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The problem of description of Artinian modules over the ring ZG, where G is a free abelian
group of rank < 2, is “wild”from the viewpoint of the representation theory. But it is possible
to describe some types of such modules. The study of Artinian modules over groups of rank 2 is
initiated in this paper. In particular, we describe the structure of the injective hull of Artinian
modules over the group ring F'G, where F' is a field and G is a free abelian group of rank 2.
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3ajiada ONMCaHWs apTPUHOBBIX MOjyJiell Haj KojbinoM ZG, rae G — cBobojHas abesieBast

rpynna panra < 2, siBJseTcd IUKOU' ¢ TOYKHU 3peHus Teopun mpencrasieHuit. Ho moxuO

OINCATH HEKOTOPBIE TUIIBI TAKUX MOy eil. B crarhbe HauMHaETCST N3ydeHne apTHHOBBIX MOy
HaJ I'pylmnaMu padra 2. B gacTtHocTh, onncana CTpyKTypa UHbEKTUBHON 000JOUYKHM apTHHOBBIX
Mosyseit Ha g kosiblioM F'G, e F' — nosie, a G — cBobomHast abejieBast rpylia paHra 2.

The problem of description of Artinian and Noetherian modules over various rings is one
of the oldest classical problems in algebra. The study of Artinian modules over some types of
group rings is important for many problems of group theory. For example, the investigation of
artinian modules over the group ring ZG, where G is an abelian Cernikov group, is necessary
for study of metabelian groups with minimal condition for normal subgroups. These modules
have been studied by Hartly and McDougall [1]. In particular, such modules decompose into
direct sum of monolithic modules and if A is a monolithic ZG-module, then G/Cg(A) is
a group of (special) rank 1. On the other hand, if G is a free abelian group of rank 2 and A is
an Artinian module over the ring ZG then the problem of description of module A is ”wild “
from the point of view of the representation theory. This does not mean that the study of
Artinian modules over finitely generated abelian groups of rank 2 is hopeless. So, Musson in
[3] studied the injective hull of Artinian modules over the ring ZG, where G is a polycyclic
group. Besides, from Theorem A of [4] it follows that Artinian modules over the ring ZG
can be described up to subgroups of finite index. So, there is a natural question here: which
Artinian modules over the ring ZG, where G is a finitely generated abelian group, can be
described? The first natural step here is the study of Artinian modules over the ring ZG,
where G is a free abelian group of rank 2. If A is an Artinian ZG-module, S = Soc z5(A),
then the submodule S is finite, i.e. the index |G : H| is finite, where H = Cg(S). By
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Theorem A of [4], which have been mentioned above, A is a ZH-hypercentral module. So,
it suffices to study ZH-hypercentral modules. The additive group A is periodic (see, e.g.,
[5, Lemma 2.4]), i.e. A = @peH(G) A,, where A, is a p-component of A. In other words,
the following reduction is a reduction to the situation where A is a p-module, p is a prime
number. To study p-module it is naturally to study the structure of its lower layer, thus we
have the reduction to F,H-module (F), is a field of characteristic p).

The study of Artinian hypercentral modules over the ring F'G, where F' is a field and G
is a free abelian group of rank 2, is initiated in this paper. The main result is the description
of the injective hull of such modules. The structure of the injective hull of Artinian modules
over the ring ZG, where G is an abelian group of finite rank, was studied by Kurdachenko
in [5]. In this paper this structure is described with particular defining correlation.

Let F be a field, G an abelian group, A an F'G-module. We say that A is FFG-hypercentral
if A possesses an ascending series of submodules

0) <A <A< <A <A< <A <A
such that A,.; < A, for any g € G and for any a < 7.

Lemma 1. Let F be a field, G an abelian group, A an FG-module. If A is an FG-hyper-
central module, then for any element g € G the length of upper F{(g)-central series of A
s < w.

Proof. Since A is an F'G-hypercentral module, the natural semidirect product AAG is a hy-
percentral group. Let a € A, then (a, g) (as a ANG-subgroup) is nilpotent. Let A; = (a)(g),
then (a,g) = A;\(g) and A; are finitely generated. Hence the F-subspace Ay = A F
has finite dimension. Obviously, Ay = aF(g), i.e. Ay is a F(g)-submodule of A. Since
A is an FG-hypercentral module, we see that A; N F(g)(A) = Az(0). In particular,
dimp(As + Crig)(A)/Crigy(A)) = dimp(Az/As) < dimp A;. Using now a common induc-
tion, it is not difficult to prove that some F'G-hypercentre of finite number includes A,. In
other words, any element of the module A is contained in some FG-hypercentre of finite
number. It means that the length of upper F(g)-central series of A is < w. n

Let F be a field, G an abelian group, A an FG-module. Put ,_;,,(A) = {a € Ala(g —
1)" = 0},n € N. Obviously, Q,_1,(A) is an FG-submodule for any n € N. We say that
Qy—1,(A) is n-th (g — 1)-layer of module A. Obviously, Q,_1,(A4) < Qy_1,41(A) for any
n < N and by Lemma 1 A = (J, .y Qg-1,,(A4). If a € A then there exists n € N such that
a€ Qy_10(A)\ Qy1,-1(A). Put Oy(a) = n.

Let B be an F(g)-submodule of A, and a € B.

Consider the equation z(g—1)" = a, n € N. If this equation has a solution in the module
B for any n € N, then we put hg4(a) = co. If there exists a number m € N, such that the
equation z(g — 1)™ = a is solvable in B but the equation z(g — 1)™™! = a already has no
solution in B then we put hg 4(a) = m.

Obviously, hp4(a) < hagy(a). We say that F(g)-submodule B is (g — 1)-pure if hp ,(a) =
ha4(a) for any nonzero element a € B.

In other words, B is (¢ — 1)-pure if and only if for any nonzero element a € B and for
any n € N from solvability of the equation (g — 1)™ = a in module A it follows that this
equation is solvable in the module B.
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Let F be a field, A an F-vector space with countable dimension, {a,|n € N} a basis of A,
(g) an infinite cyclic group. A can be considered as an F'(g)-module by means of the action
defined by: a19 = a1, api19 = ans1 +an, n €Ny or a;(g—1) =0, api1(g—1) = a,, n € N.

We call this module a Prufer (¢ — 1)-module and denote it by Cy_1ye.

From the definition it follows that A(g — 1) = A. A is an F'(g)-hypercentral module,
any its proper submodule coincides with A, = a1 F @ a,F, A, = a,F(g) and A; < Ay <
<Ay < Upen An = Al Inoparticular, @ F' is the least submodule of A, ie. aF is
a monolith of A.

Thereby, characteristics of this module are similar to those of Prufer p-groups.

Lemma 2. Let F' be a field, (g) an infinite cyclic group, A an F(g)-module. A is F(g)-
hypercentral and monolithic if and only if A is isomorphic to a Prufer (g — 1)-module or to
some its submodule.

Proof. Let A, = Qg_1,(A), n € N, then A; = (p(y(A). Since A is monolithic, dimp A; = 1,
ie. A1 = ayF. The map ¢ : Ay — A; defined by a¢ = a(g — 1), a € Ay is a module
homomorphism, hence Im ¢ and Ker ¢ are F'(g)-submodules, moreover, Im ¢ < Ay, Ker ¢ =
Aq. If Ay = Ay, then A = Ay, i.e. A = a1 F and the lemma is proved. If Ay # A;, then
Im¢ # (0),i.e. Im¢p = a1 F and Im ¢ = Ay/ Ker ¢ = Ay /Ay, in particular, dimp(Ay/A;) = 1.
Let ay be one of prototypes of the element ay, as(g — 1) = a;. Since as ¢ Ay, we have
asF{g) + Ay = Ay. However A; = a1 F < ayF(g), so Ay < asF(g).

Using similar arguments we can choose elements a,, with characteristics a,F'(g) = A,,
ant1(g—1) = a,. If A, # A,41 for any n € N, then A is a Prufer (g — 1)-module. If A = A,
for some n € N, then A is a submodule of a Prufer (¢ —1)-module (its n-th (g—1)-layer). O

Lemma 3. Let F' be a field, (g) an infinite cyclic group, A an F(g)-module. Let A be
an F'(g)-hypercentral and B is an F(g)-submodule of A such that B(g — 1) = B. If C is
maximal among F(g)-submodules of A, which have zero intersection with B, then A = B&C.

Proof. Assuming the contrary, let A # B @ C. Since A is F'(g)-hypercentral, A/(B & C)
is also F'(g)-hypercentral, in particular, (r(A/(B @ C)) is a nonzero submodule. Hence,
there exists an element a ¢ B @ C, such that a(¢ —1) € B® C. So, a(g —1) = b+¢,
be B,ce C. Since B= B(g—1), we get b=">0,(g — 1) for some b; € B. Put a; = a — by,
then a1(g — 1) = a(g—1) —bi(¢g—1) =b+c—b=c e C. Besides a1 ¢ B C, ie.
aFN(BeC)=(0). Put E=C®aF. If e € E, then e = ¢; + aay, where ¢; € C,
a€ F soeg=c1g+alarg) =cg+ac+aa € E. So, E is a F(g)-submodule. Obviously,
En B =(0). Since a; ¢ C, we have E # C. We get a contradiction with the choice of C.
This contradiction proves the equality A = B & C. O]

Let R be a ring, A and B modules over the ring R. The fact that A is isomorphic to B
or to some submodule of B will be denoted by A<B

Lemma 4. Let F' be a field, G = (g) an infinite cyclic group, A a monolithic Artinian
FG-module, A, = Q_1)n(A), n € N. If A is FG-hypercentral, then the factor A, ;1/A, for
n € N, is isomorphic to the factor A, /A, 1 or to some its submodule.

Proof. The map ¢o : Ay — A defined by agy = a(g—1), a € Ay, is a module homomorphism,
hence Im ¢y and Ker ¢y are F(g)-submodules, moreover Im ¢, < Ay, Ker¢o = A;. So,
Im@py = Ay/Kergpy = As/A;. It means that Ay/A; is isomorphic to A; or to some its
submodule.
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So, when n = 1 this statement is proved. Let now n > 1. Use induction by the number n.
Assume that A, 1/A, is isomorphic to the factor A,,/A,,_; or to some its submodule.
Consider the factor A/A,. Obviously, Q-1)1(4/A,) = Ani/A, and

Qg-1)2(A/A,) = Apia/A,. As we proved above An+2/An/An+1/An2An+1/An, and since

Ania/An / A1 A< Ania/Ansr, we conclude A, o/A,11<Ani1/A,, which completes the
proof. O]

Consider modules over groups of rank 2.

Corollary 1. Let F' be a field, G = (g1) X (g2) a free abelian group of rank 2, A a monolithic
Artinian FG-module, A, = Q,-1)n(A), n € N. If A is FG-hypercentral, then for every
n € N the factor A, 1/A, is isomorphic to a Prufer (g1 — 1)-module.

Proof. By Lemma 2 A; is isomorphic to a Prufer (g; — 1)-module or to some its submodule
and by Lemma 4 A, 1 /A, <A, A, 1< <Ay /A1 <AL O

Proposition 1. Let F' be a field, G = (g1) x (g2) a free abelian group of rank 2, A
a monolithic Artinian FG-module, A, = Q,_1)n(A), n € N. If A is FG-hypercentral
then A, = P ®---® P, for any n € N, where P; = @neN a;,F is a Prufer (g1 — 1)-module,
ie. ai,l(gl—l) = 0, ai,nH(gl—l) = Ajn, N € N. Besides, aLn(gQ_].) = 0, CLj_;_l,n(gg—l) = Qjn,
jyneN. IfA# A, foranyne Nthen A=P &P ®--- D P, -

Proof. By Lemma 2, A; is a Prufer (¢g; — 1)-module, i.e. A = P, = @, . a1nl’, where
a11(91 - 1) = 07 al,nﬂ(gl - 1) = Q1p, N € N.

Since Ay/A; is (g1 — 1)-divisible, it is infinite. By Corollary 1, Ay/A; is a Prufer (¢; —1)-
module and by Lemma 3, Ay decomposes in direct sum A = A; & T, where 17 is a Prufer
(g1 — 1)-module, i.e. By = @, ybnl', where bi(g1 — 1) = 0, bpyi(91 — 1) = by, n € N.
Put b1(ge — 1) = ¢4 € Ay, then by(g1 — 1) = b1(g1 — 1)(g2 — 1) = 0, ie. ¢ = aay;. If
a = 0, then by € (pg(A), ie. dimp((ra(A)) > 2. But this is impossible, because A is
a monolithic module. So, a # 0. Put ay = bhja™!, by = bya !, b, = b,a~!, n > 2. Then
(lgl(gg — 1) (CLHO./)Oé 1 — = aii, bg(gl — 1) = Q91, bn+1(gl — 1) = bn, n € N.

Let now by(ga — 1) = o € Ay Again co(g1 — 1) = ba(go—1)(g1 — 1) = ba(g1 — 1)(g2 — 1) =
as1(ge — 1) = agp. It follows that co € apF @ aoF, ie. ¢o = ajjoq + appe.  Since
a;l = Cg(gl — 1) = 1102, WE get Qg = 1. Put Q99 = b2 —a921(¢1, then a22<g1 — 1) = bg(gl — 1)
021041(91 - 1) = ap; and a22(92 - 1) = 52(92 - 1) - a21061(92 - 1) = 01101 + G132 — G111 = Aq2.
Let now bg = b3 — bg(l/l, bn+1 = bn+1 b nQ1, then bg(gl — 1) = bg(gl — 1) — bg(gl — 1)0(1 =
bg — A2101 = 4992, bn+1(gl — 1) = bn+1(gl — 1) — b (91 — 1)0(1 = b — bn 10[1 = bn7 n > 3

Consider the element 63(92 — 1) = ¢3. We have now c3(g; — 1) = b3(92 —1)(g—1) =
b3(ga — 1)(g1 — 1) = age(ga — 1) = ayp. It follows that c3 € anF @ a1oF @ asF, ie.
c3 = ay B+ arafa + azfs. Since ary = c3(g1 — 1) = an B2+ a1afs, we get B3 =1, B = 0, i.e.
c3 = a1 + a13. Put now ags = by — a2151,fh€n a23(g2 - 1) = 53(92 - 1) - a21(92 - 1)51 =
a1 + a3 —an B = a3 and a23(91 - 1) = b3(91 - 1) - CL21(91 - 1)51 = a22.

Using similar arguments by induction we can choose other elements as, such that
azn(g2 — 1) = a1, G2p41(91 — 1) = a2, n €N, Put P, = @, oy aon k.

So, when n = 2 the statement is proved. Let now n > 2. Use the induction by number n.
Assume that the equality A, = P, ® P, @ - -- @& P, has been proved. Consider the (n+ 1)-th
(g2 — 1)-layer A,41. Any1/An is (g1 — 1)-divisible and by Corollary 1 A,1/A, is a Prufer
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(91 — 1)-module. By Lemma 3 A, = A, ® D, where D = @,y d,F is a Prufer (¢, — 1)-
module, i.e. di(g1 —1) =0, dpy1(g1 — 1) = dp, n € N. Using inductive assumptions for the
factor-module A, 11/A,, we can consider that d;(gs — 1) + A1 = a,; + A;.

Consider the element dy(go—1) = e; € A,,. We have that e;(g1 —1) = di(g2—1)(g1 —1) =
di(g1 — 1)(g2 — 1) = 0. Since di(g2 — 1) € a1 + Ay, it follows that e; = a1y + a,1. Put
ant1,1 = Ell — ag17, then Qn+1,1(92 —1)=di(g2—1)— @17(92 -1)= 11y + Qp,1 — Q1177 = Q1.
Let now dy = dy — asey, dp, = dy, — a7y, n > 2, then do(g1 — 1) = da(g1 — 1) —agey(g1 — 1) =
dy — 217 = Gny1,1, dn+1(91 - D = dn+1(91 - 1) - a2,n+17(91 - 1) =d, —Q2n7 = dyp, n > 2.

Next consider the element dy(g; — 1) = €2 € A,,. Again es(g1 — 1) = da(g2 —1)(n — 1) =
dy(gr — 1)(g2 — 1) = ant1,1(92 — 1) = ap1. Besides, dy(gs — 1) € ano + Ay, where e; =
a11y1 + 12%2 + Gp 2. Since a,1 = e2(g1 — 1) = a1172 +an1 we get 12 = 0, i.e. ex = a1y + a2

Put now a, 12 = d2 — a1, then a4, 2(g2 — 1) = dz(gz -1) - a21<g2 — Dy =anmn +
ano — anyi and any12(91 — 1) = da(g1 — 1) — a21(g1 — 1)1 = @ns11-

Using similar arguments by induction we can choose other elements a1, 7 > 3. [

Let J be a principal ideal domain, A a J-module, a € A. If Annjy(a) # (0) then the
element « is called J-periodic. The set t;(A) of all J-periodic elements (J-periodic part of
A) is, obviously, a J-submodule of A. If A =1t;(A), then the module A is called J-periodic;
if £;(A) = (0) then A is called J-torsion-free.

Let P be a maximal ideal of J. Then Ap = {a € A| Ann,(a) = P™ for somen € N} is,
obviously, a J-submodule of A. Since J is a principal ideal domain, we have P = Jy for
some prime element y € J. So we denote Ap also by A,. Submodules Ap = A, are called
p-component of the module A or its y-component. Let Spec(J) = {P | P is a non-zero
maximal ideal of A}. If a is a J-periodic element of A, then Annj(a) = PF* ... P* for some
P, € Spec(J), ki €N, 1 <i <s. Putll;(a) = {P,..., P} and I1;(A) = U,ey, 4y I1s(a). We
say that A is a m-periodic module if A is a J-periodic module, 7 C Spec(J) and I1;(A) C 7.

At last, put Qp,(A) = Qun(A) = {adlaP" = (0)} = {a € Alay™ = 0}. Obviously,
Qpn(A) is a J-submodule of A for any n € N and Qp,,(A4) < Qppi1(A) and |, Qpn(A) =
Ap.

Note also that t;(A) = @pepy, 4y Ap (it follows from Theorem 10.30 of [6]).

neN

Lemma 5. Let F be a field, G = (g1) X (g2) a free abelian group of rank 2, A a monolithic
Artinian FG-module, E an F'G-injective hull of A. If A is FG-hypercentral then E is an
Artinian FG-hypercentral module.

Proof. Since the ring F'G is Noetherian (see, e.g., Corollary to Lemma 5.35 of [7]) E is an
Artinian F'G-module that follows from a result of [8].

Put J; = F(g;) then J; is a principal ideal domain, i = 1,2. F'G = Jy(g2) = J2(g1). Put
T, =t,(E), P, = Ji(gi—1),i = 1,2. Obviously, A < Ty, A < Ty. Then, T; = Ep, & D;, where
D; = @QGHJ A).QLP; EQ. Smce G is an abelian group, Ep, and D; are F'G-submodules.
Since A is monohthlc and hypercentral, A < Ep, and A < Ep,, hence T; = Ep,.

Assume that E # T;. Then there exists an element e € E such that Anny,(e) = (0). Let
i = 1. In this case FG = Ji(gq). Let By = eF'G = eJi(ga). By Theorem of Ph. Holl (see, e,
Corollary 1 to Lemma 9.53 of [9]) £ contains a free Ji-submodule U = @@, . Uy, U, = Ji
such that £y /U is a Ji-periodic module with finite set I1;, (E£;/U). Since Spec(Jl) is infinite,
there exists the maximal ideal P ¢ I1,;,(E;/U). From the choice of e we get that U # (0).
If | € N then UP' = @, .y U, P!, where U,P' = P!  in particular, U/UP" is a p-component
of E1/UP!. Thence we get that E,/UP' = U/UP' & R;/UP', where R;/UP' = E,/U. In
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this case (E,/UPY)P' = R;/UP'. On the other hand (E,/UP")P' = ((E,P'+ UP")JUP' =
Elpl/UPl From here EIPZ = Rl and El/Elpl = R/Upl Hence E1 7é Elp, EIPZ 7£
E, P! for any | € N. In other words, an ascending series £y > E,P > --- > B, P >

is infinite. Obviously, F; P! is a FG-submodule for any [ € N, i.e. we get a contradiction
that E is Artinian. This contradiction proves the equalities £ =T} = Ep,, E =T, = Ep,,
which mean that F is an F'(g;)-hypercentral module, i = 1,2. Thus it follows that E is
FG-hypercentral. m

Lemma 6. Let F be a field, G = (g1) X (g2) a free abelian group of rank 2, A a monolithic
Artinian FG-module, E an F'G-injective hull of A, E,, = Qg,—1)n(E), n € N. If A is an
FG-hypercentral module then FE, (g, — 1) = E,, for any n € N.

Proof. Assume the contrary and choose the least n such that F,(g; — 1) # E,. By Lemma
5 E is an F'G-hypercentral module, so E = |J, oy k-

By Proposition 1, E,, 1 = P, & --- & P,_;, where P, is a Prufer (¢ — 1)-module, P; =
Bren @ik, ie. a;1(g1 —1) =0, @ipr1(g1 — 1) = ajp, 1 <9 < n— 1. Besides a;y11(92 —
1) =a;x, 1 <i<n-—2, ke N. Using arguments from Proposition 1 we can show that
En = Fn 1D B, where B = blF D---D th, bl(gg — 1) = Qp-1,15-- -, bt(gg — 1) = Qp-1,t,
51(91 - 1) = O, bg(gl — 1) = bl, ey bt(gl - 1) = bt—l-

Let now P, = @,y @n i F is a Prufer (g1 —1)-module, i.e. a,1(91—1) = 0, app1(g1—1) =
ang, k € N. Put R = E,_; & P, and define an action g» on R by a, (92 — 1) = an_14,
keN. Let S=E,_ 1 ®a, 1 F® - ®ayF then FG-modules E,,_; and S are isomorphic.

Let ¢: E,_1 — S be an isomorphism. Consider the F'G-module £ x R. Let C' =
{a —apla € E,_1}. Since (a — ap)r = ax — (ap)z = ax — (ax)¢ for any = € G, and
(a—ap)— (a1 —a19) = (a—ay) — (ap—a1¢) = (a—ay) — (a—a1)p, a,a1 € E,_q, Cis an FG-
submodule of ' x R. Obviously, CNE = (0) = CNR, hence E = E/(ENC) = (E+C)/C
and R~ R/(RNC) = (R+C)/C. Put E=(E+C)/C, E, = (E+R)/C, R=(R+0)/C,
En1= (B, 1+ R) /C. From the choice of C it follows that E,_; < R. According to our
admissions, E + E,. AsE~ FE, Fisan injective F'G-module. In this case E,=FEaV
for some FG-submodule V' # (0) (see, e.g., Theorem 2.15 of [10]). It follows from the
construction of F; that F, is monolithic. This contradiction proves the lemma. O

Theorem 1. Let F be a field, G = (g1) X (ge2) a free abelian group of rank 2, A a monolithic
Artinian FG-module, E an FG-injective hull of A. If A is FG-hypercentral, then F =
Pi®---®P,®---, where P, = @, aniF is a Prufer (g, —1)-module, i.e. a,(g1 —1) =0,
ank+1(91 — 1) = an; besides Pi(gs — 1) = (0), ant14(92 — 1) = app, n, k € N.

Proof. By Lemma 5, E is an F'G-hypercentral module. Put E, = Q,_1)nrE), n € N.
By Lemma 6 E,(g; — 1) = E, for any n € N. Since E is an essential expansion of the
module A (see, e.g., Proposition 2.20 [10]) £ is a monolithic module. Now it remains to use
Proposition 1. This completes the proof. m

We see that the condition of (g; — 1)-divisibility of every (g, — 1)-layer is a very strong
condition. It ensures the complementation of every (g, — 1)-layer. In turn, presence of such
complementation draws the (g; — 1)-purity of every layer. Consider now the modules with
such condition.

Lemma 7. Let F be a field, G = (g1) X (g2) a free abelian group of rank 2, A a monolithic
Artinian FG-module, A,, = Q(g,-1),(A), n € N. If A is FG-hypercentral and A,, is (g1 — 1)-
pure, then A, = A,_1 ® B, for some F(g)-submodule T,,, n € N.
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Proof. Use the induction by number n. Consider at first As. Let Ty be a maximal F(g;)-
submodule of Ay for which A; NTy = (0). Assume that A; Ty # A,. Since the module A is
FG-hypercentral, there exists an element a € Ay \ (A; @ Ty) such that a(gs — 1) = a1 + b €
Ay @ By, ie. a; € A1, b€ By, If a; € A1(g1 — 1) then a; = ay(g; — 1) for some ay € A;. In
this case (@ —ag)(g1h — 1) =a(gr — 1) —ax(g1 — 1) =a;+b—a; =band a —a; ¢ To & A;.
But then ((a — ag)F & By) N A; = (0) that contradicts to the choice of T5. So, consider now
the case when a; ¢ A;(g; — 1). In particular, it means that A; # A;(g1 — 1). By Lemma 2
Al = CL11F DD CLLkF, a11(91 - 1) = 0, a12(91 - 1) = A11y - -, a1’k<g1 — 1) = a1,k-1- Since
a € Ay \ Ay, we get a(ge — 1) # 0 and a(ge — 1) € Ay, so a(ge — 1) = anjag + -+ + a1 04
for some ay,...,a; € F. We see that 0 = a(gs — 1)(g1 — 1)¥ = a(g1 — 1)*(g2 — 1), s0
a(gr — 1)* € A;. Now we have a(g; — 1)* = ay(g1 — 1)* 1+ b(gy — 1)k L.

Since a; ¢ A;(g; — 1), we obtain a;(g; —1)*~! = ay;7, where y # 0. Hence b(g; — 1
a(gi — DF —apy € Ay, ie. b(gr — 1)t € A;NTy = (0). So, a(gy — 1)* = a;1y. It means
that hag (a11) > k, while hagg(a;1) = kK — 1. We again get a contradiction, which proves
the equality A2 = Al D TQ.

Let now n > 2 and assume that the equality A,, = A,,_1 ® B, has been already proved.
Choose an F(g;)-submodule B, ;1 in the module A, 1, which is maximal among submodules
that have zero intersection with A,,. Assume again that A, ® T,,,1 # A,.1. Since A is F'G-
hypercentral, there exists an element a € A2 \ (4, & T5,41) such that a(gy — 1) = d + ¢,
where d € A,, ¢ € Byy1. If d € A,(g1 — 1), then, like in the previous case, we get a
contradiction. So, assume that d ¢ A,(¢g1 — 1). From what is proved earlier we get a
decomposition A, = B; & --- @ B, where B; = A; and B; is a monolithic F(g;)-module.
Hence d = dy +dy + -+ + d,, d; € B;. Since d ¢ A,(g1 — 1), there exists an index j for
which d; ¢ B;(¢g1 — 1). Let m be a maximal among such indexes, so d,, ¢ B,,(¢g1 — 1), but

Jhl =

A1 = Umt1(g1 — 1), -+, dp = up(g1 — 1) for some elements u; € B;, m+ 1 <i <n.
Consider the element a* = a — U1 — - -+ — Up. Then a*(g1 —1) = a(gr — 1) — wms1(g1 —
)= —uy(gn—1)=d+c—dp1— - —dp=c+di+ -+ dp,.

By Lemma 2 B, = by, 1 F' @ -+ & by, F, moreover, by, 1(g1 — 1) = 0, bpo(gn — 1) =
bnts 5 bmi(g1 — 1) = bpi—1. We see that a*(go — )" ! € A,,, ie. a*(go — 1)"T ! =
b+ - - +by o +v, where v € A,y o € F, 1 <i < k. Hence a*(go—1)""™ (g, —1)* €
Ap—1 but, on the other hand, a*(g2 — 1)* = (c+dy + -+ dp)(g2 — 1) P = (g — 1)1 +
di(go=1)" "+ A dp (92— 1) = c(go— 1) +di (g2 = 1)t dipo1 (g2 — 1)k — 140,15,
where 8 # 0. Since a*(go — 1) 1(g; — 1)* € A,,_1, we get a*(g1 — 1)¥ € A,. Thence we
get that c(g1 —1)*1 € A, NT,1 = (0),ie. c(gg—1)*1=0. Putw = (di+-+dp_1)(g1 —
D)1+ b,,18, then w = a*(g; — 1)¥, i.e. hay,, (w) >k, on the other hand, ha g (w) =k — 1.
We again get a contradiction, which proves the equality A, 1 = A, ® B,i1. m

Theorem 2. Let F be a field, G = (g1) X (go)a free abelian group of rank 2, A a monolithic
Artinian FG-module, A, = Q(g,-1),(A), n € N. If A is FG-hypercentral and A,, is (g1 — 1)-
pure for anyn € N then A, = P/®--- @ P, forn < kand A, =P & - - &P, ®Br.1®---&B,
for n > k, where k is a maximal index, for which Ay(g1 — 1) = Ay, P, = @, oy @inF Is
a Prufer (g, — 1)-module, T; = a; 1 F © --- @ a;5,F, s; € N, is a some submodule of Prufer
(g1 — 1)-module, i.e. a;1(g1 —1) =0, @jni1(91 — 1) = a;n, n € N. Besides, a;,,(g2 — 1) = 0,
aji1n(g2 — 1) = ajy,, j,n € N.

IfA+# A, foranyn € Nand k # oo, then A= P, &P, & - OP. & B 1D - ®B,D---.

Ifn=oo, then A= Py Py@® - Py -
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Proof. The theorem can be proved using Lemma 7 and arguments of the proof of Proposi-
tion 1. O

So, the condition of (g1 — 1)-purity of every (go — 1)-layer also, either as condition of
(g1 — 1)-divisibility of every (g, — 1)-layer draws the complementation of every (g, — 1)-layer.

The structures of such modules can be represented graphically, as one can see on Pictures
1 and 2. On these pictures circumferences are elements of basis of a module as a vector space
over the field F'. The arrow downwards from basis element shows where this element goes
when it is acted by (g2 — 1). The arrow to the left shows where this element goes when it
is acted by (g1 — 1). If arrow does not come out from element in some direction, then this
elements goes to zero.

VoL !
O« O « O « ... « O « ......
! \ { 4
¢ ¢ ¢ ¢ ......
O« O « O «+ ... « O « ......
{ I \ 4
O« O « O « ...« O « ...

Pict.1 (condition of (g — 1)-divisibility of every (go — 1)-layer)

[

O « O « +«~ O

1 4 b

O « O « <~ O

l 4 1

O <« O <« «~ O

! 4 1

O « O « — O « O +« ...
1 4 \ \

¢ ¢ ¢ ¢ ......
O «+ O « — O « O « ...
1 4 \ \

O « O « — O « O +« ...

Pict.2 (condition of (g3 — 1)-purity of every (g2 — 1)-layer)
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