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ON A GROSS CONJECTURE CONCERNING ENTIRE FUNCTIONS
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The following Gross conjecture is true: if an entire function f i1s of unbounded index and p
is a polynomial, then the entire function F'(z) = f(p(z)) is of unbounded index.

M. H. lllepemeTa. O6 odrott eunomeze I'pocca omnocumenvno yeantr Gynkyutl oepanuuennozo
underca [/ Maremaruuni Cryaii. — 2002, — T.18, Ne2. — C.211-212.

Bepna caegyromaa ranoTesa I'pocca: ecin f — Helad pyHKIEA HeOrpaHMIeHHOT O HHIEKCA,
a p — MHOoro4wiIeH, 1o F'(2) = f(p(z)) — uenas GpyHKUNA HEOTDAHHIEHHOT'O MHJEKCA.

Let [ be a positive continuous function on [0, +00). An entire function f is said to be of
bounded [-index [1, p. 67] if there exists N € Z, such that for all n € Z; and z € C

PO ()
nll™(|z]) = {k'lk(M)

For [(r) = 1, we obtain a definition of entire function of bounded index [2]. F. Gross [3]

O§k§N}.

formulated the following

Conjecture. If an entire function f is of unbounded index and p is a polynomial then the
entire function F(z) = f(p(z)) is of unbounded index.

G. Fricke [4] proved that f(az 4 b) is of bounded index if and only if f(z) is of bounded

index. In general case we have [5; 1, p. 97] the following result.

Theorem. Let p(z) = a,z" + -+ + ag, a, # 0, n > 2, and f be an entire function. Let [
be a positive continuous on [0,+00) function such that I(r) < r"~' 1 < r — 4oo. Then
F(z) = f(p(2)) is of bounded l-index if and only if f is of bounded index.

Theorem implies that if f is of unbounded index then F/(z) = f(p(z)) is of unbounded [-
index with {(r) < 7"~ 1 <r — 400, whence it follows that F'(z) = f(p(z)) is of unbounded
index, because if F' is of bounded [j-index and l3(r) < l1(r) then F is of bounded [»-index
1, p. 23).

Thus, the Gross conjecture is true.
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