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We establish existence and uniqueness conditions for the inverse problem consisting of
the determination of unknown functions fi(x) and fa(t) in the equation u; = Au+ go(x,t) +
fi(@)g1(t)+ f2(t)g2(x) in the case of the Dirichlet boundary condition and the overdetermination

conditions of the form u(zg,t) = »(t), z0 € D € R™, t € [0,T], fOT u(z,t)dt = (x), = € D.

H. U. Usanwos. Ob6pamnan 3adaua 0is MHOZOMEPHO20 YPASHEHUA MENAONPOSOJHOCTIU ¢ He-
ussecmubim c60600nbiM waenom J/ Maremaruuni Cryaii. — 2001. — T.16, Nel. — C.93-98.

YcTaHOBAEHBI yCIOBHA CYIIECTBOBAHUA W €MHCTBEHHOCTH pEIlleHusi 06paTHON 3a1aq’, CO-
CTOAMIEN B HAXOXK JEHUN HeM3BeCTHHIX QyHKINH f1(2) un f2(t) B ypabHeHnn uy = Au+go(z, 1)+
fi(@)g1(t) + f2(t)g2(2) B caywae rpaHu«dHOrO yeaoBus Tumna /IUpuxie W yCIOBHH Tepeonpee-

nrennd Buga u(zo,t) = #(t), xg € D € R*, t € 0,71, fOT u(z,t)dt = ¥(z), = € D.

In coefficient inverse problems for parabolic equations that include the problems of deter-
mination of the source function, unknown coefficients are supposed to depend, as usual, only
on a part of arguments. On the other hand, research methods for these problems are deter-
minated essentially by the fact on which arguments the unknown functions depend, namely,
spatial variables or time-like ones (see [1-7]). That is why the inverse problems for finding
functions of various variables are of the great interest. Such problems were investigated in
the papers [8,9].

In the present paper an inverse problem for the heat equation with a source function
depending on two unknown functions of various arguments is studied.

In the bounded domain Qp = {(z,?) : @ € D € R",0 < t < T}, consider an inverse
problem for the equation

ur = Au+ go(z,t) + fi(®)gi(t) + folt)ga(2), (2,1) € Qr, (1)

with unknown functions fi(x) 1 f2(t), the initial condition

u(z,0) = ¢(z), = €D, 2)
the boundary condition
u(w,D]g, = pet), (0,) € Sp =8 x [0,7], S =D, )
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and the overdetermination conditions

u(xo,t) = »(t), x9€ D, te€]0,T], (4)
/u(:z;,t)dt =(x), z€D (5)

By the solution of problem (1)-(5) we mean a triple of functions (fi(z), f2(t),u(z,?))
from the class HY(D) x H'/?[0, T] x H**'+7/2(Q1),0 < v < 1, (see [10]) verifying conditions

(1)~(5)-

Theorem 1. Suppose that the following conditions are fulfilled:

(A1) p(z) € H*™ (D), () € H™(D),p(x,t) € H7I2(Qr), %(t) € H™2[0,T],
go(x,t) € H2(Qy), g1(t) € HV?[0,T), g2(x) € HY(D), S € H*,0 <~y < 1;

M@m@@%&ﬂ@UW%@mM/ﬁmMﬁZ&
(A3) ()] y= u(, 0)| . ol 0). 7 s(t)dt = (o). é(x)| = J . t)dt]

Then for sufficiently small T > 0 there exists a unique solution of problem (1)-(5).

Proof. Finding the solution of direct problem (1)—(3) by means of the Green function
G(x,t,&,7) and using overdetermination conditions (4), (5), we reduce inverse problem (1)-
(5) to the following system of equations

fi(2) = foul L%m // (. T.6.7)(Fi(E)n (7) + fa(r)a(€))dédr, z €D, (6)

folt) = fonlt) //Aammaxﬁ@mm+ﬁ<M@wwrte&ﬂ,w>

in which the first equation is a Fredholm integral equation, the other one a Volterra integral
equation of the second kind, and foi(x), fo2(t) are known function which are determinated
by the problem data.

Consider the first equation of the system. We shall show that the corresponding to (6)
homogeneous equation

1 ’ _
ﬂ@ZEZQ£!!@%ﬂ®W®m@%ﬁvwEQ (3)

has the only trivial solution. For this, consider the auxiliary inverse problem with respect
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to unknown functions (f(x),v(x,1))

ve = Av+ f(z)gi(t), (2,1) € Qr, (9)
v(x,0)=0, x€D, v(x,t) =0, (10)
/v(:z;,t)dt =0, z€D. (11)

It is easy to see that problem (9)-(11) is reduced to the integral equation
)=o) | fatiar] (12)

where v(z,T') = fOT Jp G, T,&,7)f(E)g () dédr.

If the condition fOT g1(t)dt # 0 is satisfied then inverse problem (9)—(11) and integral equa-
tion (12) are equivalent in the class of solutions (f(z),v(x,t)) € HY(D) x H* ' 4/2(Q,).
Indeed, if (f(x),v(x,t)) is a solution of problem (9)—(11) from the indicated class then f(x)

is evidently a solution of integral equation (12). On the other hand, if f(z) € H(D) is a
solution of integral equation (12) then we put it in equation (9) and we find a solution of
problem (9), (10). Show that condition (11) will be satisfied as well. For this we integrate
equation (9) with respect of ¢ from 0 to 7"

T T

v(x,T) = /Av(:z;,t)dt—l—f(:z;)/gl(t)dt.

0 0
Taking into account that f(x) is a solution of equation (12), we get

T
A /v(:z;,t)dt =0, ze€D. (13)

0
From the boundary condition for the function v(x,t) we obtain

T

/v(:z;,t)dt = 0. (14)

0 S

Problem (13), (14) with respect to the unknown function fOTU(:Jc,t)dt has the only trivial
solution. Hence, condition (11) is verified and the equivalence of problem (9)—(11) and
integral equation (12) is established.
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Substitute f(x) in equation (9) by its expression according to equation (12):

vy =Av+q(t)o(x,T), (x,t) € Qr, (15)

—1
where ¢(t) = ¢1() <f0T I (t)dt> , and instead of inverse problem (9)—(11) we come to direct

problem (15), (10) for the equation containing the trace of the unknown function on the plane
t =T. Note that similar problems are considered in [11].
We reduce problem (15), (10) to the integral equation

v(:z;,T)://G(:z;,T,f,r)q(r)v(&T)dde, (16)

where G(x,t,£,7) is the Green function for the heat equation
ur = Au, (2,1) € Qr,

with conditions (10).

We show that integral equation (16) has a unique solution v(x,T") = 0. If this is not true
and the function v(x,T') takes, for example, positive values then in the point of its positive
maximum we obtain

T T
e )= [ [Garenamendar <oat) [ [ @18 dgar (n
0 D 0 D
Show that for # € D,0 < 7 <t < T the following inequality holds:

/G(:I;,T,f,r)df <1 (18)

D

Indeed, the function w(x,t) =1 is a solution of the problem

wy = Aw, (z,t) € Qr, w‘t:o: LeeD, wlg=1,
for which the expression fD G(z,T,&,0)d is the only one of its positive terms.

Taking into account estimate (18) and the fact that from the definition of the function
q(t) we have fOT q(t)dt = 1, we come to contradiction in (17). This means that the function
v(x,T) cannot attain positive values. By the same way we conclude that v(z,7) <0, and,
hence, v(x,T) = 0,2 € D. It implies that equation (16) together with equation (8) has the
only trivial solution. By the Fredholm alternative there exists a unique solution fi(x) of
equation (6). It may be given by the aid of the resolvent I'(x, &) in the form

1 ’ _
mwzszw ﬁmmg?56£!ZGmT@ﬂﬁwm@&w dy, «cD.

(19)
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We substitute (19) into equation (7) and reduce it to the form

t

fat) = fgg(t)—|—/[&”1(t,r)f2(7')d7'—I—/dr/[&”z(t,r,a)fz(a)da, te|0,7T], (20)

0

where fgg(t) is a known function, the kernels Ky(¢,7), K3(¢, 7, 0) are expressed in the evident
way by means of the given data and the following estimates hold [10]:

C, ) 02
m, |[\2(t,7’,0’)|§m, 0§T<t§T70§U§T

|K1(t,7)| <
Applying the iteration method to equation (20) it is easy to establish the existence of a
unique solution of equation (18) for sufficiently small 7' : 0 < T < Tg, where the number
To > 0 is determinated by the given data. Using the properties of the heat potentials [12],
it is easy to verify the corresponding smoothness of the obtained solution fi(x), fa(t) of
integral equations system (6), (7). The solution of direct problem (1)—(3) constructed by the
use of the obtained functions fi(x), fa(¢) has the necessary smoothness as well [10]. Thus,
the theorem is proved. O

Note that this result can be used for study of the uniqueness of solution of inverse
problems for parabolic equations with two unknown coefficients, one depending on the spatial
variables and another on the time variable [10].
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