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We study conditions on constant coefficients of the differential equation

220" + (Bo2® + Biz)w’ + (702° + 712 + y2)w = 0,

under which an entire solution f of this equation and all its derivatives f’, f”,... are close-to-
convex in the unit disk.
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Uccmemytores ycioBust Ha TOCTOAHHBIE KO3 dunmenTs! 1uddepeHnaibHOro ypaBHEHUsT

2w + (Bo2® + frz)w’ + (102% + 1z +)w =0,

IIPH BBIIOJIHEHAW KOTOPBIX IEeJIoe PelIeHne f 3TOro ypaBHEHUS W Bee ero npoussomubie [/, f/)
. .. IBJIATOTCS OJIN3KUMU K BBIOYKJIBIM B €IMHUYHOM KPYTe€.

An analytic univalent in D = {z : |z| < 1} function
f(2) =) faz" (1)
n=0

is said be convex if f(ID) is a convex domain. The function f is said be close-to-convex in D

P12 5 0 (2 € D). Every close-to-convex

if there exists a convex in D function ® such that Re 70)

in D function is univalent in D and therefore f; # 0.
S. M. Shah [1] investigated conditions on constant coefficients of the differential equation

2w" + (Bo2? + Br2)w’ + (102 + 1z + y2)w = 0, (2)

under which an entire solution f of this equation and all its derivatives f’, f”,... are close-
to-convex in D.
It is easy to show that f is a solution of (2) if and only if

Yofo =0, (Bi+72)fi +1fo=0 (3)
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and
(n(n+ 81— 1) +7) fu+ (Bo(n —1) + 1) facr + Y0 fa2=0 (n>2). (4)
If n(n+ By — 1) + 72 # 0 then the latter equalities can be rewritten in the form
n—1)+
fom ULy N 22 ()

nn+p —1)+5%""" nn+p—1)+7
If 49 = 0 then (5) implies

Bo(n— 1) +71
nn+p —1) + 7

fn:_ fn—l (TLZQ) (6)

Using recurrent formula (6), S. M. Shah [1] proved that under some conditions on other
coefficients of equation (2) there exists an entire solution f of (2) such that f, f’, f”,... are
close-to-convex in D and In M,(r) = (14 o(1))|Bo|r (r — o0), where M (r) = max{|f(z)| :

|2 =r}.
More complicated case when vy # 0 is considered in [2|, where the following theorem is
proved.

Theorem 0. Suppose that the coefficients of differential equation (2) satisfy one of the
following conditions:

1) Bo==1,81=7n1=7%=0,-1<v%<0;

2) Bo=—1, 51 >0, —66:3%1 < <0, =01 <1 < =B1/2, vo = —Pu;

3) =1 < By <0, =2(1+08) <81 <0, Bo <7 <0, =(1+51/2+ o) <71 <0, 72 =—04;
4) =1 <5y <0, B >0, —66j3%1 < <0, =(14+p1/2+5) <11 <0, 72 =—p1.

Then there exists an entire solution

a(z) =2+ Y ap2" (7)

of (2) such that a,a’,d”, ... are close-to-convex in D and
1+o0(1
m 21, = S g RP IR o e )
We remark that every condition 1)-4) implies v, = —f; and 1 > —2. Here we consider
the case f; = —2 and find a solution of (2) in the following form
2 =
a(z):z—l—;%—;anz. 9)

Then from (4) with n = 2 it follows that 5y + 71 = 0 and we can rewrite formula (5) in the
following form
Bo o

n — n—1 — n— Z 3 10
v e T e Y 1o
Theorem 1. Suppose that [ = —7y, = —2, —% < By =—71 <0 and gﬁo <7 < 0. Then
there exists an entire solution (9) of (2) such that a,a’,a”, ... are close-to-convex in D and

(8) holds.
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For the proof of Theorem 1 we need two lemmas.

Lemma 1 [3, p. 9]. If coefficients of an analytic in D function (7) satisfy the condition
1>2ay>3a3>--->na, > (n+1)ay > >0, (11)

then a is close-to-convex in D.

Lemma 2 [2]. Ifap =0, a; = 1 and a,11 = & + Npan_1 (n > 1), where &,, n,, > 0(n > 1)

and 3 1 1
n n
1>25 > =&+3np > > En T
2 n n—1

Mp > -+ >0, (12)

then (11) holds.
First, we prove the close-to-convexity of function (9). We put & = 1/2, 7 = 1 and

sl el

From (10) we have a,y1 = &,an + Mpan—1(n > 1). Since 1 > 2¢, %& + 3, =
= 2(|Bo| + 2|70|) < 1 =2 and the sequence

n+1 n+1 _n+1 n-+1

n n T N\9 >27
St |50|+n(n_1)2|70| nz=

n2

is decreasing, all inequalities (12) hold. By Lemmas 1 and 2 function (9) is close-to-convex.
Now, let £ > 1. Since

) on (n +k)!
a®() =Y oz, al =TI (14)
n=0
and apy1 = &pan + Muap—1(n > 1), where &, and 7, are defined by (13), i.e.
Opyk = (n+!k:)!a£‘k) and api146 = Entklntk + Tnak@n_14x (1 > 0), we have
W _ (n+1+k) n! (k) (n—1)! (k) _
Gt = T\ R T S gyl ke
_ntltr, wa® > 1 15
n+ 1 5 +kQy, n(n+ 1) Tn+kQyp 1 n ( )

But a%k) > 0(k > 1,n > 0). Therefore, the function a® is close-to-convex if and only if

the function

(k)( )_ (k) s

a(z) —ay’ N

NOEEE R BUNE
1 n=2

is close-to-convex, where ag =0, a1, =1, app = a%k)/agk) (n > 2).
From (13) and (15) we obtain a,11x = £nk@nk + M k@n-1k, Where

: _n+1+l<:g _ (n+1+k)|B]
PR TP i D)+ k)
(n+1+k)(n+k) (1 +E) |l

nn+1) T ar Dt k—1)

ik =
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Thus, by Lemma 2 we need to prove the following inequalities

3 n+1 n—+1
1>26, > §£Q,k + 310 =00 2> Tfnk —

Since |8y < 2, we have |By| < &L for all & > 1 and 2¢,,, = EE2Dl < 1 k> 1.

3 k+2 k+1 —
Further, since |yo| < 5|50|/6,
3 (E+3)1Bol | (k+3)[l _ (k+3)[Bol (1 5
i 31 = < <
RS FIRE T T T N0 T) S ah+2) \k+2  6k+ 1)

k+2
=9 > 1.
_k+1\50\ Sk, k>

Finally, the sequence

TL+‘1 TL+‘1 n—%k3+>1 ( |ﬁ%| |70| )

— Ik = n n+k (n—1)(Mn+k-1)

is decreasing for n > 2. Therefore, inequalities (16) hold and thus a'® is close-to-convex.
Now we prove (8). We put «a,, = (naff)zn. Since

5ol 70l

n= n— n—z Z 37
R R (S VT R
we have X
Oé_ = ’BO, + ”YolOén,l’ n > 3. (17)
We denote o, = lim «,, o* = lim a,. Then from (17) we obtain - = |Gy| + |yo|a* and
n—o00 n—o0 *
L = |Bo| + |v0|as. Hence
! ol ! ol
= ol o )
: [Bol + olex” o [Bol + ol

i. e. a, and o* are solutions of the equation |yo|z? + |By|x — 1 = 0. The equation have the
solutions of various signs and a, > 0, a* > 0. Therefore,

o — o=V B0l + 4|v0| — | Bol _ 2
2|70l VBol? + 4| + 1Bl

We put o = 2(1/]60]> + 4|70 + |50]). Then % — o0 (n — 00), whence a, = %%2qq,_;,
where d,, — 0 (n — o0). Hence

n— n—l

(1 +en)",

H (1+96;)
j=2
where

—exp{ Z (1+9;) }—1—>O, n — oo.

=2

Since the coefficients of (8) are positive,

M():()—r—l—— 1+¢e,)",

whence In M,(r) = (1 +o(1))or (r — +00). The proof of Theorem 1 is complete.
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