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The well-posedness of the Fourier Problem defined in noncylindric domains has been proved
for some class of quasi-linear parabolic equations of higher order. No conditions on the behaviour
of a solution and increasing of the data-in at ¢ — —oo are required.
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YcranoBjeHa KOppPeKTHOCTH 3ajiauu Oypbe 17151 HEKOTOPOTo KJIacca KBa3WJIMHEHHBIX ITapa-
6OJIMIECKUX yPABHEHUI BBICIIUX IMOPSIKOB B HEIMJIMHIPUIECKuX obactsx. He Hak/1apBaeTCst
HUKAKIX YCJIOBHII Ha TOBEJEHNE PENIeHNs] M POCT HAYAJIBHBIX YCJIOBHII IpU ¢ — —00.

1. Introduction. The boundary value problems in unbounded domains for linear and
variety of nonlinear parabolic equations are well-posed if there are some restrictions on
behaviour of the a solution and increasing the data-in at infinity (see [7,9-10] and other).

But there are a number of papers (see [1-6,11] and other) where the classes of nonlinear
equations which have unique solutions of the corresponding boundary value problems without
any restrictions on its behaviour at infinity whereas data-in has free arriving at infinity are
founded.

Individually, for the Fourier Problem such results have been obtained for quasi-linear
parabolic equations of arbitrary degree with strong monotone space part [4-5]. In these pa-
pers the problem is posed in cylindric domain. In our paper analogous results are transmitted
into the same problem posed in noncylindric domains.

2. Statement of problem and formulation of main results. Let () C jol be
a domain in {(z,t) : ¢ < T}, where 0 < T < +o00. Suppose that for every 7 € (—o0;T)
set Q. = QN {(z,t) : t = 7} is bounded and nonempty; ¥ = 9Q N {(z,t) : t < T} is
an n-dimensional hyperplane of class C"™ and v, # 1 on X, where v = (v1,...,Vp, Vnt1)

is the external unit vector normal to the surface ¥ in the space RZF.
We consider the problem
wt Y (=)D (1, 0u) = Y (1)1 D fo (2, 1) in  Q, (1)

la|<m |a|<m
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u

%:O on Z, j:O,l,,m—l (2)
Here m is an arbitrary natural number, du is a vector consisting of all possible derivatives
Dby = — 2w of the degree less than or equal to m, and N is the dimension of this

8mfl 83:52 890?1”
vector. From now on, the letters «, 3,y denote multiindexes of length n.
We impose the following conditions on the data-in:

(A1) the functions a,(z,t,€) (Ja] < m) are defined for almost all points (z,t) € @ and all
vectors £ € RY with coordinates &5 (]3] < m) and of Caratheodory type, that is they
are measurable on (z,t) for all £ and continuous on ¢ for almost all (z,t); an(z,t,0) =
0 (Jof <m);

(A2) there is some number p > 2 such that for all a (Ja| < m)
o, £, &) < hala,t) Y 167" + kalx, 1),

|Bl<m
Where ha S Loo,loc(@)? ka S Lp’,loc(@)a 113 + I% = 1;

(A3) for arbitrary vectors £,n € RY and for almost all (z,t) € Q the following inequality

holds:
Z (aa(x,t,f) - aa(x7t777))(§a - noc) > KO Z |£o< - 7]a|p,

la|<m |a|=m
where K is a positive constant;
(Ad) fo € Ly ioc(Q) (laf <m).

Remark 1. Let us note that as an example of an equation satisfying the conditions (A1)-(A4),
we may consider the equation

u+ Y (=DRIDY( D P2 D ) = Y (—1)D fo (1),

|al=m laf<m

where p > 2, fo € Ly1oe(Q) (la] < m). It follows from Lemma 1.2 [4] that condition (A3)
is valid with Ky = 22 P,

For a domain 2 in R” and a natural number &, we denote by ch/k(Q) the completion of
the space Cg°(€2) by the norm |vf = >_,_; [D* v||Lp(Q and by W™ () the dual space
to WiH(2).

Let Qut, = Q NA{(x,t) : t1 < t < ta}, where t1,ty are arbitrary numbers, —oco <
1 <ty <T. V([j/k’o(Qt1 t,) stands for the completion of the space C§°(Qy, +,) by the norm

vl = > [ID*]|tr(q,, .,)- Denote by Wploc(Q) the space of measurable on @ functions
la|=k
whose restrictions on )y, 4, for arbitrary numbers ¢;,%;, —oo < t; < to < 7', belong to the

space W(Qr, 1,)-

Definition 1. A generalized solution of Problem (1),(2) is a function u GW loc(@) satis-
fying for any functions ¢ € C5°(Q) the following integral equality

/ / —uhy + Y aa(x,t,0u) Daw dxdt / / > faDV dudt. (3)

laj<m laf<m
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In the sequel we assume that conditions (A1)—(A4) hold. We shall consider the question
of well-posedness of Problem (1), (2) i.e. we shall study conditions under which a general-
ized solution 1) exists for each set of functions {f, € Ly1c(@), || < m}; 2) is unique;
3) continuously depends on data-in.

Continuous dependence of the generalized solution of Problem (1), (2) on data-in is un-
derstood as follows: for arbitrary sequences {fox}2, C Lpic(@) (Ja| < m) such that
fok e fo in Lyioc(@) (Ja| < m) the corresponding sequence of generalized solutions {uy,}

of Problem (1), (2) with f, replaced by far (Ja| < m) converges to a generalized solution u
of Problem (1), (2) in W2.(Q).

Note that g, — g in L,10c(Q) (W ] ploc(_)) if for any numbers t1,ty (—o00 < t; <ty <7
9 = 910 Ly(Qu ) (W 70(Qu ).

Let for any multiindex a (|a] = m) Ay € Lo joc((—00,T]) be a positive function, such
that

vl a0 < Aa(®) D ]| L, ) (4)

for arbitrary ¢ € (—o0,T') and v eWw (%) (see [4, Lemma 1]).
Remark 2. Let @ C Ky = {z : —o0 < a;(t) < z; < bj(t) < 00,5 = 1,...,n} for any
t € (—o0,T). In this case we can choose A\, (t) = [ [}, (bi(t) — a;(¢))P*, t € (—o0,T).

Let for any natural number k 5, € Lo ((—00,T]) be a positive function such that

ol < 0 (3 10700, 0)" (4)

laf=k

for arbitrary t € (—oo,T] and v GI/?/’;(Q,:). Put s(t) =1 for all t € (—o0, T.

Theorem. Suppose that p > 2 and there exists a multiindex v (|y| = m ) such that
Ay (t) ~ K, |t|" at t — —oo0, where K., r are constants satisfying K., > 0, r < ]lJ.

Then Problem (1),(2) is well-posed. Its generalized solution w belongs to the space
Lo joc((—00; T'; L2(€2)), besides, ||u(-,t)||1,,) € C((—o0,T]). Moreover, for arbitrary num-
bers tq,ts,0 such that —oo < t; <ty < T, 6 > 0, u satisfies the estimate:

Sup/]ua:t\zdx+// Z | D%u|P dzxdt <

[t1 t2 _
Qil to ‘ | m

<ot [ oo ] #a® X lfulw o dear, )

t1—6 Qty—6,to lof<m
where C, Cs are positive constants depending only on n,m, Ko,7v,p .

Corollary. Suppose that ,_|o| - fo € Ly(Q) for every a(|a] < m) and the conditions
of Theorem hold. Then the generalized solution of Problem (1), (2) satisfies the following
inequality

S /|uxt|2dx+//2|pau|l’dxdt 02//%1’ Ll D falw, 0) ddt, (6)

—00,T] |a]<m

where Cy is the constant from (5).
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3. Auxiliary statements.

Lemma 1. Let v El/f/;f’o(Qﬁ ) and go € Ly (Qr ) (Ja] < m) satisfy the integral equality

// —vy + Z gaDa@D} dzdt =0 (7)

<
Qry.my laf<m

for an arbitrary function ¥ € C§°(Qr, r,), where 11,79 are arbitrary numbers such that
—o< T <m<T.

Then function y(t fQ (z,t) dx is absolutely-continuous on |1, 5] and for arbitrary
piece-smooth on |1y, TQ] funcmon 0 and for any ti,to, 1 < t1 <ty < 7o, it holds the following
equality

0(t,) /u2(x,t2) dz—0(t;) /Uz(x,tl)dx—// 29’dxdt+2// > gD vdxdt = 0. (8)

<
Qi Q¢ Qtq,ty Qty,ty |o|<m

Proof. Let t1,ty be any numbers, 7 < t; < ty < 7o. Denote by 0, g, (Ja| < m) the restric-
tions of v and g, (|a] < m) on Q4 4+,, respectively. The function v belongs to the space

I/f/;”*O(Qtl,tQ), and g, belongs to the space Ly (Q¢,.4,) (Ja] < m).
It follows from the identity (7) that

/ / oy dadt = / / > GaD) dadt (9)

<
Qtl to Qtl to ‘CV| m

for an arbitrary ¢ € C§°(Q¢,1,). We can consider the right side of (9) as a linear functional
on C%(Quu) * ¥ = [Jo, . 2jajem G D dzdt, which is continuous in the norm of the
1.%2 =

space T "%(Qy, 1,). Let us extend this functional on the whole space W 7"(Qy,4,) by the
continuity and denote this extension by F. It is evident that F' is an element of the space

(I/?/;”VO(chtZ))*, which is dual to the space I/f/g"O(chb). So we can rewrite the identity (9)

- — / / oty dadt = (F, ) (10)

Qtq,ty
for any (VIS C’C’O(Qt1 t2) where (-,-) is a canonical bilinear form on (V?/ "0(Quy 1)) X
m0(Qty ) fo gaDav,& dxdt  for an arbitrary ¢ ew m0(Qty ). (From
correlation (10) it follows that 0, € ( "0(Qy,))* and
<@t71ﬁ> = <F7 1&) v& EWg’O(Qt1,t2)' (11>

Substituting ¢ = ¢ in (11), we get
(0r,0) = (F, 0). (12)

Taking into account the formula of integration by the parts for the functions of type v (see,
for example, [8;p.359]) we obtain

(50, 0) = %(/ (2, 1) dr — /@2<x,t1)da;>. (13)

to 31
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It follows from (12) and (13) that
1
5(/ vQ(x,tg)dx—/ (x,tq dw) // Z Ja D0 dxdt. (14)
Qi Qiy Qtq ty lal<m

Since the numbers ¢,y are arbitrary, from (14) we obtain that the function y(t) =
[ v*(x,t) dz is absolutely-continuous on [11, 72] and

Q4
/ Z gaD%vdx =0 (15)

Q la|l<m

for almost all ¢ € [—7y, 73]. Multiplying the identity (15) by 6 and integrating by parts from

t1 to to we obtain (8). Lemma 1 is proved. O
Let Qo =QN{0<t<T} Xg=0QN{0 <t <T} We consider the problem
ut Y (D)PID%g(z,t,0u) = > (=)D () in Qo (16)
lor|<m lor|<m
HMu )
ﬁzO on Yo, j=01,...m-—1, (17)
U|t:0 = 0 (18)

Definition 2. A generalized solution of problem (16)-(18) 1is a function u eWw m9(Qo),
satisfying the following integral equality

/ / —ut+ Y aalz,t,8u) Dw} dedt — / / 3" fuD dadt (19)

jaf<m 0y lal<m

for arbitrary functions ¢ € C§°(Q).

Remark 3. Let us note that in (19) we take ¢ from the space C§°(Q). It provides the
correctness of condition (18) in some sense.

Lemma 2. Problem (16)-(18) has a unique generalized solution.

Proof. Let us prove with the help of the method of fine. Let Gy =  x (0,7, where {2 is
a bounded domain in R} with partly smooth boundary 052, such that @)y C Gy. We consider
an auxiliary problem

Uey + Z DD (¢, u.) + Mue— Z (=Dl D Oz t) in Gy, (20)
la|<m |a|<m
TR

ovi

=0 on 00Qx(0,T), 7=0,1,...m—1, (21)
us(z,0) =0, (22)

where ¢ > 0 is any real number; the function M € L. (Gp) is equal to zero on @)y and
to one on Gy \ Qo; f(wz,t) = fo(w,t), if (x,t) € Qp, and fO(x,t) = 0, if (z,t) € Gg \
Qo;al(z,t,€) = an(z,t,), if (x,t) € Qo, £ € RY, and a2(x,t,&) = KO 227P|E, [P2E,, if
(z,t) € Go\ Qo, £ € RY  (Ja] < m). It is evident that the functions a(x,t,£) (Ja] < m)
have Caratheodory type and for arbitrary vectors £, € RY and for almost all (z,t) € Qo
the following inequality holds:
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(A3) 3 (aa(w,t,§) — ag(a,t,m)(Sa = 7a) = Ko 32 [€a = nal”,

loo|<m |a|=m

where Ky = const > 0 is from condition (A3).

Definition 3. A generalized solution of problem (20)—(22) is a function u. EIX/?’O(GO) N
C([0,T7]; Ly(2)), satistying condition (22) and the following integral equality

/ / —uty + Y ad(x,t,0u) DY + = Mu€¢ dxdt / / > [z ) D dadt  (23)
lo|<m |a]<m

for arbitrary functions i € C§°(Gy).

Existence and uniqueness of the solution of problem (16)—-(18) is easily proved using
Faedo-Galerkin method (see [5,8]).
From [5, Lemma 2] for arbitrary 7 € (0, 7] we have

1 2 0 Ha —
/[usx T dx+// (x,t,0u:)D ug—l-gMuE— Z faD us}dxdt—o. (24)

lor|<m lal<m

From (A’3) we get for all 7 € (0,7

2/[% x,T) dx—l—/Q/{Kol > |D%u.|P + — MuQ}d:cdt // Z 2D, dxdt. (25)

|a|l<m

Using Young inequality ab < ea? 4+ M (e, p)b?, where @ > 0,b> 0, >0, p > 1, % + :z% =1,
M(e,p) = e V/®"Vp~(p — 1), we get

// > fID%u dwdt < ) 5a//|D°‘ua|pd:pdt+ > M(za:p //|f°|p drdt <

|arl<m |a|<m la|<m
Z €q+ Hy // Z | DPu|P dxdt + Z M(eq,p //|f0|p dxdt,
laj<m |8l=m laj<m

where €, > 0 is any real number, H, > 0 is a constant such that

/|D%|pd:c H, /Z |DPvlP da

|Bl=m

for all v EV?/;”(Q) (la] < m), besides H, = 1 for all such « that |a| = m. Hence, taking
ea (Ja| <m) such that Y e,H, = 3Ko, and from (25) we get

|al<m

/[ug(x TP de+ Ko > //[Dau€|pda:dt—l— //Mu dedt <

Q laj=m

// > 1 fo @ ) dadt, (26)

la|<m
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where C3 > 0 is a constant which doesn’t depend on 7 and . From (26) we have

/ (e, D2de <Cy W€ (0,7, (27)
//|D°‘u£|pdxdt Cs VYo (jo| <m), (28)
//|a .t )P dedt < Cg Vo (o] <m), (29)
/ / u? dvdt < Cr - ¢, (30)

Go\Qo

where Cy, Cs, Cg, C; > 0 are the constants which don’t depend on . Hence, it follows that
a sequence {¢;}, ¢; \, 0 when j — 400, functions u GW%}’O(GO) N Lo ((0,7); Lo(S2)) and
Xa € Ly, (Go) (|a] < m) exist with the following conditions

e, — v *-weakly in Lo ((0,T); Lo(£2)), (31)

D%u.; — D% weakly in L,(Go) (laf <m), (32)

Ao, 0ue, (1)) = Xa(+,)  weakly in Ly(Go)  (Jaf < m), (33)
ue; — 0 strongly in Lo(Go \ Qo), (34)

e, (z,t) — 0 for almost all (z,t) € G \ Qo. (35)

Thus, u = 0 on Gy \ Qo. Let us note that equality (23) is valid for any function ¢ which
belongs to the space C5°(Q). From (23), (31)-(35), taking € = ¢; in (23), we get

//uwtdxdt+// > Xala,t) Dy — ZfoxtDaw}da:dt—O (36)

|lal<m lal<m

for all ¢ € C§°(Q).
Let us show that

// 3 alw, ) D (x, ) dudt = // S aala, t,6ulw, 1) DG(a, t) dedt  (37)

loo|<m lo|<m

for all v El/f/g"O(Qo).
We consider the expression

M., = // gs(t (aa(w,t,0v) = aq(z,t, 6uc,)) (D — D%, ) dxdt > 0, (38)

|a|<m

where v GI/(ID/;”’O(QO) is now an arbitrary function gs is partly-smooth function on R such
that gs(t) = 1, if t € (—o0, T — 4], g5(t) = ==, if t € (T —0,T], gs(t) =0, if t € (T;+00),
where 6 € (0,7) is an arbitrary real number. Thus,

M., = // gs(t aa x,t,6v)(D — D%y, ) dvdt—

|a)]<m
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//g5 ao(,t, du, )Davdxdt—i-//gg Z ao(7,t,0us;) D u,,; dodt > 0.

lo|<m |o]<m

From (23) and [5, Lemma 2| we get

//95 { al(x,t, dug,;) D, —|— Mu Z fODaus }d:r;dt——//g dxdt =0.

|a|l<m

Hence,
//ggzaaxtéuEDuedxdt //ggza (w,t, 0u.,;) Du,,; drdt =
la|<m |a|l<m
o 1
//ga{ZfOD Uy — j}dxdt+§//g5u drdt <
lo|<m Go
. T
/ / g5 > f9D%u., dudt — / / u? drdt.
|a|<m T s Q
Thus,
< M, //g(;Zaaxtév “v — D%u,,) dxdt — //ggZaaxt(Sue )D%v dxdt+
lal<m |a|<m
. T
// 9s Z fODO‘UEJ drdt — — % / /u?] dxdt.
|a|l<m T—5 ©

\’ﬂ

1

— lu? dedt = =

//g(;u x 5
Qo

Hence and from (31)—(35) we have

0< lim M., < //g(szaaxtév “v — D%) dxdt—

i—0
& |al<m

//95 > XaD d:cdt—l—//95 > faDudxdt + //g u® dxdt. (39)

|o|<m la|<m

/ uw’ dxdt <
Q

T—

(=%

Using (36) and Lemma 1 we obtain that |[u(-,?)| 1., € C([0,T7]). ;From (26) and (31) it
follows that

[, )| a (00 <Ca'/ f(z,t)dzdt, 7€10,T7,
Qo,r
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in other words, |[u(-,0)| ) = 0. Using Lemma 1, from (36) we get
——// 2da:dt+//gg > XaDu— > fuDu }dxdt_() (40)
laj<m laj<m

Thus, from (39) and (40) we have

// gs(t (ao(z,t,00(x, 1)) — xalz, 1)) (D(x,t) — D%u(x,t)) dzdt > 0. (41)

|o¢\<m

Putting v = w + A in (41), where A > 0 is any real number and ¢ € C5°(Qy), we get

/ / 05(8) ST (an(m, £, ulz, ) + Ao0(x, 1)) — Yalz, ) D02, £) dodt > 0. (42)

Qo |a\<m

Let us divide (42) by A and take the limit as A — 0. Taking into consideration conditions
(A1)—(A4) and Lebesgue theorem about passage to the limit, we get

Z //96 (aa(w,t,0u(z,t)) — Xal2, 1)) DY(2,t) drdt > 0

|a|l<m Qo

for any ¢ € C3°(Qo) and 6 € (0,7"). Hence we have (37). From (36) and (37) we get (19).
The existence of a generalized solution of problem (16)—(18) is proved.

Let us prove that this solution is unique. Let u; and uy be two generalized solutions of
problem (16)—(18). Subtracting from integral identity (19) for u; the same identity for usy
and using Lemma 1 with t; =0, t, =t; € (0,7}, 05 = 1, v = u; — ug, we get

/[Ul(x,T) — uy(z, 7)) do+

// Z (an(z,t, 0ur(z,1)) — an(x,t, dus(x,t))) D*(us (x,t) — ug(x,t)) dedt = 0. (43)

0 Q, lalsm

From the monotony of spacial part of the equation (16) we conclude that the second term of
the left side of (43) is non-negative. Thus two terms of the left side of (43) are equal to zero.
Hence we have the uniqueness of the generalized solution of Problem (16)-(18). Lemma 2
is proved. [

Lemma 3. Let @ be a generalized solution of problem which differs from Problem (1), (2)
only by f. instead of f(Ja| < m) in the right side of equation (1). Suppose that all the
conditions of Theorem hold.

Then for arbitrary numbers tq,ts,0 such that —oo < t; < ty < T,0 > 0 the following
inequality holds:

sup /|u x,t) —u(x t)|2dx+// Z | D% — D*ul? dzdt <

tEtt
ta.ta] g%, lal=m

<O /[ L(]72 dt + Oy // ol D U fa = falPe dadt, (44)

<
t1—0 Qty—6,ty lof<m

where C1, Cs are constants depending only on n, m,~y, Ko, p.
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Proof. Let us subtract from integral identity (3) for u the same integral identity for 4. As a
result, taking w = u — u, we obtain

/ / —w+ Y (aal@,t,0u) — ao(z,t 5u))D°‘w dacdt / / > (fo — Jo) D™ dud

loo|<m |o|<m

(45)

for arbitrary ¥ € C5°(Q).
Let 6,(t) be a function from the space C*(R') with the following properties: 0 <
61(t) < 1, 0)(t) = 0 on R, 0,(t) = 0, if t € (—o0,—1], 61(t) = exp{—1/(t + 1)}, if
€ (—1,—1/2], 0,(t) > exp{—2}, if t € (—1/2,0), 0,(t) = 1, if ¢ € [0, +00).
It is clear that sup 07(t)0;”(t) < Cy, where 0 < 3¢ < 1, Cy > 0 is a constant
te(—1;+o00
depending only on %.( )
Let 054, (t) = 6;(=2) where t1,0 are arbitrary numbers such that —oco < ¢, < 1,4 > 0.

5
From Lemma 1 and identity (45) we obtain

/ a:sda:—// w?d,, d:cdt—l—Q/ 9“1 (ag(z,t, 0u)—

Qtl S,s Qtl 4,8 \a|<m
— ag(z,t,00)) D dxdt = 2 // 5.4, Z D%w dzdt, (46)
Qtl d,s |o¢\<m

where tq,1t9,0 are arbitrary numbers such that —oo < t; <ty < T, > 0; s is an arbitrary
number from the interval [t1, t5].

Let us estimate the second term of the left side of equality (46). Taking into account the
properties of the function 6s,,, (4) and the Young inequality we obtain

// w0, dudt = /9(” /w dxdt = / HwHL2 anls s, dt <

tl —4,s

t1 t1

05+
< [ RO 0, = [ ROWDw, 0250, <
t1—0 t1—96 &t <47)

t1
2

<&y [ DMl o0 dt + Caey / (650,050, >/P X% (8)) 72 dit <

t1—0 t1—0
t1

< &y // \D‘Yw‘PH&tl dxdt + Cy g,fp%(sfﬁ / [)W(t)]p% dt,
Qtlf(s,s t1—5

where e, > 0 is an arbitrary number, Cs, Cy > 0 are the constants depending only on +, p.
Now we estimate the right side of (46), using the Holder inequality, (4') and the Young
inequality

//em > (fo— fa)Dwdrdt <2 ) /(em/ — f.)D wdx) dt <

Qiy—s.5 |al<m |al<m -
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<2) /95“ (/|Daw|pd;c> </\fa fal” dx) dt <

|a\<m
>
<2 Z /thlzm la<z /yDﬁ ‘pdg;) (/!fa il da:) dt <
\a|<m ~ la|<mg
< ( // Os, > | D w|P dwdt + Coe /Y // Os1 52 _ | fo = ful” dxdt) (48)
‘Oé|<m Qtl 4,8 I/Bl_ t1—9,s

where €, > 0 is an arbitrary number, C,, > 0 is a constant depending only on p (|a| < m).
From (4), (46)—(48), choosing €, (Ja| < m) as need, we obtain (44). Lemma 3 is proved. [

4. Proof of basic results.

Proof of Theorem. Uniqueness. Let uy,us be two generalized solutions of Problem (1), (2).
From Lemma 3 we obtain

t1

sup /|u1 (z,t) — us(x, t)|> dw < 10772 /[/\V(t)];p? dt, (49)

telty,ta]
t1—0

where ¢ is an arbitrary number and ¢, ¢y are any numbers such that —oco < t; <ty < T.
From conditions of Theorem for arbitrary 7 € (—oo, T we have

T

/ (8772 dt ~ 657

T—0

(50)

when 6 — 4o00.
Let us take the limit in (49) at § — +o00, when #;, t5 are fixed. Taking into account (50),
independence C on § and that r < i we obtain u; = ug almost everywhere on Q, 4,.
FErxistence. Now we construct a sequence of functions approximating the generalized

solution of Problem (1), (2) in some sense. Let Q, = Qr—,7, 2, =0Q N{(x,t) : T —p <
t < T}, € N. Let us consider the family of problems (u € N)
i+ Y (=)D (¢, 60,) = D (=DD fo(x,t) in Q, (1,)
|a|l<m |a)<m
i .
ay;‘ =0 on ¥, j=0,1,...,m—1, (2,)
(5, T = 1) = 0, (3,)

A function 4, EVC[)/?’O(QH) is called a generalized solution of problem (1,)-(3,), if it satisfies
the integral equality

[zttt Y aatotsun oo dsar= [ 3 uptdsat (4,)

Qu |e|<m Q, lalsm

for arbitrary ¢ € C§°(Q).
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The existence and the uniqueness of a generalized solution 4, of Problem (1,,)~(3,,) follows
from Lemma 2. Let us extend the function %, by zero on Q\Q ., and denote this extension
by w,. Put f, . (x,t) = fa(z,t) for (z,t) € Q, and f, ,(x,t) =0 for (z,t) € Q\Qu(|a] < m).

It is evident that u, is a generalized solution of Fourier problem

up + Y (1) D%y (¢, 6u,) = > (=1)IIDf, (2, t) in Q, (5,)
|a|<m |a|l<m
u ,
ay; =0 on X, 5=01,...m-—1, (6,,)

lLe. wuy, EI/(ID/;”’O(Q) C V;/Zfl’gc(Q) and satisfies the identity

// —udi Y aae t,5u) D — S faulent) D%p} dedt = 0 (7,)

loo|<m |o|<m

for arbitrary ¢ € C5°(Q).
Let us show that the sequence of restrictions of {w,} on @,., where s is an arbitrary

natural number, is fundamental in the space I/f/g"o(Q}() N Loo([T — 5, T); L2(2)). Let k.l
be arbitrary natural numbers such that k£ > 23,1 > 2. Using Lemma 3 in the case of
U= Uy, U= U, fo = fmk,fa = faullof <Km),ty =T — 5¢,t5 =T, 6 = min{k — 5,1 — 3}, we
obtain

sup /|uk z,t) —wx, t)]* do + // Z | D%y, — D%y |? dzdt <
[Tf%T] 0 la|=m
T—5,T

x

T—
Cld_r / p 2 dt. (51)

T—3—5
Since the right side of inequality (51) tends to zero at § — 400 and C; does not depends
on ¢ it follows that the sequence of restrictions {u,} on @, is fundamental in the space
I/f/mO(Q%) N Loo((T — 3, T)' Ls(£2;)), where s is an arbitrary natural number. Therefore,

m,0
there exists a function u €7 (Q) N Lo ((—00, T]; La(€)) such that

p,loc
u, = u in Logjoc((—00, T]; Lao(S2)), (52)
D%, — D% strongin  L,1.(Q) (Ja] < m). (53)

From (53) and condition (A2) it follows that there exist a subsequence {u,,} C {w,} and
functions Xo € Ly 10c(Q)(|a| < m), such that

Ao, 0up (7)) = Xal+,)  weakly in - Ly, loc(Q) (laf < m), (54)
D%u,, — D*u  nearly everywhere on @ (|a| < m). (55)

From (54), (55), condition (A1) and Lemma 1.3 from [8;p.25] we obtain

aa(~, 5 5“#1('7 )) — aa('v %y 6“(7 )) Weakly in ’100(@> (|a| < m) (56>
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Let us show that u is a generalized solution of Problem (1),(2). Let ¢ € C§°(Q) be an
arbitrary fixed function. From (7,) we obtain

//{—u,w¢t + Z aa(x,t,éuui)Daw} dxdt = // Z Jous D dadt. (57)
Q Q

la|<m |a|<m

Let us take the limit at i — +oo in (57). Taking into account (52), (53), (56) and the
definition of f, ,,, we obtain identity (3).

Continuous dependence on the data-in. Let {fa 1122, C Ly 10c(Q)(la| < m) be sequences
of functions such that f, x — fo i Ly 10c(Q)(Ja| < m), and {uy} be a sequence of generalized
solutions of problems which differ from Problem (1), (2) only by f, » instead of f, in the right

side of the equation (1). Let us show that uy — u in 0 (Q)N Lootoc((—00, TT; La($)).

p,loc
Indeed, let € > 0 be an arbitrary number, ¢1,%; are any numbers such that —oo < t; <

to <T. ;From Lemma 3 we obtain

sup / lup(x, ) — u(z,t)|* dr + // Z | D%y, — D%u|? dzdt <

[tl,tﬂﬂt Qb ot |a|<m
t1
j2 2p ’
g Clé_pj [)"Y(tﬂpfzdt + CQ // Z |foz,k - fa’p d$dt, (58>

<
t1—6 Qty—6,ty lod<m

where 6 > 0 is an arbitrary number, C, Cy are the constants which do not depend on 9.
JFrom conditions of the theorem it follows that we can choose § > 0 such that

t1

Cho / A (O] dt < 5 (59)

t1—96

Since for = fo In Ly(Q—ss,)(|a| < m), we obtain the existence of a number ky € N
such that for any k& > ky

C, / / S Vs ful dodt < 5. (59)

<
Qty—6,ty lol<m

Taking into account (59), (60), we conclude that the right side of (58) is less than ¢ for
any k > kg. The theorem is proved. O

REFERENCES
1. A6xynaes V. I, O cywecmeosaruu 1eo2panutenioir pewenuss HeAUHetdHn020 YpasHeHUs MenioNPOGo-
dnocmu co cmokom, 2KypH. Beraucsi. Mar. u mar. dusuku. 33 (1993), no. 2, 232-245.

2. Bernis F., Elliptic and parabolic semilinear problems without conditions at infinity, Arch. Ration Mech.
and Anal.,; 106 (1989), 217-241.

3. Brezis H., Semilinear equations in RN without condition at infinity, Appl. Math. Optim. 12 (1984),
271-282.

4. Bokasno H. M., O sadaue 6e3 HauasvHuix Yeaosuli 04 HEKOTMOPHIT KAGCCO8 HEAUHETHHLT NAPAOOAUNECKUT
ypasnerud, Tp. cemunapa um. U.I.ITerpoBckoro. M.: Uzn-Bo Mock. yu-Ta (1989), Beur. 14, 3-44.



188

10.

11.

M. M. BOKALO, V. M. DMYTRIV

Bokalo M. M., Sikorsky V. M., The well-posedness of a Fourier problem for quasilinear parabolic equations
of arbitrary order in unisotropic spaces, Maremaruuuy cryaii, 8 (1997), no. 1, 53-70.

Herrero M. A.; Pierre M., Cauchy problem for uy — Au™ = 0, when 0 < m < 1, Trans. Amer. Math.
Soc. 291 (1985), 145-158.

Kamamuukos A. C., O 3adave Kowu 6 xaaccar pacmywux Gyrkuutll 0as HEKOMOPT K8a3UAUHETHDIT
6bIPOAHCIAIOWUTCA NAPAbOAUNECKUT YpasHenul emopozo nopadxa, duddepenn. ypasaenus. 9 (1973),
no.4, 682-691.

JInonc 2K.-JI. Hexomopovie memodv, pewenus nesunetinor kpaeswvix 3aday, M.: Mup, 1972.

Iumkos A. E., Kaacev, eduncmeennocmu 0600wenHbr peutenutll Kpaesvit 3a0ay 0f napabosuveckur
ypasrerudl 6 neozparuderhuix obaacmasaz, Juddepennuanbubie ypasaenus. 26 (1990), no.9, 1627-1633.

Tuxonos A.H., Teopemnv, eduncmeennocmu 0ai ypasnenus menaonposodnocmu, Mar. ¢6. (1935), no.2,
199-216.

Vazquez J., Walias M., Ezistence and uniqueness of solutions of diffusion-absorption equations with
general data, Journ. Diff. Int. Equations, 7 (1994), 15-36.

Faculty of Mechanics and Mathematics, Lviv National University

Received 22.10.1999



