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In the paper we consider the nonlocal problem for a system of hyperbolic equations of
the first order with two independent variables in the case when nonlinear functions satisfy
the Caratheodory conditions and without any initial data. Some conditions of uniqueness and
existence of a solution are obtained.
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PaccmaTrpuBaeTcs nesokaabHas 3a7ada 0e3 HadaaIbHBIX YCJIOBUI It HeJTUHEHHON rumnepbo-
JITYECKON CHCTEMBI IIEPBOIO TOPSJIKA C JIByMS HE3aBUCUMBIMH IIEDEMEHHBIMU B CJIydae, KOT/Ia
HeJIMHeHbIe (DYHKIMN YI0BIeTBOpsA0T yeaoBusM Kapareomopu. [loydensl HEKOTOpBIE YCJI0-
BU¢ CYIIECTBOBAHUS U €/IMHCTBEHHOCTU PEIIeHU.

Nonlocal problems for hyperbolic equations of the first order describe the dynamic of
population [1-3]. In 70s-80s, different authors [4-8] considered the existence and uniqueness
of the solution of nonlocal problems for the system of hyperbolic equations. The authors
assumed that the nonlinear functions satisfy the Lipschitz condition with respect to certain
unknown functions. In this paper we consider the nonlocal problem for the system of hyper-
bolic equations of the first order with two independet variables in the case when nonlinear
functions satisfy the Caratheodory conditions and without any initial data.

In the domain Q7 = {(z,y) : 0 <z < ¢,—00 <t < T}, where T' < 400, 0 < ¢ < 400
we shall consider a system of hyperbolic equations of the type

b
ur + Az, t)u, + Clx, t)u + G(x,u) + /Q({, tudé = F(x,t) (1)

with boundary condition

u(0,t) = A(t)u(c, t) (2)

where A, C, @, A are square matrices of order n, n € N and

u = colon(uy, ..., u,), G =colon(gy,...,g,), F =colon(fi,....f.), 0<a<b<ec.
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Let 4,4, = (0,¢) x (t1,t2) for arbitrary t;, to, —0co < t; <ty < T. Denote by Lj,,.(r)
(1 < r < o0) the set of functions u = colon(uy, ..., w) where u; € L"(Q.7) (j = 1,...,1),
leN.

For equation (1) we give the following system of conditions:

(A) A € CL([0,c]); A(z,t) = Al(z,t), for all (x,t) € Qp, A’ is the transposed matrix
to A; (Ax(1)€,€) < Ajl¢f* for every € € R™ and (z,t) € Qp, where A; = const;
Ale,t) = A (t)A(0,t)A(t) by (+,-) and | - | we denote the scalar product and the norm
in R™, respectively).

(C) C € L2%,,.0r); (Clz,t),8) > co()|E]? for every & € R™) and almost all (z,t) € Qr
where ¢y € C((—00,T)).

(G) The function G is continuous with respect to £ for almost all « € (0, ¢) and is measurable
with respect to z for every £ € R”, and for some p > 2 the following inequalities hold:

(G(xvf) - G(IL‘“u),f - ,LL) Z G0|§ - /‘L|p7 GO = const > 07 |gZ(I7€)| S Gl '2:1|£j|p717
]:
G1 = const > 0 for i = 1,...,n and for every u,£ € R™ and almost all z € (0, ¢).

(Q) Q€ Lys(Qr).
(F) F €L, (Qr)

Let o+ ;=1
Definition 1. The function
w€ Ly 1 (), w € L3 15e(Qr),  tty € L 15c(Qr) + L, 1 (Qr)
is called a solution of problem (1)—(2), if u satisfies (1),(2) for almost all (z,t) € Q.
We denote Qq := sup |Q(z,t)|| where ||-|| is the Euclidean norm of the matrix Q.

a<z<b,—oo<t<T

Theorem 1. If conditions (A), (C), (G), (@), (F) hold, and
2 lim infeo(t) — Ay — Qo(c(b—a)+1) >0 (3)

T——00 t<T
then problem (1)—(2) has at most one solution.

Proof. To obtain a contradiction, suppose that there exist two solutions u', u? of problem
(1)-(2) such that u' # u?. Let u = u! —u?. It is easy to show that for every ¢;,t, € (—o0,T]
(t; < to) the following equality holds:

/ {(W, ) + (A2, w) + (Cla, ), u)+

Qtl sto

+((G(z,u') — G(z,u? </Q & t)udg, )}dmdt =0.

Considering every term of (4) separately we get

11:/(ut, )dz dt = //dt|uast|2d:rdt

Qiq 9

1 1
I, = / (Aux,u)dwdt:§ /(Au,u)xdxdt—é /(Awu,u)dxdt.

Q'517t2 Qtl,tz Qtlth
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From (A) we have
I > —%z‘h / lu(z, t)|*dxdt.
Qtlth
By (C)
I3 = / (C(x, t)u,u)dxdt > / co(t)|u(z, t)2dadt.
oty S

From (G) we get

Iy = / (G(z,u') — G(z,u?), u)dzdt > Gy / |u(z, t)[Pdadt.
Ot 1 Qe
Besides,
b
Is = / /(Q(f,t)udﬁ,u drdl < %QO(C(b —a)+1) / lu(z, t)]*dxdt.
iy \a Q4

Due to condition (3) there exists a number 75 € (—o0, T] such that 2¢y(t) — A1 — Qo(c(b —

a)+ 1) > 0 for every t € (—oo,7p]. From estimates of the integrals Iy, ..., I; and from (4)
we obtain
to d c ta ¢
/ < / u(z, £)[2 dadt + 2Go / / lu(z, £)|Pdadt < 0 (5)
t1 0 t1 0

for tl,tg S (—OO,T()].

Since
c c c p/2
[t typas = [ui. 0Py 2de = | [ e 6Pz
0 0 0
where the constant p; depends on ¢, p, we may write (5) in the form
to to

[ v+ 26 [y <o (0
t1 t1

where y(t) = [ |u(z, t)|*dz. Taking into account that ¢1,t, are arbitrary we obtain from (6)
the inequality

Y () + 2Gomy?*(t) < 0 (7)
for every t € (—o0,70]. According to a lemma [9, p. 10], from inequality (7) we obtain
y(t) = 0 for t € (—o0,7y) which means that u(z,t) = 0 for almost all (x,t) € Q,,. Now
it is easy to show that w(z,t) = 0 for almost all (x,t) € Qp. This finishes the proof of
Theorem 1. [l

Denote by J the Jacobian matrix for the function G(x, u)

ij=1

for almost all = € (0,¢) and all € R™.
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Theorem 2. If conditions (A), (C), (G), (Q), (F) hold, and Cy, Q, € L5 (Qr), Fy € L7 1, (Qr),
A is a constant matrix, A(x,t) = A(z), det A(z) # 0 for all x € [0, ¢],
(

J(x, 1), &) >0 (8)

for all p, & € R™ and almost all x € (0,c¢), and there exists a function ¢(t), ¢ € C*((—o0,T]),
o(t) >0,t € (-0, T], ¢'(t) > 0, t € (—o0,T] such that

9@
(1)

T——00 t<T

lim inf [QCo(t) ] > Ay + Qolc(b — a) + 1) 9)

and
Fy = / (E (2,00 + |Eu(, ) )0 dedt < oo,
Qp

then there exists a solution u of problem (1)-(2) which satisfies the inequality

/uz(x,t)qb(t)dult < o Fy (10)

Qp
with some constant .

Proof. We consider the following problem for the eigenfunction:

y" =Xy, (11)
y(0) = Ay(c), o'(c) = A'y(0) (12)

where y = colon(y, ..., y,). Then there exists an orthogonal system of eigenfunctions for
problem (11), (12) [10] which forms a basis of the space L2(0,c). Let {w*(x)} where w*(x) =
colon(w¥(z), ..., wk(x)) will be the such a system of eigenfunctions. We consider the sequence
{u™(x,t)} of functions of the form u™(z,t) = S0 CN(t)w*(z) for N = 1,2, ... where the

functions CN (1), ..., C¥ (t) are solutions of the following Cauchy problem:

[

/{(uiv,wk) + (A(z)ul, w®) 4+ (O(z, Hu W) + +(G(z, u™), w*)+

b (13)
—l—(/Q(f,t)uN(ﬁ,t)df,wk(x)) — (FN(x,t),wk)} dr =0 fork=1,..,.N
with
CNX(T—N)=0 fork=1,..,N, (14)
where Fy(z,t) = F(z,t)nn(t),
1 for te[T'—N+1,T],
nnv(t)=< t—T+ N for te[T—N,T—N+1),
0 for te (—o00,T — N).

Observe that the assumptions of Theorem 2 guarantee the existence of a solution of
problem (13), (14) in the interval [T"— N, T — N + ], n > 0 which is differentiable in this
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interval. The following estimation shows that n = N. We can extend every function u* by
zero onto (—oo, T'— N). Then we obtain a functional sequence {u” (z,t)} defined on Q7. Let
to, 71 be numbers belonging to (—oo,T), ty < 7. Multiply (13) by the functions C}Y (¢)é(t)
respectively, then summing by £ from 1 to N and integrating with respect to ¢ from ¢y to 7,
to < T < 11 we obtain

[ [+ oy +

b (15)
+(G(z, u™)u) + (/ Q(s,t)ung,uN) — (FN(x,t),uN)} o(t)dxdt = 0.

Analogously to the proof of Theorem 1, considering the integrals in the last equality we
obtain

Iy = / [(uiv,uN)Jr(A(x)uiV,uN) + (C(z, t)u™, u™) + (/bQ(g,t)ung,uN>]¢(t)dxdt >

Qig.r
> %/WN(L P 2o(r)dz + % / {200(1&) — A1 — Qolc(b—a) +1) — %] |u® |2p(t)dzdt—

1 C
—5 [ 10t Potop.
0

Moreover from (G) we have
I - / (G, u™), u™)p(t)dadt > Gy / NP (t)dadt
Qg Qeg,r
and, besides,
1
Iy = / (P 1), o) dwdt < o / yF(x,t)|2¢(t)dxdt+% / (™ Po(t)ddt
Qton’ OQto,T Q150,-1—

where dy is arbitrary positive number. From (15) and estimates of the integrals s, I7, Is we
obtain the following inequality

2Gy / |uN(x,t)]p¢(t)dxdt+/|uN(x,T)\2q5(T)d:L’—I—

N 1 B R
# [ 2t - 4= Qe -0+ 0 - S8 o oPoa sy

QtO,T

§/|uN(x,to)|2qb(tg)dx+5—1o / |F(z,t)|?o(t)dxdt.
0 t

0,7
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Due to (9) we can choose numbers 711, J such that

¢'(t)

QCo(t) — A1 - Qo(l + C(b — a)) — W

—50 >0 (17)

for all t € (—o0,71]. The equality limy,,—« [ [u” (z,t)|¢(to)dz = 0 and (16), (17) imply the
0

following inequalities:

[ W wrodsdr < (18)
Qry
/ [u™ (z,1)|Po(t)dwdt < pg, (19)
Qry

where p5 does not depend on N.

Differentiating (13) with respect to ¢, next multiplying respectively by functions C(¢)p(t),
the summing by £ from 1 to N and finnaly integrating by ¢ from ¢; to 7, t; < 7 < 7 we
obtain

[ |y + At + oo
Qtl,f
b

/ (QUE, Dyl u)de — (F(r, ), u™) + (Culars tyu ) 4 20)

a

b
# ) + ([ Qs onag, i) [otodaar ~o.
Analogously to the proof of Theorem 1 we obtain the following estimation

= [ |+ A + (Clo )+
Qtl,T

+ (/Q(ﬁ,t)uivdf,uiv) — (FNt(I,t),uN)] o(t)dzdt >

_2/|ut (z,7)|%0(7 dx——/]ut (z, )% (t1)dr—

5 [ Ve 0 Polo e+

Qtl,T

{2&)( ) A~ Qulelb—a) + 1)~ P

o) ~ %2l @ P et)dudt,




156 S. P. LAVRENYUK, L. ZAREBA

where 95 > 0. Next from the conditions of Theorem 2 we have

Ly = /(C’t(x,t)uN,uiv)ng(t)dxdt §% / lulN (2, )2 (t)dadt+

Qtl,r Qtl,T
1
+o=sup [[Colz, O [ [u” (2, 1)]6(t)dwdt,
202 o .
tl,‘r
i = [ (J(z,u™M)u), u)o(t)dzdt > 0.
Qtl,f

b
= [ ( / @(@t)uzvds,u?)at)dxdtg% [ 1 oPottsies

t1,7T t

s QDb —a) + 1) / (2, 1) 2(t) dwdt.

252 a<z<b,—oco<t<T
Qtl,T

Let 305 = ;. Taking into account (9), (18), estimates of the integrals Iy, I1g, I11, [12 and
the fact that

/|u£v(:z:,t1)|q§(t)dx —0 for H<N-T
0
we can choose a number 73 < T such that for N — T < 7 (20) implies the inequality

/ [ul¥ (z,t)|2p(t)drdt < pusFy (21)

Qr

where constant p3 does not depend on N. Moreover, from (G) and from (19) we obtain

n q
[l rotodsar < [ (G12 u |) o0t < e [ (e 0P (Ot <
Q, O, i=1 O,

(22)
for i =1,2,...,n. Denote by L, ,(€2;) the space with the norm

fullo = ( [ ute. O o(eyaoat) "

where 1 < r < co. Due to (18), (21), (22) there exists a subsequence {u™} of the sequence
{u™} such that u™ — u weakly in L2 ,(€,), uf* = u; weakly in L2 (), G(z,u™) = w
weakly in L} ;(€2,) for m — oo. Taking into account (13) and (A) it is easy to prove that
for the functions u, w the following equality is satisfied

/[(ut, v) + (Azu,v) — (Au,v,) + (C(z, t)u, v)+

Q-

b (23)
+(w,w) + (/Q(g,t)u dg,v) - (F(x,t),v)] o(t)dxdt =0
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for all functions v € C'(€2,,), satisfying condition (2) and having bounded support. In view
of (A) and (23) we get
Uy € L2 1,0(Qry) + LE, ().

n,loc n,loc

Analogously to [11], p. 171, it is easy to prove that w = G(x,u) in . Then the function
u is a solution of system (1) in the domain 2. Moreover u satisfies condition (2) and
estimation (10) in Q,,. Let u(z, ) = ®(x). Now we consider problem (1), (2) in the domain
., r with the initial condition

u(z, ) = O(x). (24)

Then using conditions of Theorem 2 one can prove that there exists a solution u of (1), (2),
(24), where

u € LP(QTLT) Uy € LQ(QTLT), Uy € Lz(QTLT) + Lq(QThT).
Thus the theorem is proved. O
Remark 1. If /
lim o)
t——o00 ¢(t>
then condition (9) is equivalent to (3).

=0,

Remark 2. Consider the function
G(z,u) = colon(gy (z)|ulP~2uy, ..., gn () |uPu,)
where g; € L*(0,¢) for i = 1,...,n. It is easy to show that G satisfies conditions (G).
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