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Conditions on coefficients and exponents of an entire Dirichlet series are found in order that
the logarithm of the maximal term u(o, F') admits an upper estimate of the form In u(o, F') <
®1(0) + (14 0(1))7P2(0) as 0 — 400, and the same lower estimate, where 7 is a real number,
®,, §, are positive functions satisfying some condtions.

M. H. Illepemera. Ouenku MakcumasbHo20 4AeHaE 4ea020 psada Jupurie 6 mepmunax 08yueH-
noti acumnmomuku // Maremarnani Cryail. — 2000. — T.14, Ne2. — C.159-164.

Haiinennt yciosust Ha K03 DUIMEHTHI 1 TTIOKA3ATENN [EJI0r0 pafa Jupuxie jyist Toro, 9ro-
6b1 Jsiorapudm MakcuMmasbHoro wiena (o, F') monyckan omnenky In p(o, F) < ®4(0) + (1+
+0(1))17®P2(0) (6 — 400), 1 TAKyIO XKe OIEHKY CHU3Y, [Je T — JelicTBUTe]bHOoe Yuciio, a Py,
®y — mosIoKUTENbHbIE (PYHKIUH, YIOBIETBOPSIONIE HEKOTOPBIM YCIOBUIM.

1°. Introduction. Let 0 < A, 1 +00 (0 < n — o0) and the Dirichlet series

[e.9]

Zan exp(sA,), §= o +it, (1)

n=0

has the abscissa of absolute convergence o, = +00. For 0 € (—o0, +00) let u(o, F) =
= max{|a,|exp(c\,) : n > 1} be the maximal term of series (1).

We will study the conditions on a, and A, under which Inu(o, F) > ®(0) +
+(1 4 0(1))11Py(0) (0 = +00), and Inpu(o, F) < @y(0) + (1 4 0o(1))2Py(0) (0 — +00),
where 7,5 € R and &, &5 are positive functions satisfying some conditions.

Put

P(t)

_ {m lan], t=N,(n€Zy), Qo) = sup{P(t) + ot : t > 0}. (2)

—o0, te€(0,400)\{ M},

Then In u(s, F) = Q(o) and the problem is reduced to the study of validity of the relation
Qo) > @1(0) + (1 + o(1))1Pa(0) (6 — +00), and Qo) < P1(0) + (1 + o(1))72P2(0)
(0 — +oo).
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Further we assume that P is an arbitrary function different from +o0 (it can achieve the
value —oo but P # —o0). The functions P and () are said to be Young conjugated functions.

Let © be the class of positive unbounded on (—oo, +00) functions ® such that the
derivative @’ is positive continuously differentiable and increasing to +o00 on (—oo, +00).
Clearly, the function ® € Q is convex on (—oo, +00), ®(z) — ¢ >0 (r — —o0), () — 0
(x — —o00). From now on, we denote by ¢ the inverse function to @', and let ¥(x) =

— ®(x)/P’(x) be the function associated with ® in the sense of Newton. It is clear that the

function ¢ is continuously differentiable and increasing to +00 on (0, +0c). The function ¥
is continuously differentiable and increasing to +00 on (—o0, 00).

By L° we denote the class of positive continuous on [zg,+00) functions [ such that
L((1+o0(1))z) = (14 0(1))l(z) as  — +oo.

Finally, we will say that a positive twice continuously differentiable increasing to +oo on
(—00, +00) function @, is subordinated to ®; € Q, if ®4(p,) € L, ®y(0) = 0(c®/(0)) and
O (o) = o(P](0)) as 0 — +00.

2°. Upper estimates. We need the following

Lemma 1 [1]. Let ® € Q. In order that Q(o) < ®(o) for all o > oy, it is necessary and
sufficient that P(t) < —tW(p(t)) for all t > ty.
We prove here the following

Theorem 1. Let ®; € Q, ¢} € L°, and a function ®, be subordinated to ®;. In order that
Qo) < Pi(0) + (1 +0(1))7Po(0), o — +o0, (3)
it is necessary and sufficient that

P(t) < =tW(e1(t) + (14 0(1))7@a(1(t)), T — oo (4)

Proof. Consider the function ® (o) = ®1(0) + 7®5(0). Since ®; € Q and P}(0) = o(P{ (o))
as 0 — A, we have ®"(0) = (14 0o(1))P](0), Py(c) = o(P|(0)) and Py(0) = o(P1(0)) as
o — A, whence in particular it follows that @' is positive and increasing to +o0o on [gg, A).
For simplicity we assume that oy = —o0, i. e. & € Q(A).

Clearly, the inverse function ¢ to @’ satisfies the equation

¥ (o) + 70 (0) = 2. (5)
Since 4 (o) = o(P)(0)) (¢ — +00), we look for a solution of (5) in the form
c=pis—y), y=y@) =ofx), T+, (6)
Substituting (6) in (5) and taking into account the condition ®,(p;) € L°, we obtain
y =781 ((1+0(1)) 2) = (1 +0(1))7®5(p1(x)), = — +00,
Therefore, from (6) in view of the condition ¢} € L we have

p(x) = p1(z = (14 0(1))7®5(p1(2))) =
= ¢1(x) = {1 (@) —pr(x — (14 0(1))7P5(p1 (2))) } =
= p1(z) = 1 (2 + O(P5(1()))) (1 + 0(1)) TP (01 (7)),
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whence in virtue of the relation ®,(c) = o(®}(c)) (0 — +00) and the condition ¢} € L it
follows that

p(x) = o1(r) = (14 0o(1))7®5(1(7)))h (), = — +o0. (7)
(We remark that the equality @”(Lpl(x))gp’l( 1 and the condition ®4(c) = o(c®/(0))

) =
(o E +00), imply ®5(¢1(2))) ¢ (z) = o(p1(2)) (z — +00).)
ut

PU(p(0)) — 10U / (pla)))de = [ pla)ds ®)
Therefore, from (7) we have 0
B (p(t) = / 2)dz — / (14 0(1)) 7P} (1 ()} () + O(1)
= 81 () — (1 + 0(1)7 Do (1)) + O(1)
(¢ >> (L4 o(1)rdy(pr(ta), 11— oo,
Finally, Lemma 1 completes the proof. O

Choosing P(t) as in (2), we obtain from Theorem 1 the following
Corollary 1. Let ®; € Q, ¢} € L°, and the function ®, is subordinate to ®,. In order that
In p(o, F) < ®1(0) + (1 +0(1))7Ps(0), o — +o0,
it is necessary and sufficient that
In Jan| < ~AW(e1(A)) + (14 0(1))7@5(p1 (M), 1 — oo,

3°. Lower estimates. For ® € ), 0 < a < b < 400 and ¢ > 0 we put

Gl(a,b,d>):bciba/ab@(@(t))dt, G2<a,b,q>):q><bl /abgo(t)dt),

12 —a

where ¢ is the inverse function to ®’.
Lemma 2 [2]. The inequality G1(a,b, ®) < Gs(a,b, ®) holds.
Lemma 3 [1]. Let A € (—o0, +00), ® € Q and
P(tn) = —t, ¥ (e(tn)) (9)

for a some increasing to +oo sequence (t,) of positive numbers.
Then for all n > ny and o € [p(t,), ¢(tni1)]

Q(O’) Z @(O’) + Gl(tna tn+17 CD) — Gg(tn,tn+1, q)) (10)

Theorem 2. Let ®, € Q, ¢} € L°, a function ®, be subordinated to ®,, and

4 <o +0 (i%%)) ~®(0) (0= +00), j=1,2 (11)
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If
P(tn) = =tnWi(p1(tn)) + (1 4 0(1))7®2(p1(tn)), 1 — oo,

for a some increasing to +oo sequence (t,) such that t, . ~ t, (n — o0) and

GQ(t7w tn+1> cbl) - Gl (tn7 tn—‘rl, (I)l)
Do (p1(tn))

— 0, n— oo,

then
Qo) 2 ®1(0) + (1 4+ 0(1))7P2(0), o — +o0,

Proof. As above, let ®(0) = ®1(0) + 7P3(0). Put
1 tnt1

tn+1 - tn tn

In view of (7),

on = /nﬂ 901(t)dt—w/tn+l B! (01 ()2, (1)t =

tn-‘,—l —ty tn 2fn—i—l —tn
Do (01 (tna1)) — Pol 1t
:%SLI) - (1 + 0(1))7&17 g’n = 2(¢1( :1)3 ; 2(S01( )>
n+l = tn

Therefore,

Ga(tn, tn1, @) = P(35,) = P1 (525 — (14 0(1))7,) + 7P2 (3 = (1 + 0(1))7€,) =
= 01(56)) = (14 0(1))76, 9, (3 = (1 + o(1))n7&s) + s (56, — (1 + 0(1))7¢,) =
= G(tn, tny1, @1) = (14 0(1) 76, (5 — (1 + o(1))y7é,)+
+ 70, (V) — (14 0(1)7E,), n—o00, 0<n<l.

Further, in view of (8) and (7),

t’l’b tn tnt1 1
Gt ) = 2220 [ agia (1) =
tn

bnst — tn ¢
it (b )
— S () — Ul(t) =
n+1 n
_ (¥ (p(ta)) — P (e(tn)) _ _
o (Lot 2 ~Wpl12)) =t~ V(1) =

= tnoe) — (14 o())tn7&n — W1 (01(tn)) + (14 0(1) 7o (1 (tn)) =
= Gi(tn, tne1, P1) — (1 +0o(1)t,7&n + (1 + 0(1))7Po (01 (L)), 1 — 0.

Therefore,

GQ(tna tn+17 q)) - Gl (tn7 tn+17 CI)) = GQ(tnv tn+17 q)l) - Gl(tna tn+17 q)l)+
+ (14 o)t 7€ — (14 0(1)7E,P, (21 — (1 + o(1))n7En)+
+ T<I>2(%,(11) — (1+0(1)71&) — (14 0(1)7Po(01(tr)), n — oo.
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It is easy to show that when the function [ is continuously differentiable then [ € L°
if and only if zl'(x)/l(z) = O(1) (x — +o0). Hence it follows that A € L% if [ € LY and

x) = [ U(t)dt

Therefore, since ®4(p;) € L and ¢} € L°, we have ®y(p;) € L° and

By (D) (@)
Salpn@y) W

From the condition ¢} € L it follows also that ¢; € L and ®(p;) € L°.

Since &, = P4(01(00)) @1 (M) (tn < M < tug1), Pher)¢h € L and t,11 ~ t, (n — o),
we have

r — +00. (16)

&n = (14 0(1)D5(p1(tn))# (En), 1 — o0,
and in view of (16)
tnén
(IDQ((PI(tn))

From the condition t,,,1 ~ t, (n — o) it follows that V) = e1((14+0(1))t,) (n — o), and
thus

=0(1), n— oo (17)

D) _ Boler((Lt o)) _ oy Bhlealta))
216~ W (o))~ T B )
)

= (L4 o(1))®5(e1(tn))h (tn) = (1 + 0(1))&n, 71— o0

Also ®5(5") = (1 + 0(1))®s(p1(t,)), n — 0o. Therefore, in view of (11) and (17),

o = (o) = (14 o)) _ . Pilprlta)) = B0 = (L o()nra)
Do (p1(tn)) " Do (p1(tn)

_ ®ea)) — 2 Ga — (14 o(1))n7én) P} (1 (t))

b s (i1 (1) +0< @2 (1(t2)) >

)
_ & Dy — @ [ ) — b (4) fnn ) _
= o) <<I>1( ) — P ( (1+o(1)n q)” P ))) o &yl ))>

:<%)+<%>:(WM): Cnoee. (18)

From (17) and (18) we obtain

(1+ o(1))t,7€, — (1 4+ 0(1))76, P, (5 — (1 +o(1))n7E,)

&n

O

From (11) we obtain also

By(s4 — (1+0(1)76,)) _ (14 0(1)) O 14 &1 (1) .
Py (p1(tn)) - (I)2<%7(Ll)) ®, (% (14 o(1))T —1, o0,

and thus

7@ (o2 — (14 0(1))760) — (14 0(1))7Ps (1 (tn)) _
Do (1(tn))
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Finally, from (15), (19), (20) and (13) we have

Gz(tm lnt1, q)) - Gl(tm tny1, 1, (I)) -
= Gg(tn, tn+1, (I)l) - Gl(tna tn-i—la 1; (I)l) + 0(@2(@1(1%))) =
= 0o(P2(p1(tn))) = o(P2(p(tn))), n — oo,

because, in view of (7) and (11),

Po(pt) 1 B I IEN0) .
Salon D))~ Dol 2 (gol(t) 1+ <1>>¢,1,<%(t)))ﬂ, | oo

Therefore, by Lemma 2 for all o € [p(t,,), ¢(t,11)] we have

Qo) = (o) + o(P2(p(tn))) = ®(0) + o(P2(0)) = P1(0) + (1 +0(1))7Pa(0), 0 = A,
and Theorem 2 is proved. O

Corollary 2. Let functions ®, and ®, satisfy the conditions of Theorem 2. If
I fan, | = =An, W1(p1(An,) + (14 0(1))7@2(p1(An,), K — o0,

for a some increasing subsequence (\,, ) such that \,, ., ~ A\, (kK — o0) and

Nk+1

GQ(/\TLka )\nk+17 ¢1> - Gl(/\nm /\ él)

D2(1(Any))

N419

—0, k— oo,

then
In p(o, F) > ®@1(0) + (L +0(1))7P3(0), o — A.
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