/(1 =7r)
On the other hand, for some ¢ > 0 by I’Hospital rule we have

[ e (1 di B
}ffi(l ~ryn(r)In n(r) < ¢lim (1 —r) / (1 w(l/(1—t)n(l/(1—1)
. [ dt . w(z)?
- qggl_i_z_noow(x) / m - qxg—inoo zw(x)In xw(x) = too,

xr

i.e. B is of unbounded [-index.
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