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The initial-boundary value problem for nonlinear pseudoparabolic system in an unbounded
(with respect to space variables) domain is considered. The existence and the uniqueness of
the solution of this problem are proved.
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PaccmaTpuBaeTcsi cMmeniannas 3ajgada s MceBAONapaboindecKol CHCTEMBI B HEOTDAHU-
YeHHON (0 MPOCTPAHCTBEHHBIM TePEMEHHBIM) obaacTu. [JoKazaHO CYIIeCTBOBAHWE U €WH-
CTBEHHOCTH DEIEHNUsT DTOW 3a[a4n.

Recently several works both in mathematical and technical literature dealt with problems
for pseudoparabolic equations. Many processes such as filtration of liquid through double-
porous rocks [1], the heat emission in heterogeneous medium [2], the transfer of moisture in
the soil [3], the diffusion in fissured medium with the absorption or part glut, the process
of the glue setting [4] are described by pseudoparabolic equations and systems. Beginning
from 1950 various problems for pseudoparabolic equations were studied in [5-10].

To our mind, nonlinear pseudoparabolic equations are not sufficiently investigated. There-
at we study the initial boundary value problem for a nonlinear pseudoparabolic system in
unbounded (with respect to space variables) domain. Uniqueness and existence theorems
are proved. Besides we establish that existence and uniqueness of a solution do not depend
on the behavior of the solution as || — oo.

Let © be an unbounded domain in R™ and I' be its boundary. From now on we make the
assumption on the geometry of : there exists a sequence of domains {Q7 }, ey (here I is a
countable subset of R, ) satisfying the following conditions:

D Q=U,n®, O =00 B,, B;isan n-dimensional ball with center at the origin
and the radius 7;

2) 0 =TT UTT, where I'], '] are piecewise smooth hypersurfaces; mes{I'] N I'7} = 0,
IT#o, ITnl#£a,vrell; I'=U, 417

Let Qr = Q@ x (0,7), T < o0; S =1 x(0,7); Q, = Qr N {t = n}. We will de-
note by LP () the space of functions that belong to LP(Q7) for every 7 € 11, LY (Q1) =

loc loc
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LP((0,T); LY (Q)), p > 2. For the Sobolev spaces we use the traditional notation H' and

loc
Hlloc‘
Let us consider the system
Glus) = > (A, ua), — Y (Bigla, us,), +u = Fo(a,t) =Y Fiae,t) (1)
ij=1 i.j=1 =1

with the conditions

u|rx[o,T] =0, (2)
u|t:0 = Up (3)

in the domain ()7, where A;;, B;;, D are square matrices of the m-th order;

G(ut) — (|u1t|w_2u1t7 o |umt|w_2umt)T7 U= (uh cee 7um)T7
Fp=(F},....F/), je{0,... n};
v > 2; (-,-) is the scalar product in R™; |- | is the norm in R™. With respect to a space

variable z we also denote by |z| the magnitude of x in R".

Definition 1. Function w is a solution of (1)—(3) if:
D) w € L3 (Qu); w € Ln(Qr); ey € H (0, 1) L2 (), i € {1, n;
2) u satisfies (3) almost everywhere in ;
) the integral identity

n

// { Z @ s ve)) + > (B, t)ue,ve)) + (w,v) | dedt =

7,75=1 7,75=1

://[(Fo(x,t),v)—l—iz:;(Fi(x,t),vggi)]dxdt (4)

holds for all v € C*°([0,T]; C5°(£2)) and for almost every n € [0, T].
We say that the coefficients of (1) satisfy conditions (A), (B), (D) if:

3GOZ|§|2<Z Az, )E,8), ag >0, Y(z,t)€ Qr;

7,75=1
Aij(x7t) = Aﬁ(x?t)? Aij(xvt) = Az;(xvt)v \V/(l',t) € QTv \V/Z,] € {17 "'7n};
Ay € L¥(Qr), Ayje, € L7(Qr), Vi g € {1, ...on};

(B):bOZ|§|2<Z Bij(x, )€, ¢, bo>0, Y(x,1)€ Qr;

Bij(:zj ) = Bﬁ(:z;,t), Bij(x,t) = Bg(:z;,t), V(x,t) € Qp, Vi, j{1,....,n};
Bij, Bijt € L= (Qr), Yi,j€{l,...,n};

(D) : dolé|* < (&,€), do >0, Y(x,1) € Qr;
D(z,t) = D" (x,t), Y(z,t)€ Qr; D,Di € L™(Qr)

for all vectors £, €, & from R™, 1 <14,7 < n.
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Theorem 1. Let the coefficients of system (1) satisfy conditions (A), (B), (D); 2 < v <

2n
N —
unique.

! ifn>1and~ >2ifn = 1. If there exists a solution of problem (1)—(3), the one is

Proof. Let u', u* be solutions of (1)-(3). For both u' and u* we consider integral identity
(4). Put v = u* — v* and v = wp*(x), where ¢ is a function of C5°(Q), @ > 0. Then from
(4) we obtain

//[ () () + 5)

+ Z < (@, Ouge + Bij(x, ) ug,, (uh®(x)) J> + (u,ut;/)a(x))}dxdt = 0.

7,75=1

Now estimate every term of (5):

I = j/(a(u;) — G(u?), upp®) dadt > zz—v/n/\utwadxdt,

I, = // Z (2, ) U, (ud™) d:z;dt // Z i(a,t) uxt,ux] );/) dxdt +

1,5=1 7,j=1

//Z A2, g wr) )™y, d:l:dt>//a0

7,75=1

Apd Aoy —2
S //\Ut\ wdrdt — 0Dy

Iy = //Z (s e, (™), >d:z;dt ;/i (Bij(2. )tz s, ) % da —

7,75=1 Oy 7,75=1

__//Z m:l:tux,ux ¢adxdt+//z z;xtux,ut) a®” 1¢xdxdt>

7,75=1 7,75=1

_O‘BO”//Z\% YOdudt — 0‘3052” //\u " dudt — oy =2)

275”
_ o do 2 o dl 2 1«
Iy = (w, ug) Y dadt > 5} |u|**dx — 5 |u|“p*dxdt,
0 Q Q, 0 Q
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where §; > 0, 6 > 0,

Ay = max {sgp D AG( Ol sup > HAijl’i(w?t)H} ;
T T

1,5=1 1,5=1

W = Z/w-—{\w (0= Vit + 0, |}

1,)= IQ

— o S B W= / oY \m,

QT’L] 1

= 2d:1;

n

> (Bij(z. )¢, € <bIZ|£|2 (D, 0)€,€) < dy|€]?, WEE, € e R™(1 < 14,5 < n).

1,5=1

Adding the estimates we get

n K 2 2
g [ (003 e ol Yot [ ] (0= @0 - B
=1 0 Q

Qn
- 2 aBgn by - 2 dy 2| o
+ ag 4 — ( 5 —|—§>Z;‘u% —?‘u‘ ];/} dzdt < (6)
aA —2 aBy(v —2)n
< LL)U\IH + O(V—L)U\I’% go > 0.
296, 2796,

Suppose that §; and &y satisfy 2a(Agd; + Boda)n? < vgo. Then (6) implies

/(bOZ‘um + do|u ‘)L/)adx—k//(go‘ut‘ +2a02\um\ )¢adxdt<

o =1 =1

g//((aBonerl)iz:;\um :

where ¥ = 2002y, 4 2BoO=ny) ging the Gronwall lemma [4, p.191] from the last
~8 7 v5) 2
inequality we obtain

[(Sr

=1
n

//(go\ut\ —I-QaOZ‘u“‘ >¢adxdt</,L2T\I/ Mz—l—l—%TeZ_é.
0

=1

+ dl\uf) Yodedt + T,

T _  m )
-I' ‘u‘2> ¢adx S %\IIGMOT7 Ho = mln{bo; do}, H1 = maX{OéBon —|— bl; d1}7

Let us introduce the function

|2

0 <l|z|] <R,

|z
T) = L -
vi) {0, lz| > R.



INITIAL-BOUNDARY VALUE PROBLEM FOR PSEUDOPARABOLIC SYSTEM 179

Then

—2 0<|z] <R —Pu . 0<|z| <R
2 X)) = R> - - ’ A — R — — 9

where §;; is the Kronecker symbol. It is easy to see that || < 2R, |,
After computations

S 27 |/I7Z)l’ll’]| S %'

"3 [ (v

1,5=1 Q

+ [(0 = Dthatbe, + e, | V77 da <

S Z /(QR)O‘_%(ZLR—FZLQ)%C[:E :2an2Ra_%+nPn(R+a)ﬂT27

ivjleR
2 n 2y 2 2 2
U, = /%/)a_”%? 3 e |7 de < /(zﬂ)a—ﬁmﬁzdx — 2 ROTIETp,,
Q =1 B
R

where R € Il and P, is defined by the equality

7Tk
/d:z::PnR”: e =2k
(7r) R2k+1 n:2k—|—1,

1" )
B 2kt

we get

n 2 .02\ @
[ (el 1ul”) (EEL) e <
Oy =1

T _2 20( 2 2 22N A ~y B
< MO D2 painp BT —(a+ R+ — |,
KoY 57T2 57T2
1 2

f n 2 2\ @
// (go‘ut‘w + 2ao Z ‘ux,‘t 2) (%) dedt <
Q =1

0

T - 2 20( 2 27y A ¥ B
< IO 22 ey (A0 4 22 )
7 517—2 5;—2

for almost all € [0,7]. Let us minorize the integrals in the left part of these inequalities
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by the integrals over domain Q N Br, = Q% Ry < R, Ry € II. Namely,

/ (i Jua ] + ‘“‘2> (£ — Ro)" d < /(i [ M2> (@)adtx <

=1 =1

Q,IRO n
T - 2 20( 2 2 faan A ~ B
S o (7 ) n Ra_m+npn€“0T Lo(a_l_ R)VT? n Lo 7
Mo 517—2 5;—2
" n
/ / (90‘%:“ + 2ag Z ‘uxit 2) (R — Ro)" dadt <
0 oRo =1

2 2\ @
2) (%) dedt <

2y A o B
RT=TP, | ——(a+ R)"™ + —LO 2.

n e
S//(go\ut\“rZaoZ\um
0 Q =1

< al(y —2)2%n?

7 517—2 5;—2
Hence
- T(y —2)2°n? _ 2 R Cm
[ (3 b o Yoo < PO i (LI p i
i=1 foy R — Fy
ap
A ~
X | —-(a+ R+ —- |,
57" 57"
n
- T(y—2)2°n? __ 2y R “
749 it ) deat < 2 R5=2tn P,
] (s o o) T e 8
0 qRo -
A
x| ==+ B+ —= | 1
57" 57"

If R > a, then for almost all n € [0, 7] we have

- _ a2 24 u y
/ (Z ‘ul’z "+ ‘U‘2>d:p < oy = 2)2n _vj—mpneﬂoT A20 (2R)7=2 + B20 ;

J\S po 572 577
n
“ oT (v —2)2°n? A o B
/ / (go‘ut‘w + ZQOZ ‘uggit‘z) dadl < (v 2_7)_71 P, LO(ZR)v—z + —LO L.
0 QFo =1 yh= ;" ;"

Since n < ﬂj for sufficiently large R, the left part of the estimates can be made sufficiently
small. Thus for arbitrary fixed Ry and n € [0,7] we obtain uniqueness of a solution in
Ofo % [0,T]. It is just the uniqueness of a solution in Q7. O
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Remark. If the coeflicients A;; do not depend on the space variable x then the imposed
conditions on 7 may be weakened. In this case the following restriction holds: 2 < v < nzTnZ
ifn>2andy>2ifn=1,2.

Obtaining existence conditions is the next step in our consideration. For this we consider
an auxiliary problem. We shall prove existence of a solution of the problem

s+ Glu) = Y (A, ues), — Y (Byle, thug,), +u =
7,75=1 7,75=1
= File,t) =Y Fi(e0), >0, (7.)
=1
u‘t:o = o, (8)
Ulpexor) = 0, (9)
e,y = 0, (10)

in Q7 = Q° x (0,7) (here Q* is a bounded subdomain of ©, I'* is the boundary of Q*,
Nl #2).

Definition 2. A function «** is a solution of (7.)—(10) if:
) we € LA(Q3)s i € L(Q3); i € H(0,T) L)), (i € {1, s}
2) u™* satisfies (8), (10) almost everywhere in Q;
3) the integral identity

0 Q* 2,7=1
+ Z (Bij(z, t)ulr,va,) + (u*’s,v)} dedt = (11)
7,75=1
Y n
= // {(Fg(x,t),v)—l— Z(Fi*(x,t),vxi)}dxdt —5/(uf’6,v) dx
0 O* =1 o

holds for all v € C*°([0,T]; C5°(£2*)) and for almost every n € [0,T].

Lemma. Let the coefficients of (7.) satisfy conditions (A), (B), (D); uf € Hy(Q*); F§ €
vaTl(Q*T), Fr e L*(Q%), i€ {l,...,n}. Then there exists a solution of (7.)—(10).

Proof. Let {c,o*k(:zj)} be a basis in HL(Q*) N LY(Q*). We put vV = Eivzl o () ex(t),
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where ¢, () can be found from the problem

N
ey el [ (o 9™") de = —// <G<Z 0’599*’5),99* ’“) +
s=1 0 O s=1
n N n N
+ ) (Az'j(w,t)zc;%fv@if) +> (Bij(%t)zcs%;sa@if) + (12)
7,75=1 s=1 7,75=1 s=1
+ <0599*5799*k> - <F0(x t) ' k) —Z(Fj(l‘,t),go;k>] dxdt qb(c 057t)7
=1
Ck(o) = <u87 ¢*7k>H1(Q*)nLy(Q*) (13)
¢ (0) =0 (14)

By the Carathéodory theorem [11, p. 54] and the lower estimates there exists a solution
of (12)—(14). After calculations

n
[5 = //5 u;ﬂtsN *6N> dwdt 2/ u:767N‘2dx7
0 Q* *
[6 // *6N7 *sN dl’dt>gl// *ENWdl'dt, gl>07
e *,E, £ x.e 1 e ..
- // O (Al + B, sV i) dds > 5/260 up N da
0 O 1,7=1 Q;ﬂ] g
*6 *6 *6 b .
_—/Z z]JiOuoxN, %N dx—|—//2{ao N _glux;’N‘z}dxdh
* "= ! 0 O =1
*,e,IN *,e,N 1 w e N |2
[8 // u7 dxdt>2/d0u”‘dx_
0 Q* *
1
L (Do) a8 [ s
& 0 Q*
f i n
[9:// <F0(SL‘ t), *5N>_|_Z<F (z,1), ;§N>] dedt <
0o Q¢ - =1
< _§ u*’E’NP 4 ézn: u*,s,N‘Z dedi +
-~ /_)/ t 2 . @it
0 Q* - =

—1 o 1 &
—I-// : T ‘Fg(x,t)‘”_l—l-— i*(l'at)‘? drdt, 03> 0,04 >0,
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from (12) we obtain

%/[ *sN‘ ‘I’bOZ *sN‘ _I_d *sN‘ dl’-l—//{(m ) *sN‘ +

&

(o0 2 3 = e 3 | o < 15)
=1 =1

dr +

/1}:(ZJxOumexﬁ)+(Dwovam$W)

n

—1 1 <
—|—// R ;‘FO*(:L', ‘v I _|_ﬁ Z»*(x,t)‘Q dzdt.
0 Qx 753?_1 *

Let 45 and 44 be such that g1y — d3 > 0, ag — 44 > 0. We again apply the Gronwall-Bellman
lemma to (15) and deduce that
Hu*sNH is bounded in L7(Q7%),
|| ENH is bounded in L* ((0,T); L*(Q%)),
gy H is bounded in L*(Q%), 1 € {1,...,n},
Hu;fNH is bounded in L* ((0,T); L*(22%)), i € {1,...,n},
Since ©* is a bounded domain, we have L> ((0,T); L*(2*)) C L*(Q%), L7(Q%) C L*(Q%).
Therefore we can choose a subsequence {u**"*} from the sequence {u**"} such that
w*e e — € in L ((0,T); L*(02*)) *-weakly,
wPo™N s wP in L7 ((0,T); L7(92%)) weakly, therefore
wPo™N s wP in L2 ((0,T); LAH(Q)) weakly,
ups N uy® in L ((0,7); L*(Y7)) *-weakly, 1 € {1,...,n},
uyy = uy g in L2((0,T); L*(Q*)) weakly, i € {1, .. }

|uf5Nk|7 2 :s,Nk oy in LY ((()7T); LW'(Q*)) weakly, ~ —|- = =1, because of

HG(u?&Nk)HLV’((O,T);LV’(Q*)) < 92 <foT Jor u?E’Ndexdo ' <O = const.
The premises and (7.) imply

77 n n
//}ew%+um+2¢wmnwm+z@Mmmmm+ (16)
0 QF 7,75=1 7,75=1
+ (u” }dwdt—// [ —I—Z }dwdt—e/(u:ﬁ,v)dw.
0 O Q;‘I
Let
(Vo e L7 ((0,T); L(0))) : Xy, = / / up= Ny — o), up o™ — v) e~dxdt.  (17)

0 Q*
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Then Xy, > 0. According to (12)

// ”Nk IEN’“> e Pldedt = —

0 Q*

+3 (Fr (e, up™) = &

*st *,6,Ng *,
—E <”:1;t ,uxjt>—<u

7,75=1

where p is a positive number such that

n

&

n

1,5=1

e,Ny *
' ) Uy

> ((pBijla.t) = Bije(a,1)) €.€7) >

n
uf’s’Nk‘ze_ptdx—l-// {(F (x,1), *EN’“> +

0 Q*

*757Nk 2 - *757Nk *757Nk
Uy ‘ _§ <A2](x7t)uxit s Ug it -

’E’Nk> ] e dxdt,

VEL & ER™, 1<i,j<n

7

7,75=1
Hence
1 *.£ 2 - *,€, *,E -
XNk = _5/ |:5 u,’ 7Nk‘ + Z <B2](x 77) Nkvux; 7Nk) :| e dx +
* ’i,j:l
/ / [ Do) 40 (B2 )™ ) =
0 O =1
= 3 (Ao ) = (1) -
2,7=1
1 e
—3 > <(10Bij(x7t) — Biji(, ) ui ™, ug*,;’f’N’“> } e dxdt —
ij=1
// uy ENk e Pdxdt — // u; EN’“ — v> e dxdt,
0 Q* 0 Qx
and then
_ 1 i
0< kli}m Xy, < —5/ [5 u ]+ Z <B¢j($,n)u;’f,u;’f> ] e dx +
> Q;ﬂ] 7,75=1
n e
* pe *,e]2 *,E *,E
0 RS GNP R o CREERY
0 Q* 7,75=1
1 e
—5 > <(PBz'j(l‘7t) - Bz’jt(il?ﬁ))@f#if) - (u*’sawf’s)} e dedt — (18)
7,75=1
Ye "tdxdt

_j/@wﬁwWﬁ_j/@v
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From (16) we get

1 e
- 5/ [5 Y <Bij(x7t)u;fvu;f> } e "dx +

Q;ﬂl 7,75=1
n
PE | xe)2

+//{(F ‘|’Z 7xt>_?ut -

0 Q=

*,E *,E 1 - *,€ *,€

- Z < ] l’ t xt?uljt) - 5 Z <(pB2](x7t) _Bl]t(x7t))uac; 7u1’;> -

7,75=1 o
— (u™F, ] “Pdrdt = // X, u %) e dadt.

0 Q*

By adding (18) to (19) we obtain [’ [,. (x — G(v),u;" —v) e 'dxdt > 0. Put v = v —

A > 0, where w is an arbitrary function from LY ((0,7); L7(€2*)). Hereby

7
)\//(X — G(u}® = dw),w) e *dzdt > 0,

0 Q*

7
and then [ [ (x — G(ui® — Aw),w) eP'dzdl > 0. If X tends to zero, then

0 Q*

(VYw e L7 ((0,T); L"(27))) : // X — G(u;®),w) e dadt > 0,

0 Q*

185

Aw

(we can pass to the limit as A — +0 because of the Lebesgue theorem and semicontinuity of
the operator G.) Thus y = G(u;"). This implies that «™* is a solution of (7.)—(10), namely

u™*® satisfies (11).

O

Estimate (15) holds for ©* and does not depend on . Thus we can choose a subsequence

{u**} such that v — «* in L*(Q%) weakly. Whence, uZ*™ — w} in H' ((0,T); L*())

weakly and u;*™ — u} in L7(Q%) weakly.

As far as
*,8 *.Em | 2 ? 2
5m/(ut m,v)dw§5m</ (T d:z;) (/‘v‘ d:z;)
Q;; i

[T

IA

&

*,Em
Uy

2dac—l——/‘ ‘d:z;—>0 if e, — 0,

&

after passing to the limit in (11) as £, — 0 we get that u* is a solution of (7y), (8), (10).

Thus we proved existence of a solution (1)—(3) in a bounded cylinder.
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Theorem 2. Let the coefficients of (1) satisty the conditions of Theorem 1 and

Uo € Hlloc(ﬂ)7 ko € Lloc (QT)7 Fi e LIQOC(QT)v 1 € {17 7n}
Then a solution of problem (1)—(3) exists.

Proof. As far as domain ) was worked in special way we can choose a sequence of embedded
cylinders QT = Q7 x (0,7). Consider the problem

Glus) = > (A, ua), — Y (Bijla, ), +u = Fy(x,1) Z (z,1), (20,)
7,75=1 7,75=1
u|t:0 = U, u|rr><(o7T) =0, (217)

for each cylinder Q7. Here
Fi 7t 5 7t 77 .
Fl(x,t) = (2.1), (2,1) € QF 1€ {0,...,n}.
07 (l’,t) S QT\QTv

As ul we take ug(x)(7(|z|), where the function (7 € C§°(RY) is such that (7(r) = 1 if
r| <7 =6, (r)=0if|r] > 7,0 (r) <1if7—§ < |r] < 7;a fixed number § is small
enough.

Problem (20, )-(21;) has a solution ™ € L? (Q%), ul, € H'((0,T); L*(07)), u] € L"(QF).

After extension of the solution by zero over all the domain Q)7 the equality

[ [ 100001+ 35 Gt s vy -

7,75=1

[/ [<F5<x,t>,v>+gwgw,w,m]dxdt 2)

holds for every function v € C*([0,T]; C5°(2)) and for almost every n € [0,T]. We put
v=ulp(x), v € C52(N), o> 0, in (22) and estimate every term. Therefore,

Jlozj/(Fg(x,t Tah® d:z;dt<//[—‘ uy |+

0 Q

(x,1) ‘V 1]¢adxdt

n

111://;:;@;(95@,( ) dedt <//Z[
25; /

0

(e, t)‘ };/}adxdt—l—

5
(w, 1) da dt—|—a7n//‘ut‘ Ve dadt + ( )Txpz

where 05 > 0, d¢ > 0, §7 > 0. Hence, (22) implies

n n 2
%/ {boz ‘u;‘z—l-do‘uT‘Q] ¢adx+// [ (go _on (A051—|—B(3y52)+55—|—an57> ‘u”w _
=1 0 O

n
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aBon b - i
() Gl (o 3) el

where

TV + &
2 )

] };/;ad:z;dt <

7_1 T X o 1 2 o

Gr L 7957 67 i=1

n

> (Bule. 0, ul,, ) + (D, 0)ug, )| o de,

Bo(y —2 -2
i Lo O(VL g, 20 =2y
76 78,7
If 6; (1 € {1,2,5,6,7}) such that

oznz(A()(Sl + BO(SQ) + 55 + ozn57
9o — ~ Z ?7

/(Z\u ) +\U‘)¢“d < TSES AT,

- TV + o
// (go\uﬂ“raOZ\u;ﬁf) bodadt < M: "
0 Q i=1

If ¢ is the function introduced in the proof of Theorem 1 for R € II, Ry < R, Ry € 11, then

_ a2
/ (Z‘“ "+ ] )dw = 1t ’3)2 LR e
0

then

Qo
0 e BO 1 (I)eﬁ_éT
SRR 4 4 |
57T2( ) 5572 n MO(R - Ro)a
— 2)2¢ 2 2~
/ / (90\%:\ +“OZ |z | )dl‘dt < oo - 2P TP, %
0 Qfo K
0 o BO 1 (I)eﬁ_(lJT
—(2R)"72 + —— 4+ — +
51772( ) 5" " /~60(R—R0)°“M2

Taking into account the assumptions of the theorem, the definition of uj, F7 (i € {0,...,n})
and the inequality R > Ry we get

/(Z\UL\QHUT\Z) d < %M //(go\ut\ +aoZ\um\)dwdt<%e o,
QR0 =1

0 qRo
7
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where

q)0:2a/ 271‘]70(3;77})‘7%14‘ ——|-— Z‘F:L't dxdt +
Q? 755?_1 7 =1
+ 2a/ Z <Bz’j(l’,0)qu“uo%> + (D(xao)umuo) dx.

R 1,J=1
QO

It is easy to show that there exists a subsequence {u™} of the sequence {u”} such that

u™ — win L (Qr) weakly,
G(u®) — x in LIOIC(QT) weakly,
ull — ugp, in H' ((0,7); L, () weakly, (i € {1,...,n}).
Passage to the limit in (22) as 7, — oo implies that x = G(u;), and finally that v is a

solution of (1)—(3). O

10.

11.

12.
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