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A notion of invariant set of an iterated function systems is considered for the inclusion
hyperspaces. It is shown that the open set condition is sufficient for the preservation of supports
by the operation of passing to the invariant element of an iterated function system.
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[MouaTHe MHBAPUAHTHONO MHOXKECTBA HTEPUPOBAHHON CUCTEMBI (DYHKIIHH PACCMOTPEHO s
TUNEPIPOCTPAHCTB BKAOUeHNA. [loKazaHO ITO YCIOBUE OTKPHITOTO MHOXKECTBA ABIACTCA 10~
CTATOYHBIM JIJISl COXPAHEHNA HOCUTEA OTlepaliuell mepexona K NHBAPUAHTHOMY SJeMeHTY UTe-
PUPOBAHHOW CHCTEMBI (DYHKITUI.

Let (X, d) be a locally compact metric space. A contractionon X isamap f: X — X
such that there exists o < 1 with the property: d(f(), f(y)) < ad(z,y) for every z,y € X.
An iterated function system (IFS) on X is a finite sequence of contractions on X.

Ifv ={fi,...,f.} is an IFS on X, then let ¥ denote the transformation of exp X
defined by

U(E) =] fi(E) for EC X.
=1
It is well known (see [1]), that there exists a unique compact set Ay C X such that \i/(Aq;) =
Ay. This set will be called invariant for the IFS (fi,..., fn).
An IFS (f1,..., fs) is said to satisfy the open set condition (OSC) if there exists a

nonempty open set U C X such that |J fi(U) C U and the family {fi(U),..., fu(U)} is

=1

disjoint (see [1, p. 121]).

A nonempty family A of nonempty closed subsets of X is called an inclusion hyperspace
[2] if the following holds: for every A € A and every closed subset B C X with A C B, we
have B € A.

For every inclusion hyperspace A we denote by supp(.A) the support of A, i.e. the minimal
with respect to inclusion set with the following property: there exists a family B of closed
subsets of supp(A) such that

A={AC X isclosed | A D B for some B € B}.
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Following [3] we denote by GX the set of all inclusion hyperspaces on X with compact
supports. If 4,B € GX, let

cZ(.A,B) =inf{e >0 | O.(A) € B for every A € A,and O.(B) € A for every B € B}.
For every continuous map f: X — X define the map G'f: GX — G X by the formula

Gf(A) = {B C X is closed | B D f(A) for some A € A}.

Proposition 1. If f is a contraction, then so is G f.
Proof. Straightforward. O

If Ais a (closed) subset of X then we identify GA with the subspace Gi(GA) of GX,
where i: A — X is an embedding.

Now let (fi,...,f.) be an IFS on a locally compact metric space (X,d). Fix A €
G{1,2,...,n}.

Define the map ® = ® 4.4, . 7, : GX — GX by the formula

®(B) ={A C X is closed | there exists C' € Asuch that A € G f;(B) for every ¢ € C'}.

Proposition 2. The map ®: GX — GX is a contraction.
Proof. Follows from the fact that the natural map p: G*Y — GY, p() = J{Na | o € A}

(defined for compact metric spaces Y) is a contraction (see, e. g., [4]).

0
Recall that for every IFS there exists an invariant set (see [1, p. 119]).

Theorem 3. There is a unique fixed point of the map ®. This fixed point is the limit of
the sequence whose elements are the images of the iterations of the map ®, (®(B))2,, for

any B € GX.

Proof. Note first that we cannot apply directly the Banach fixed point theorem, because
the space GX is not necessarily locally compact. Denote by B the invariant set for the IFS
(fis...,fn). Then it is easy to see that, for every B € GX with supp(B) C B and for
every m we have supp ®"B) C B. Then we apply the Banach fixed point theorem to the
restriction of the map ® onto G'B. 0

The abovementioned fixed point will be called the invariant inclusion hyperspace of the
IFS (f1, fay ..., fn) with respect to A € G{1,... ,n}.

For the IFS (fi, f2,..., fu) and A € G{1,... ,n} we denote by B the corresponding
invariant inclusion hyperspace and by B the invariant set (for the IFS (f1, fa, ..., fa))-
Consider the following question: when supp(B) = B? The following example demonstrates
that this is not necessarily the case.

Example 4. Let X = R' n =3, A= {{1,2},{1,3},{2,3},{1,2,3}}. Consider the IFS on
X consisting of the functions fi(z) = fa(z) = £, f3(z) = 1 + .

Then it is easy to see that the invariant inclusion hyperspace for the IFS (fi, fa, f3) with
respect to A is B ={A C Ris closed | 0 € A} with supp(B) = {0} while the invariant set
for (f1, f2, fs) is the standard middle-third Cantor set.
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The following theorem gives a sufficient condition for the equality.

Theorem 5. Suppose an IFS (f1, f2,..., fn) on a locally compact metric space satisfies
the OSC and A € G{1,... ,n}, supp(A) = {l,... ,n}. Then the support of the invariant
inclusion hyperspace for the IFS (f1, fa, ..., f,) with respect to A coincides with the invariant
set for the IFS (f1, f2y. .., [n).

Proof. For the IFS (f1, f2,... , fu) and A € G{1,... ,n} we denote by B the corresponding
invariant inclusion hyperspace and by P the invariant set for the IFS (fi, f2,..., f.). One
can easily verify that supp(B) C P.

Let Bp denote the inclusion hyperspace such that Bp = {BN P | B € B}. Clearly,
Bp € GP and supp(Bp) = supp(B).

For any sequence {ji,...,Jr} with 1 < j; < n and any subset F of X let Fj
f]l(f]2((f]k(F))))

Fix any set A;, € A. For any i; € A;, fix any set A;,;, € A. For any i, € A
set Aioi1i2 € Aetc. Let A, = {Aioilmik cA | ij € Aioil...i]_lal <5< k} for k € N.

Let V' be an open subset of X given by the OSC.

The sequence (Ag)72, generates the sequence of sets

1--Jk

fix any

1071

wi=J Vi,
i1 €A

W, = U U Villév

11 €Ay 12€445i,

U U U U T

11€A;y 12€A5i; 13€A iy iy n€Aigijig. ip_1

Denote by W the set of all sequences (W;)>2, that can be obtained as the result of the
described procedure (for all the possible choices of the sequences (Ag)72,).

Claim 6. Every set B € Bp can be written as B = (.2, W; for some (W;)72, € W.

Indeed, since Bp is the fixed point of the map ®, by the construction of the map ® we
see that there is A;; € A such that B C UileAiO Vi, and BNV, # @ for all 1, € A;,. By
the same argument, for any i; € A;, there is A;;; € A such that BNV, C Ui2eA
and BNV, NV, # @ for all iy € A;,,, etc.

Then Wy D Wy D ... D W, D ..., where W, are as above, and, by the construction, we
have 2, W; = B.

Fix any « € P. Construct the sets W; by the method described above but such that for

all 7, x € W; and the sets A;;, i, € A are minimal sets (with respect to the inclusion) for A.
Then z € (2, W: = B € Bp.

Claim 7. B 1s a minimal set for Bp.

Suppose that there is M € Bp such that M C B, M # B. In this case, for any £ € N
there is 1), € A such that Vilz’z)...i; N M = @. Thus, thereis A’ C A such that

igil 1112

G061 ip—1 G061 ip—1
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M = (2, W/, where (W!)%2, is constructed as described above, for a sequence (A})%, such
that A’ € Aj_,. However, this is impossible, because A, ;. i,_, is a minimal set for A.
Since B is a minimal set for Bp, we see that B C supp(Bp) and therefore x € supp(Bp).

The fact that supp(Bp) = supp(B) completes the proof of Theorem 5. O

The analogous results are also valid for the superextensions and the spaces of complete
linked systems (see, e. g., [5] for the definitions).
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