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A conjecture on the existence of an entire function f with a prescribed asymptotics of
F(r)/f(r) as r = +oo is formulated.
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CdopMyanpoBana TUIIOTe3a O CyMeCTBOBAHNHA Teaod (byHKOUE f ¢ 3a7aHHON aCHMIITOTH-
koit mas f'(r)/ f(r) opu r = +o0.

A. Daniluk [1] showed that for any 0 < a < b < 400 there exists an entire function

f2) =) a.z", a,>0(n>0), (1)

n=0

such that lim f'(r)/f(r) = a and @ f'(r)/ f(r) =b. In view of this result the following
r—+oo

r—+0oo
problem arises: for which positive continuous function v on [a, +00), @ > 0, there exists an

entire function of form (1) such that f'(r)/f(r) ~ y(r), r = 4007
The following conjecture is plausible.

Conjecture. For every positive continuous function v on [a,+00) there exists an entire
function of form (1) such that f'(r)/f(r) ~~(r), r — +oo.

I can prove the conjecture in some special case.

Proposition. For every positive continuously differentiable function v on [a, +00) such that

ry(r) T 400 as r — +oo and ry'(r)/v(r) = 0 as r — 400 there exists an entire function of
form (1) such that f'(r)/f(r) ~~(r), r — 4o0.

Proof. Let ¢(r) = ry(r) and let w be the inverse function to ¥ (r). We suppose that for
every € € (0,1)
w(x) w(x) €
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and show that there exists an entire function of form (1) such that f'(r)/f(r) ~ ~(r),
r — 400.

Indeed, let © be the class of positive on (—oo, A) functions ¢ such that the derivative
®’ is continuous, positive and increasing to +0o0 on (—oo0,+00). For & € Q let ¢ be the
inverse function to ®’. Then ¢ is continuous on (0, 4+00) and increasing to +oo. J. Clunie [2]
showed that for every function ® € ) there exists an entire function of form (1) such that
In f(r) ~ ®(In r), r - 4o0.

Let F' be a convex differentiable function on (—oo,+o0) and ¢ € Q(+o0). A. V. Bra-

tishchev [3] showed that if a(e) = hl—? sup (27) + CI)E:E))(:E ) < 1, where ®'(2*) =
r—r+00 xr

_ ) _ o Fe)
= (1 —¢)®'(x), then wl_l}{l_noo (x) =1 = x1—1>5—nm o) L.

Now, we choose ® € Q) such that ®'(x) = ¢(e”) for @ > In «a, that is ®'(In r) = ¢(r) for
r > a. For this function ® by Clunie theorem we construct an entire function of form (1)

such that In f(r) ~ ®(In r), r — +oo.

In view of (2), we have

oy PR ())) £ (1= () = pl(1 = () _
ae) = lim _sup (x)
i sup P =)+ (1= )Hol1) = (1= £)0)
T ey -
(1= ) el(1 = )1 = <)1)
SR ( CEgED ’
[ (meelt (U = )+ L 2N(') — (1 =o' _
VD))
i sap (LS = (L= (1 =) (e) _
t—4oc0 tc,o’(t)

(o) = (1 = €)t)> _
(?)

—(1—¢) (1 + lim sup o
—(1 —¢) (1 + lim sup t‘;((tt)) In w((;"(_t)g)t)> <(l-¢) (1 + ;) ~ 1.

x £ x
Since In f(e*) ~ ®(x),  — +o0, by the Bratishchev theorem we have x1—1>5—nm %&j(l) =1,
f'(r) ®'(Inr)

f(r) r
Now, we show that if r+/(r)/v(r) — 0, r +oo, then (2) holds. Indeed, if
ry'(r)/v(r) — 0,r — oo, then r¢'(r)/¢(r) L, r — +oo, and r'(r)/w(r) — 1
(€) w'(€) et
r — +o00. We have also In w(r) — In w((1 —e)r er < ,(T—eg)yr <<,
M =tnw((1— o) = 2 < O 1
Hence, (2) holds. Proposition is proved. O

that is

=~(r), r = +oo.

_>
_>

Choosing properly a function v we can obtain from Proposition the result of A. Daniluk.
For example, it is sufficient to choose ¥(r) = (b + a + (b — a)sin(Inln r))/2 in the case
0<a<b<4oo.
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