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The lower estimates of the best approximation on [0,1) of analytic in the unit disk func-
tions with nonnegative Taylor coefficients by the algebraic polynomials with real coefficients is
investigated.
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- T.14, Nel. — C.85-88.

Vcenenyrorest ONEHKH CHU3Y HAMJIydInero npubsimxkenust Ha [0,1) aHaJINTHIECKUX B €/10-
HUYHOM Kpyre (QYHKIUN C HEOTPUIATEIbHBIMEI TEHIOPOBCKUMU KO3 dummenramu aarebpan-
YEeCKUMU MHOTOYUJIEHAME C JeHCTBUTEILHBIMI KOI(MDPUITUCHTAMI.

Let -
flz)=1+ Zakzk, ar > 0, (1)
k=1

be an analytic in the disk D = {z : |z| < 1} function. For 0 < r < 1 set My(r) =
max{|f(z)| : |z| = r} and assume that

0<w=lm(l—r)"InMr) < 11%111(1 —r)’InMs(r) =7 <400, 0<p<+oo, (2)
1l r

i. e. f has order p, lower type w and type 7. Let II,, be the class of all algebraic polynomials
of degree at most n with real coefficients and set
:0§9§<1} :pEHn}.

. Tp\ P/ (1) 1 o\’
tim (22)77 > w,
n—voo \ 10 Aoa(f) ~ \p+1
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Moa(f) = inf {S“p {‘ﬁ) p(lx)

It is proved in [1] that
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from which we have lim Aé{: (f) < 1. We will show in this paper that

n—oo

7]
mg%fuvze@{—lﬂﬁ % }, (3)

n—r00 p T (50—1

where 9§y > (5)1/p > 1 solves the equation

In(v/3 +1\/H) \/Z (wfp N 1) =2 (4)

We will get this statement from a more general theorem. First, we need two lemmas.

Lemma 1 [2, p. 231]. Let P,(x) be any algebraic polynomial of degree at most n. If this
polynomial is bounded by M on an interval |a,b] then at any point t outside this interval we

have
(522

1
Lty = 5 { ¢+ VE=T" + ¢ = VE=T) ), = (6)
is the Chebyshev polynomial.

For § > 1, ¢>1and 0 < ey < & < 1set d(§) = £6°, de(6) = 172d(6), v = 7(d,¢) =

1+¢
2In(v/3+5-1) and

Inc

|P(t)] < M

where

o =@(0,c,e9) = % ({(1 —e—7(8,¢)* +4(v(6,¢c) + 62)}1/2 +1—¢e—7(, c)) )

Lemma 2. If§, ¢, € and €y are such that for all ro < r < 1 the following inequality
Fr%) = fr)ete, (7)
holds then for any ¢y € (0,1) and all n > ng

—(p+7) /v

Xon(f) > (1 —¢p) {(\/S+ \/H)Q”}

= (1 — go)c# ), 8)

Proof. Conversly, suppose that there exist €y € (0, 1), an increasing sequence (ny) of natural
numbers and a sequence of polynomials @, € II,, such that

“pﬂfé»‘@;@>

It follows from (2) that f(r) T 400 (r 1 1) and therefore there exists a sequence (ry) 11
such that

cx €0, 1)} < (1 —gp)e ) < mmrletn), 9)

f(rg) = . (10)
We obtain for this sequence (1) from (9) that
(p+7)n (p+7)n
Qu| < AT JReTT
k cletNme — f(x) = cletNme — f(ry)
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and therefore

Cwnk
1/6
If we put now z;, =,/ then
f(fk) > f(rk)“"ﬂ“ — cletrte)enk (12)

follows from (7) and (10).
On the other hand, using (5), (6), (11) and the inequality

\/T]gl_a)/a + \/r]il—a)/a —1<VE+ V=1, k> k,

<27’1/(S k)
(VT ) L e S

It follows from inequalities (12) and (13) that

we will get

CSonk

|Qu (1)) = |Quy ()] <

1 —c7me —

‘ 1 1 S 1 1 S

Que(zr)  flaw) |~ |Qu ()| flag) —
S 1— ¢ 1 B 1 ] 1 1 B
= (\/_+ \/—)2nkcg0nk Ccletrteene et ook ) eletrte)en

k?ka

1 X 1 1 1— &
clet7)nk N (\/3 + \/m)znk o = cle+r)ng’
which contradicts (9). Lemma 2 is proved. O

Inequality (3) is a simple corollary of the following theorem.

Theorem. For any ey € (0,1), &1 € (0,1), € > 0, 2 € (0,¢) and all sufficiently large n the
following inequality holds

Aow(f) = (L —e0)c™, (14)

where

c=c(ee1,e) =

oy A0 )0 - N
- p{2 {< OB GEDEE AR ”'dﬂ“b“”}}

" de, (90) (de, () — ©)
_eXp{p 5 — 1(dz, <5o>—s>2+s2<2dgl<6o>—s>}

and ¢y is a solution of the equation

0/(0=1) (d:,(9) —¢)
ln(\/g + \/5——1) (d€1 (5

(40 - V)= 0)er)

(
TR T 52, (0) —2) (15)
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Proof. Let d.,(§) > (1 +¢). It follows from (2) that

(14 o0(1))w B (14 0(1))7
w <Inf(r) =InM;(r) < W, rT1,
and, since d(1 — r'/%) = (1 +o(1))(1 —7) as r — 1
In f(r!/7) > %tiﬁ%f _t (+10_(12)):U(5ﬂ > (1 +o(1))w7&)1nf(7“), rtl

Therefore, for all 7 € [ro(e1),1) we have f(r'/%) > f(r)%1©) that is (7) holds with @ +~y+e =
d.,(0) >1+e.
If we now put v = d.,(0) — ¢ — € in the definition of ¢ then we will get the equalities

p=1-— d:fg) and v =d., (0) — 1+ ﬁ — . Therefore by Lemma 2

Non(f) > (1= co) exp {—zn*pj T (5 + w-—n} _

— (1 —&o) exp {_2n(dsl (56§el_(51)>((d;;((55))—_ i)) — In(v6 + V6 — 1)} . (16)

It is easy to show by elementary methods that the function

4 O)da0) o)
FO = @ oD@ =g =5 VoY1)

attains its minimum at the point dy which satisfies (15) and

_ dEl (50)(d51 ((50> - 5)2 1 50
FO) = G = s 0t G = 2oV B =T

So (14) follows from (16) and this completes the proof. O
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