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The exact solutions of multicomponent generalization of nonlinear Yajima-Oikawa model
and their (241)-dimensional extensions are constructed in an explicit form. A vector Melnikov-
like system has been integrated too.
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TowHbIe pellleHnA MYJILTUKOMIIOHEHTHOT O 0600menus Heannennon Mo aen A pxumer-Otika-
BBI TIOCTPOEHHl B ABHOU (popMe. Takike mpomHTerpupoBaHa BeKTOpHas cucTeMa Tuna Meis-
HUKOBA.

Introduction.
The hierarchy of Kadomtsev-Petviashvili equations can be given as an infinite sequence
of the Sato-Wilson operator equations [1-2]

a,Wi, = —(WD'"W™)_W, necNa,cC (1)
where
W=1+wD " +w,D?+ ... (2)

is a microdifferential operator (MDO) with coefficients w;, ¢ € N, depending on the variables
t = (t1,t9,...), t1 :== x and D := 88—90, DD~! = 1. The differential and integral parts of
the microdifferential operator WD"W~! are denoted by (WD"W 1), and (WD"W~!)_

respectively and we have
(WD'"W™H_ .= WD'"W™' —(WD"W™),.
In the MDO algebra ( the operation of multiplication is induced by the generalized Leibnitz

rule
]- ’ ’ 9$m ’ ’

7=0

where

D'D™ :=D"D" =D n,m € Z,
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and f is the operator of multiplication by a function f(t) which belongs to the same func-
tional space A that the coefficients of microdifferential operators L € ( do:

n(L)
Le¢={Y aD :a=alt)c Ain(l)eZy,

With the aid of the MDO L defined by the formula
L:=WDW'=D+UD ' +U,D*+ ...,
system (1) can be rewritten in the form of the Lax representation
a,Ly, =B, L] :=B,L—LB,, (4)
where
B,=(L")y =(WD'"W™),, neN

Nonlocal reduced hierarchy of Kadomtsev-Petviashviliis the system of operator equations
(4) with the additional restriction, so-called k-constraint of the form [3-8] (see also [9])

l
LFi= (L") =B+ > ¢D'r/,
=1

where ”T” denotes the transposition according with dynamics of system (4) , if the field-
variables ¢;, r; satisfy the system of the following equations

{ antit, = Bn(q),

i, = —BI(r).

(5)

In formula (5) and in the sequel the symbol ”77 denotes the transposition of a differential
operator.

The equations from k-reduced hierarchy of Kadomtsev-Petviashvili admit the Lax repre-
sentation

[By + qD'RT, 0,0, — B,] =0,n € N. (6)

Equations (6) have real physical applications in the case of additional constraints, for
example, reductions of complex conjugation (see below). Integration of equations (6) with
reductions is the goal of this paper.

The exact solutions of vector generalization of Yajima-Oikawa model.
Consider the case k = 2,n = 2.

a2Qt, = Yrx + 2Uq7
OQUL‘Q = (qRT)l’v (7)
@R, = —R,, — 2UR.

In formulas (6)—(7) and everywhere below q = (¢1, ... ,q), r = (r1, ... 1) and

I
qDT'RT =) ¢ D',
=1
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Introduce the additional reductions of complex conjugation ay = i,t, = t,R = igM T,
where M € Mat;;(C), M = M*.

System (7) can be represented as:

{ iqt =zt 2Uq7 (8)
Ui = (qMq*),.

System (8) is a vector ([-components) generalization of Yajima-Oikawa model [10,5,6,9]. If
the matrix M is diagonal (M = diag(py,...,m),p; € R,j € {1,...,l}), we can rewrite the
second equation in system (8) in the following form:

{
Ur=> pllail*)e
=1

The operators of system (8) in the Lax representation ([L, A] = 0) are of the form:
L=D*+42U +iqMD™'q", A=id,—D*—20.

Proposition 1. [2,11] Let B = By be a differential operator; fD~'g, fD~'g € (. Then the
following relations hold:

BfD™'g" = (BfD'g"): + B(f)D7'g",
FD1gTB = (£D'gTB), + D (Bg)"), )
D g FD 15T = f</ ng'>D‘1§;T _fpt (/ ng>gT.
In formulas (9) by the symbol ( [ ng') we denote an arbitrary fixed primitive of (ng)(:Jc, ts)

as a function of z, that is
9 T T
8_x</g f> =g f.

Let ¥ o= (99179927 7991\’7) = S‘Q(xth)v 77Z) = (¢17¢27 777Z)K) = @/)(l’,tz) be smooth
complex functions of real variables z,1; € R, C' = (C,,,,) = const € Matg«x(C), and also:

1) the improper integral

/_1 Plpds = /_1 DT (s,12) (s, 15) ds

converges absolutely V(z,%2) € R x Ry and admits differentiation by parameter 5 € R |
2) the matrix-function Q(x,¢3) := C'+ [7 ¢ T¢ds is nondegenerate in (z,43) € o C
R x R;.
Define the functions ® = ®(x,t2), ¥ = ¥(x,t3) and MDO W (2) by the following way

=00 U =T W =1—0D""y". (10)

Lemma. The components ®;, U, of the vector-functions ®, W (17) can be given as:
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.
)
(K

Q]

Here Q;) is obtained from €0 by deletion of the i-line.

U, = (pQ7 ), = (=) 1<i<K (12)

Proof. In order to prove (11),(12) we use the well-known algebraic equality for framed de-

det (Q ¢T> = ‘Q ¥
¢ « ¢ «

terminant:

=adetQ — QT

where Q¢ is the matrix of cofactors. We have

Qi
O = (p071)i =07l = (—1)K+iﬁ'
Here €; = (eiy,... € ) e, = 1,65, =0, for i, € {1,..., K},1 # j.
By a similar reasoning, formula (12) can be proved. O

Theorem 1. [11] MDO W has an inverse operator W' and:
Wt=14D 0T,
Proposition 2. For MDO W (10) the following equalities are true:

WD*W™' = (I - 0D ' ")D*(I + D 'UT) =
=D +2(pQ7 "), — @D (% - / Youp ds WT) + (% - <I>/ Y 0o ds) DT,
W(io, - D)W =

=00, — D?* = 2(eQ '), + D! {(WJ +1),) — /

— 00

xr

(1] + 1)) ds\I}T} +

+ {(i@t - Som’) - (I)/_ @Z)T(i@t - 9955) dS} DT,

The proof of Proposition 2 is based on formulas (3), (9).
Consider operators

Lo=D% Ao=i0,—D* L=WLW™, A=WAW"

Y

Theorem 2. Let:
a) ¢ be a solution of the equation i, = ©uy;
b) ¢uw = @A, where A = diag(A3, A3, ..., \%) = const € Mat i (C);
c) b =¢;
d) C=C~.
Then
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1) ¥ = o;
2) L=DD%+ 2007 1*), + ®JDIOT, where J = CA — A*C;
3) A =10, — D? — 2(o0 %),

Proof. 1) From definitions (10) and condition d we have:

xr xr

¢ = p(C +/_ prpds)=t = o(C +/ eTods)™ = p(CT +/ pTipds)™t = 0.

— 00 — 00

xr

2) From Proposition 2, condition b and the properties: q)ffm pTods = o — ®C and
ffoo pTodsUT =T — CUT it follows that

L=D*+2(07"¢"), — 0D A"y + q)D—lA*/ V' odsUT 4

+oADTTUT — <I>/ Y odsADTIUT =
=D +2(e07 "), + ®(CA - A*C)D'UT.
3) The validity of this item follows from Proposition 2 and conditions a,c. O

Proposition 3. The matrix J = (J,,),m,n € {1,..., K} has the following properties:
1) J=-J%
2) Jon = Con(N}, = A2);
3) If the matrix C is diagonal, then

J = diag(2ie,ImA], 2ic,ImA;, . .. 2ic ImA%).

Proof. 1)
J=(CA=NC)y=NC"—CA=NC-CA=—.
The proof of the 2), 3) is based on formulas of operations with matrixes. O
Corollaries.

Corollary 1. Let K be an arbitrary natural number, [ = 1, and suppose that the matrix J
can be represented in the form J = iMI"I, where [ = (1,...,1) is K-dimensional vector.
Then the functions

1
Q
1
K
w 0
q:qu:T, (13)
=1 | |
_ Q "~ 0*
_ 1 = _ 1 _
v=oe= (|2 5 ) = gmhnldetsy (14

are solutions of system (8) considered as a scalar one.
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In the proof of the given corollary we represent .J in the form J = :MITI, that is, using
Proposition 3 we consider (', = A;J\_ﬂ—z) for m,n € {1,..., K'}. Then

K K
¢JD'OT = diMITDIOT =iM Y &> @,
=1 =1

and hence formula (13) follows from these equalities and formula (11) (see the Lemma above).

Formulas (13)—(14) determine the solution of classical (1-component) equation by Yajima-
Oikawa [10] which depends on K functional parameters ¢ = (¢1,...,¢K) (solutions of the
linear system i¢; = @z, ©zr = @A), In particular, if ¢; = éjeAﬂ”_M?t, ¢, A€ CoAj # Mg
for k # 1, ReX; > 0,57 € {1,..., K}, formulas (13)—(14) determine a K-soliton solution of
system (8) in the form which is analogous to a K-soliton solution of nonlinear Shrodinger
equation (see [12]).

Consider the scalar case (K =[=1). Then ¢ = éer =Nt M = ;1) and under conditions

ReX > 0, €' = ;x5 solutions have the form:
QéRe)\e/\ac—i/\2t 8|é|2MR62 )\Im)\GQRe/\x—I—4Re/\Im/\t
qa= H A2 2Relx ’ - 2 :
+4ReAImAt 2 . 2ReAz+4ReAImAt\2
iy 1 |¢fPe (g + 2ImA|é|%e )

If 1 = 2ImA we obtain the functions q and U in the following form:

B Aexp{i(ve + (v —u?)t + o)} = A?
B chi{u(x 4 2vt + x¢) } 7 —ch*{ulx + 2ut + 20)}
where
) Inle
u=ReA, v=Im), A=2Re), ¢y=argée, z9= .
ReA

The solutions ¢(x,t) and U(x,t) are smooth functions localized along the direction x(¢) =
—x9 — 20t
In particular, if A =1 4+ ¢,¢ = 1 then previous formulas can be rewritten as:

2€x+2t+ix 462(x+2t)

477 + 2e2(w+21)7 v (1 + e2lz+2)y2”

One can see that in the case u = 2ImA we have |q|* = U and |q|*, U — 0 as |z +2t| — +o0.

Corollary 2. Let K > 1, C' be a diagonal matrix and the product CyImA; # 0 for | values
of the index k € {1,..., K} (without loss of generality we can suppose that this condition
is satisfied for k € {1,...,1}).

Then the functions q = (q1,...,q) and U, where

(15)

_ QO " -1
U‘(‘%@ 0"”' )

are solutions of system (8) for diagonal matrix M and Cj; = z=*—,7 € {1,..., K}.
€A HMA



THE EXACT SOLUTIONS OF SOME MULTICOMPONENT INTEGRABLE MODELS 53

The proof of Corollary 2 is based on the application of formula (11) and Proposition 3.
Let us consider the case:

” : A z—1A? Hj .
K=1=2 C=diag(ci,a), ;=& N ¢ = m’ 7€ l2h

We denote: u; = Redj,v; =1Im;, j € {1,2}. Under the conditions ReA; > 0 and ReXy > 0

we obtain:

G = él€u1x+2ulvlt+i(vl$+(1}%_u?)t) ( H2 Uy — Uz + i(Ul — Uz) 62u21’+4u21}2t>
! |Q| 4UQU2 QUQ(Ul + U2 + i(Ul — UQ)) ’
g2 = é2€u2x+2u2v2t+i(v2$+(vg_ug)t) ( H1 Uz — Uy + i(UQ — Ul) 62u1l’+4u11}1t>
2 |Q| 4U1U1 2u1(u1 —|—UQ +i(U2 —Ul)) ’
P
U=(—
(1)
where s e 1 , ,
|Q| — 1 |CQ| ((ul B UQ) + (Ul B U2) )e?(ul—l—ug)1’—|—4(u1v1—|—u2v2)t_|_
Adugug((ur + ug)? + (v1 — v2)?)
/u2|él|2 €2u1x+4ulvlt + ,u1|62|2 €2u2x+4u2112t Hif2
8U1UQU2 8U1UQU1 16U1UQU1U27
p— <u21u‘|‘uu2 . (u - 5(;21—7:(122) - )2> él 2|62|2€2(u1+u2)x+4(u1u1+u2v2)t_|_
182 1 2 1 — U2

A2 A |2
/L2|Cl| €2u1x+4u1v1t + Iu1|02| €2u2x+4u2112t
8U1UQU2 8U1UQU1

For example, if \y =141,y =1 —1,¢; = ¢ = 1t
4(1 + Z’)e(3+i)x—2t _ 4M2€(1—|—i)1’—|—2t
Dedr _ 2M2€21’—|—4t + 2M1€21’—4t _ Mle’

1 =

4(1 _ Z’)e(?)—i)x-l—?t + 4M1€(1—i)x—2t
Dedw _ 2M2€21’—|—4t + 2M1€21’—4t _ Mle’
- 24661’(M1€4t _ M2€—4t) _ 32/“61/“626400 + 4/~L1/~L2€2x(/~b2€4t _ M1€—4t)

(2641’_2M2€21’—|—4t_|_21u1€21’—4t_M1M2)2 :

Corollary 3. Let K be an arbitrary natural number, | < K, the matrix J can be represented
in the form J = diag(Ax, ..., A;), where A; is the square matrix block of dimension k; which
is given in the form A; = i/,Lj[jT]j, J =€A{1,...,l}, where I; is the vector-string of dimension
k; whose components are equal to 1.
Then the functions

q2 =

kl k2 kl
Q1:Zq)j7Q2:Zq)k1+j7 "'7qlzzq)kl_1+j7 (16)
Jj=1 Jj=1 Jj=1

_ QO " -1
U_Q@ O‘M )

where ®; are defined by formula (11), ky+ko+---+k = K, are solutions of an [-components
case of system (8) with the diagonal matrix M.
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The further proof is similar to that of the previous corollary.

The exact solutions of (241)-dimension generalization of Yajima-Oikawa model.
Consider the system ((241)-dimension generalization of system (7) [9]):

a2Qt, = Yrx + 2Uq7
Uy, = onUy, + (qRT),, (17)
xRy, = —R,, — 2UR.
Introduce the additional reductions of complex conjugation ay = ay = 1,t; = y,ty; =
t,R=4qM7, where M = diag(u1, ... , ) € Mat;(R), it; € R.

System (17) can be represented as

Uy=U,+(aMq), = U, + Zi’:1 Mi(|qi|2)xa

and we have (2+1)-dimension generalization of multicomponent Yajima-Oikawa model (8).

(18)

The operators of system (39) in the Lax representation are of the form:
L=1i0,—D*—2U —iqMD™'q", A=id,—D*—2U.
Remark. For MDO W (10) the equality is true (from Proposition 2):
W(id, — D)W = (19)

xr

i, — D — 20 T, + 4D {w; ol [ ] el w} ;

—I_{(ZS‘QZ/_S‘QI’I’)_(I)/ ¢T(i@y_@ss)dS}D_IqIT.
Consider operators Lo = 10, — D?*, Ag = 10, — D?, L= W LoW =1, A=WAW-L.

Theorem 3. Let:
a) ¢ be the solution of the equation ip: = @up;

b) i, — @uw = —pA, where A = diag(A?, A3, ..., A%) = const € Matgyx(C);
c)b=¢
Then

1) L= iy — D?* = 2(pQ 7 "), — ®JDLOT, where J = CA — A*C;
2) A =18, — D? — 2(o0 o),

Proof. 1) From formula (19), condition b and the properties: ® ffoo pTpds = p— ®C and
ffoo pTodsUT =T — CUT it follows that

L =id,—D* —2(e0 %), + @D AT — q)D—lA*/ VT pdsWT —

—oADTUT 4 <I>/ Y odsADTIUT =

=id, — D> = 2(eQ "), — ®(CA — A*C)D'UT.
2) The validity of this item follows from Proposition 2 and condition a. O
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For system (18), Corollaries 1-3 of the previous part are valid and formulas (13)—(16)
hold.

Let us consider some simplest cases.

1. Consider the scalar case (K =1 =1). Let

62/\95—32'/\21/—42'/\275 H

r=c ’ - AReAImA\’

under the condition Re) > 0 the solutions will have the form:

~ a2, A4N2
4CR€)\Im)\€2/\$ 3tACy—4iA“t
a= 1+ |é[2Im\etRerz+aReAlmA(3y+4) 7

U — 16] [ Re2AIm A Rers+ReAmAGy+4)
= (M n |é|QIm)\€4Re/\x+4Re/\Im/\(3y_|_4t))2 .

Let p = ImA. We obtain the functions q and U in the following form:

_ Aexp{i(2ve + (v — u*)(By + 4t) + ¢o) } - A?
ch{2u(x + v(3y + 4t) + x0)} ’ ch®{2u(z + v(3y + 4t) + z0)}

In|é|

where u = ReA,v = ImA, A = 4Re), po = arg ¢, v = 15
function localized along surface x(y,t) = —xo — v(3y + 4¢).
In particular, if A =1 4+ ¢,¢ = 1 then the previous formulas can be rewritten as:

Solution ¢(x,y,t) is a smooth

462(1—|—i)x+6y+8t 1664(x+3y-|—4t)

qa= 1 + e4(1’—|—3y—|—4t)7 (1 + e4(x—|—3y—|—4t))2 .

One can see that in the case 4 = ImA we have |q|* = U and |q|*,U — 0 as |v + 3y +4¢| —

“+o00.
2. Case
K=1=2 C=diagler,c0), ;= éehmdidivmiiit o _ S/ R {1,2}.

N 4Re)\]‘1m)\]‘ ’

We denote: u; = Redj,v; =1m);, j € {1,2}.
If ReA; > 0 and Re)y; > 0 than we have the following formulas

616211,1 r+2uv1 (3y—|—4t)—|—(2v11’—|—(u% —v%)(3y+4t))i
B = 0] X
« M2 i U — Uz + Z(Ul - U2) w2 tduzvz (3y+4t)
; )
dugvy  Auz(ug + uz +1(vy — v2))
é2€2u21’—|—2u2 v1 (3y—|—4t)—|—(2v21’—|—(u§ —vg)(3y+4t))i
G2 = 0] X
H1 + Uy — Uy + Z(UQ B Ul) €4u1x—|—4u1v1 (3y+4¢) 7
dugvr  Aug(ug + ug +1(vg — vy))

"= ().
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where )

2((u1 — U2)2 + (U1 — U2)2) e4(u1-|—u2)x+4(u11/1+u2v2)(3y+4t)_|_
16uguz((ug + uz)? 4 (v1 — v9)?)

A2

9] =

A |2

H2 4ug z+4uq vy (3y+4t) H1 dusz+4ug s (3y+4t) Hif2
16U1UQU2 16U1UQU1 16U1UQU1U27

p— <u1 + us . U12 + us ) |él|2|62|2€4(u1-|—u2)x—|—4(u1u1+u2u2)(3y+4t)_|_
duguy  (ug + ug)? + (v — vg)

A 12 A |2
H2 |c1 | €4u1 z+4ui vy (3y+4¢) + H1 |c2 | €4u21’—|—4u2 vo (3y+4t)
4U1UQU2 4U1UQU1

The exact solutions of higher equation from hierarchy of Yajima-Oikawa.
Let us consider the following operators

L=D+2U +igMD'q

3 3

The result of equation [L, A] = 0 will be the system:

This system is a vector generalization of the Melnikov model [13].

Proposition 4.
W, —DHYW™ =
3

=0, = D" = 3(pQ7" "), D — 5(%7:9_1%/; — Qg + Q7N —

1T, 07T 4 oD {wt 4L - / T — T ) ds xv} n

+ {(S‘Qt - S‘Ql’l’x - / ¢ S‘sts) } D_lq}—r.

Consider the operators Ly = D?* Ay = 0; — D>, L= W LoW =1L, A= W A W1,

Theorem 4. Let:
a) ¢ be the solution of the equation ©; = Prps;
b) ¢uw = @A, where A = diag(A], A3, ... ,A%) = const € Mat i (C);
c) ¥ =;
d) C=C~.
Then
1) + 2(p07 %), + ®JDIOT | where J = CA — A*C;
2) A = 0i = D* = 3(eQ7'¢0").D — (a7 0" — Q7 0%+ 007 0 — 0O, Q7 7).
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Proof. 2) The validity of this item follows from Proposition 4 and conditions a,c. O

For system (20), Corollaries 1-3 are true (see above).

Consider the scalar case (K = [ = 1). Let ¢ = ¢t and ¢ = under the

R
4ReAImA?

condition Re) > 0 solutions will be like these:

4eReAImete AT B 8|é|2MR62 ATm\ e2Rede+(Ref A—3ReAIm? A )¢

1= 1+ 2|é|2Im)\62ReAx+(ReZA—3ReAIm2A)t’ U= (1 +2|e 2Im)\GZRe/\x-l—(ReZA—SRe/\Im2A)t)2'

In particular, if A =14 1¢,¢ =1, u = 2, then the previous formulas can be rewritten as:

9 (14+i)r—2(1-i)t . 4e2z—2t)

1= 1 2 (1 1 e2l@—20)2°

One can see that |q|*,U/ — 0 as |z — 2¢{| — +oc and |q|* = U under the condition

o= 2ImA.

A method of finding of the exact solution for non-linear evolutional equations (8), (20)

can be generalized for the matrix case of hierarchy (6). The result of this investigation will

be published.

10.

11.

12.
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