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This paper is intended to study some nonstandard aspects of the bases theory. Our frame-
work 1s Nelson’s Internal Set Theory. The main notion is that of nst-equivalence of bases.
We give conditions for nearstandardness of bases, determine the shadow of vector in terms of
coordinates. Supplementing arguments of Krein we obtain results characterizing Bari’s bases.

0. Kapabuu. O nonamuu 6asucos 6 zuabbepmoson npocmpancmee // Maremaruyani Cry mil.
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PaccmaTpuBatoTcss HeKOTOPBIe HeCTaH AP THBIE aclieKThl Teopun 6azmcoB. OcHoBa paGoThI
— BHYTpeHHAA Teopusa MHOXKecTB Heabcoma. BBeneHo moHATHe nst-3KBUBaJeHTHOCTH 6a3wn-
coB. IIpuBeeHBI YCAOBHSA OKOMOCTAH AP THOCTH 6a3MCOB, OMPENENEH CIOCO0 TOKOOPANHATHOT O
HaXOXKJeHnda TeHn BekTOopa. [lomonusas pesyabrarhl KpeiiHa, mMomydeHBl Pe3yabTATH, Xapak-
Tepusyiomnine 6a3uckl Bapu.

1. nst-equivalent bases. In what follows H denotes a standard separable complex
Hilbert space. Bases (p;)ien, (Pi)ien of H are said to be equivalent iff (Vi € N): ¢, = Uy,
for some U € B(H) such that ker U = {0} and U~! € B(H). If this holds U is called the
equivalence of (¢;) and (@;). Equivalent bases (¢;), (@;) are said to be nst-equivalent iff
its equivalence U is uniformly nearstandard operator, i. e. there exists a standard operator
°U € B(H) (°U-shadow of U) such that ||U —°U|| ~ 0 (read “is infinitesimal” for “a 0”).
Note that the relation defined above is in fact an equivalence. For instance, its transitivity
is a corollary of ||{U; — °Uy|| = O A ||Uy — °Us|| = 0 = ||[U Uy — °U °Us|| = 0.

Observe that bases (;/)Z),(;/N)Z), associated (biorthogonal) to nst-equivalent bases (¢;), (@;)
are also nst-equivalent. Namely, if U is the equivalence of (¢;), (;), then U* is the one for
(¥i) and ().

Another remark: let the basis (¢;) be nst-equivalent to an orthonormal basis (e;). Then
the basis (¢;) is nst-almost normed i. e.

(Vi € N): 0 < ||gi]| < oo, (1.1)

(read “is positive and not infinitesimal” for “>> 0”7 and “is not infinite” for “< 00”. Indeed,
it is easy to see that |U||™! < ||| < [JUTY)-
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2. Nearstandard bases. Let # € H be such that ||z|| < co. Then there exists a unique
standard vector °x € H such that (°x|y) ~ (z|y) for any standard y € H . This °z is said to
be the shadow of  (in a weak sense). For a given sequence (p;) C H satisfying ||¢;|| < oo for
standard ¢ € N, there exists, by the standardization principle, a unique standard sequence
(@;)ien, such that ¢, = °p; for standard i € N. This sequence (¢;) will be called the shadow
of the sequence (¢;). Warning: the shadow of a basis is optionally a basis.

Let (¢;) be a basis of H for which ||¢;|| < oo for standard ¢ € N. Suppose that its shadow

(¢;) is also a basis and (¢;), (@;) are equivalent with equivalence U such that ||/ — I|| ~ 0.
Then (¢;) is said to be a nearstandard basis.
It is easy to see that a basis (¢;) associated to a nearstandard basis (¢;) is nearstandard

too. Indeed, |7 — I|| &~ 0 implies ||(U*)™" — I|| ~ 0.

2.1. Proposition. Let (¢;) and (@;) be nst-equivalent bases of H. Then (p;) is nearstan-
dard iff (¢;) so is. The shadow °U of an equivalence U of p; and @; is the equivalence of ((;)

and (952>

Proof. Assume that ¢; = Vi;, where ||V — I|| ~ 0 and @; = Uyp; where U is uniformly
nearstandard. Define Vi € N ¢; = (°U)@,. Then (;) is a standard basis of H which is

equivalent to (c,ool) with the standard equivalence °U. Set V; := (°U)VU~'. Then °V; =
(COHYI°(U™) = I and ||Vi — I|| ~ 0. Tt is easy to check that ¢; = Vi@;. Therefore (;) is

nearstandard and (¢;) = (@;). O
It is also easy to prove the following

2.2. Proposition. The shadow of a nearstandard orthonormal basis is an orthonormal
basis.

Let (¢;) be a nearstandard basis of H. Consider an arbitrary vector @ € H and denote by
(¢:) the sequence of coordinates of @, x = > cip:. Suppose that |lz|| < oo, then |e;| < oo
for standard 7 € N and there exists a unique standard °c; € C such that ¢; ~ °¢; By the
standardization principle of IST there exists a unique standard sequence (32) in C such that

¢: = °c; for standard 7 € N.

2.3. Proposition. In the above assumption

where (¢;) is the shadow of the basis (y;).

Proof. As it was noted the assosiated basis (1);) is nearstandard too. Hence (Vi € N):

H{Z)Z—;/)ZH ~ 0. Whence ||¢;|| < oo for standard ¢ € N. Since ||z|| < oo, we have |(z];)]| < oo
for standard i € N. Therefore indeed |¢;| < oo and the sequence (¢;) is well defined above.
|

Observe that °z = E(Oxhc/))l)c,%l, but for standard 1 € N(Oxhzz) =°(zf;) =°(x]) = ¢ O
1€EN

3. Bari’s bases. Sequences (¢;), (¢;) in H are said to be square close iff

D i = @ill* < oo (3.1)

1€EN
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A basis (¢;) of H which is square close to some orthonormal basis is (in terminology of

M. Krein) Bari’s basis. The following result is due to N. K. Bari [6].

3.1. Theorem. A o-linearly independent sequence (¢;) in H which is square close to an
orthonormal basis is a Riesz basis.

Explain that a sequence (¢;) in H is said to be a o-linearly independent iff
(Ve e ly): Z cGpi =0 = c=0. (3.2)
€N

In his paper [1] M. Krein relates with a sequence (;) in a Hilbert space H a sequence (V;),

where V; is the volume of the parallelepiped constructed on vectors 1, ..., ¢;, and a measure
Dip) =Y (eile;) = bijl° (3.3)
1,7€N

of deviation of the matrix ((¢ilp;))ijen from the unit matrix (&; ;) jen. In terms of (V;)
and D(p) he obtains profound results characteristic for Bari’s bases. Slightly supplementing
arguments of Krein we get the following.

Definition. Sequences (¢;) and (¢;) in H are said to be finitely square close (infinitely
square close) iff

Solei—@ill <o (D llei— @il ~0). (3.4)
€N €N

3.3. Theorem. Let (¢;) be a sequence of unit vectors in H which is infinitely square close
to an orthonormal basis. Then

(VneN): V, = 1. (3.5)
Conversely, let (¢;) be a complete sequence of unit vectors in H, for which (3.5) holds. Then
(p;) is a basis in H infinitely square close to an orthonormal basis.

3.4. Corollary. Let (y;) be a standard sequence of unit vectors in H which is infinitely
square close to an orthonormal basis of H. Then (y;) is an orthonormal basis.

Indeed, now the sequence (V;) is standard. Therefore from (3.5) and the transfer principle
it follows that (Vn € N) : V,, = 1.

3.5. Theorem. Let (y;) be a o-linearly independent sequence which is finitely square close
to an orthonormal basis. Then

(VneN): V, > 0. (3.6)

Conversely, let (¢;) be a complete o-linearly independent sequence of unit vectors in H for
which (3.6) holds. Then (p;) is a basis of H which is finitely square close to an orthonormal
basis.

3.6. Theorem. Let (¢;) be a sequence in H which is infinitely square close (finitely square
close) to an orthonormal basis, then

D(p) =0 (D(p) < o0). (3.7)

Conversely, let (p;) be a complete o-linearly independent sequence in H. If (3.7) holds then
(p;) is infinitely (finitely) square close to an orthonormal basis of H.
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