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The lower estimates of the best approximation on [0, 1) of analytic in the unit disk func-
tions with nonnegative Taylor coefficients by the algebraic polynomials with real coefficients is
investigated.

Р. Д. Боднар. Наилучшее приближение на [0, 1) аналитических в единичном круге функ-
ций с неотрицательными тейлоровскими коэффициентами// Математичнi Студiї. – 2000.
– Т.14, №1. – C.85–88.

Исследуются оценки снизу наилучшего приближения на [0, 1) аналитических в еди-
ничном круге функций с неотрицательными тейлоровскими коэффициентами алгебраи-
ческими многочленами с действительными коэффициентами.

Let

f(z) = 1 +
∞∑
k=1

akz
k, ak ≥ 0, (1)

be an analytic in the disk D = {z : |z| < 1} function. For 0 ≤ r < 1 set Mf (r) =
max{|f(z)| : |z| = r} and assume that

0 < ω = lim
r↑1

(1− r)ρ lnMf (r) ≤ lim
r↑1

(1− r)ρ lnMf (r) = τ < +∞, 0 < ρ < +∞, (2)

i. e. f has order ρ, lower type ω and type τ . Let Πn be the class of all algebraic polynomials
of degree at most n with real coefficients and set

λ0,n(f) = inf

{
sup

{∣∣∣∣ 1

f(x)
− 1

p(x)

∣∣∣∣ : 0 ≤ x < 1

}
: p ∈ Πn

}
.

It is proved in [1] that

lim
n→∞

(τρ
n

)ρ/(ρ+1)

ln
1

λ0,n(f)
≥
(

ρ

ρ+ 1

)ρ
ω,
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from which we have lim
n→∞

λ
1/n
0,n (f) ≤ 1. We will show in this paper that

lim
n→∞

λ
1/n
0,n (f) ≥ exp

{
−1

ρ

ωδρ0
τ

√
δ0

δ0 − 1

}
, (3)

where δ0 >
(
τ
ω

)1/ρ ≥ 1 solves the equation

1

ln(
√
δ +
√
δ − 1)

√
δ

δ − 1

(
ωδρ

τ
− 1

)
= 2ρ. (4)

We will get this statement from a more general theorem. First, we need two lemmas.

Lemma 1 [2, p. 231]. Let Pn(x) be any algebraic polynomial of degree at most n. If this
polynomial is bounded by M on an interval [a, b] then at any point t outside this interval we
have

|Pn(t)| ≤M

∣∣∣∣Tn(2t− a− b
b− a

)∣∣∣∣ , (5)

where

Tn(t) =
1

2

{
(t+
√
t2 − 1)n + (t−

√
t2 − 1)n

}
, |t| ≥ 1, (6)

is the Chebyshev polynomial.

For δ > 1, c > 1 and 0 < ε2 < ε < 1 set d(δ) = ω
τ
δρ, dε(δ) = 1−ε

1+ε
d(δ), γ = γ(δ, c) =

2 ln(
√
δ+
√
δ−1)

ln c
and

ϕ = ϕ(δ, c, ε2) =
1

2

({
(1− ε− γ(δ, c))2 + 4(γ(δ, c) + ε2)

}1/2
+ 1− ε− γ(δ, c)

)
.

Lemma 2. If δ, c, ε and ε2 are such that for all r0 ≤ r < 1 the following inequality

f(r1/δ) ≥ f(r)ϕ+γ+ε, (7)

holds then for any ε0 ∈ (0, 1) and all n ≥ n0

λ0,n(f) ≥ (1− ε0)
{

(
√
δ +
√
δ − 1)2n

}−(ϕ+γ)/γ
= (1− ε0)c−n(ϕ+γ). (8)

Proof. Conversly, suppose that there exist ε0 ∈ (0, 1), an increasing sequence (nk) of natural
numbers and a sequence of polynomials Qnk

∈ Πnk
such that

sup

{∣∣∣∣ 1

f(x)
− 1

Qnk
(x)

∣∣∣∣ : x ∈ [0, 1)

}
< (1− ε0)c−nk(ϕ+γ) < c−nk(ϕ+γ). (9)

It follows from (2) that f(r) ↑ +∞ (r ↑ 1) and therefore there exists a sequence (rk) ↑ 1
such that

f(rk) = cϕnk . (10)

We obtain for this sequence (rk) from (9) that

|Qnk
| ≤ f(x)c(ϕ+γ)nk

c(ϕ+γ)nk − f(x)
≤ f(rk)c

(ϕ+γ)nk

c(ϕ+γ)nk − f(rk)
, 0 ≤ x ≤ rk,
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and therefore

max{|Qnk
(x)| : 0 ≤ x ≤ rk} ≤

cϕnk

1− c−γnk
. (11)

If we put now xk = r
1/δ
k then

f(xk) ≥ f(rk)
ϕ+γ+ε = c(ϕ+γ+ε)ϕnk (12)

follows from (7) and (10).
On the other hand, using (5), (6), (11) and the inequality√

r
(1−δ)/δ
k +

√
r
(1−δ)/δ
k − 1 ≤

√
δ +
√
δ − 1, k ≥ k0,

we will get

|Qnk
(xk)| = |Qnk

(r
1/δ
k )| ≤

∣∣∣∣∣Tn
(

2r
1/δ
k − rk
rk

)∣∣∣∣∣ cϕnk

1− c−γnk
≤

≤
(√

r
(1−δ)/δ
k +

√
r
(1−δ)/δ
k − 1

)2nk cϕnk

1− c−γnk
≤ (
√
δ +
√
δ − 1)2nk

cϕnk

1− c−γnk
. (13)

It follows from inequalities (12) and (13) that∣∣∣∣ 1

Qnk
(xk)

− 1

f(xk)

∣∣∣∣ ≥ 1

|Qnk
(xk)|

− 1

f(xk)
≥

≥ 1− c−γnk

(
√
δ +
√
δ − 1)2nkcϕnk

− 1

c(ϕ+γ+ε)ϕnk
=

1

c(ϕ+γ)nk

(
1− 1

cγnk

)
− 1

c(ϕ+γ+ε)ϕnk
=

=
1

c(ϕ+γ)nk

{
1− 1

(
√
δ +
√
δ − 1)2nk

− 1

cε2nk

}
>

1− ε0
c(ϕ+γ)nk

, k ≥ k0,

which contradicts (9). Lemma 2 is proved.

Inequality (3) is a simple corollary of the following theorem.

Theorem. For any ε0 ∈ (0, 1), ε1 ∈ (0, 1), ε > 0, ε2 ∈ (0, ε) and all sufficiently large n the
following inequality holds

λ0,n(f) ≥ (1− ε0)c−n, (14)

where

c = c(ε, ε1, ε2) =

= exp

{
2 min

{
dε1(δ)(dε1(δ)− ε)

(dε1(δ)− 1)(dε1(δ)− ε)− ε2
ln(
√
δ +
√
δ − 1) : dε1(δ) > (1 + ε)

}}
=

= exp

{
1

ρ

√
δ0

δ0 − 1

dε1(δ0)(dε1(δ0)− ε)2

(dε1(δ0)− ε)2 + ε2(2dε1(δ0)− ε)

}
and δ0 is a solution of the equation√

δ/(δ − 1)

ln(
√
δ +
√
δ − 1)

(dε1(δ)− ε){(dε1(δ)− 1)(dε1(δ)− ε)− ε2}
(dε1(δ)− ε)2 + ε2(2dε1(δ)− ε)

= 2ρ. (15)
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Proof. Let dε1(δ) > (1 + ε). It follows from (2) that

(1 + o(1))ω

(1− r)ρ
≤ ln f(r) = lnMf (r) ≤

(1 + o(1))τ

(1− r)ρ
, r ↑ 1,

and, since δ(1− r1/δ) = (1 + o(1))(1− r) as r → 1

ln f(r1/δ) ≥ (1 + o(1))ω

(1− r1/δ)ρ
=

(1 + o(1))ωδρ

(1− r)ρ
≥ (1 + o(1))

ωδρ

τ
ln f(r), r ↑ 1.

Therefore, for all r ∈ [r0(ε1), 1) we have f(r1/δ) ≥ f(r)dε1 (δ), that is (7) holds with ϕ+γ+ε =
dε1(δ) > 1 + ε.

If we now put γ = dε1(δ) − ϕ − ε in the definition of ϕ then we will get the equalities
ϕ = 1− ε−ε2

dε1 (δ)
and γ = dε1(δ)− 1 + ε−ε2

dε1 (δ)
− ε. Therefore by Lemma 2

λ0,n(f) ≥ (1− ε0) exp

{
−2n

ϕ+ γ

γ
ln(
√
δ +
√
δ − 1)

}
=

= (1− ε0) exp

{
−2n

dε1(δ)(dε1(δ)− ε)
(dε1(δ)− 1)(dε1(δ)− ε)− ε2

ln(
√
δ +
√
δ − 1)

}
. (16)

It is easy to show by elementary methods that the function

F (δ) =
dε1(δ)(dε1(δ)− ε)

(dε1(δ)− 1)(dε1(δ)− ε)− ε2
ln(
√
δ +
√
δ − 1)

attains its minimum at the point δ0 which satisfies (15) and

F (δ0) =
dε1(δ0)(dε1(δ0)− ε)2

(dε1(δ0)− ε)2 + ε2(2dε1(δ0)− ε)
1

2ρ

√
δ0

δ0 − 1
.

So (14) follows from (16) and this completes the proof.
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