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For a subharmonic function u on a star domain the notion of its conjugate is introduced. It
is shown that in the case u = log |f |, f is holomorphic, the conjugate of u is a branch of Arg f .
Some properties of the conjugate and its representations are established. As an example, the
growth of square means of Green potentials and their conjugates is studied.

А. А. Кондратюк, Я. В. Васылькив. Сопряжение субгармонической функции // Матема-
тичнi Студiї. – 2000. – Т.13, №2. – C.173–180.

Введено понятие сопряжения для субгармонической в звездной области функции u.
Показано, что в случае u = log |f |, f голоморфна, сопряжение u является ветвью Arg f .
Установлены представления и некоторые свойства сопряжения. В качестве примера ис-
следуется рост средних квадратических потенциала Грина и их сопряжений.

1. Introduction. Definition

For z ∈ C, a 6= 0 we set

log
(

1− z

a

)
=


∫ z

0

dζ

ζ − a
, z 6= ta, t ≥ 1

log
∣∣∣1− z

a

∣∣∣ , z = ta, t ≥ 1.

A set G in C is called a star set if z ∈ G implies [0, z] ⊂ G, where [0, z] is the interval in C.

By
◦

E the interior of a set E is denoted.

Let u be a subharmonic function on a domain G. By the Riesz theorem [1, p. 123] for

each compact subset K of G,
◦

K 6= ∅, and for each point z ∈
◦

K we have

u(z) = hK(z) +

∫
K

log
∣∣∣1− z

a

∣∣∣ dµa,
where the function hK is harmonic on

◦

K, µ is the Riesz measure of u.
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Definition 1. Let G be a star domain in C, u a subharmonic function on G, u(0) = 0,
0 /∈ suppµ. The conjugate ŭ of u on G is defined by the relation

u(z) + iŭ(z) = hK(z) + ih̃K(z) +

∫
K

log
(

1− z

a

)
dµa,

where K is a compact subset of G with star interior, z ∈
◦

K, h̃K is the harmonic conjugate

of hK on
◦

K, h̃K(0) = 0.

The function

ψz(a) = Im log
(

1− z

a

)
=

− arctan
|z|2 − Re(zā)

Im(zā)
− arctan

Re(zā)

Im(zā)
, zā /∈ R,

0, zā ∈ R,

is bounded and µ-integrable on K. Consequently, ŭ(z) exists.
The following lemma shows that the conjugate ŭ of u is independent of the choice of K.

Lemma 1. Let K1, K2 be a couple of compact subset in a star domain G with star interiors
and let

Fj(z) = hKj
(z) + ih̃Kj

(z) +

∫
Kj

log
(

1− z

a

)
dµa, j = 1, 2,

hKj
is a harmonic function on

◦

Kj, hKj
(0) = 0, h̃Kj

its harmonic conjugate on
◦

Kj, h̃Kj
(0) = 0,

µ a Borel measure on G. If ReF1 = ReF2 on
◦

K1 ∩
◦

K2 then F1 = F2 on
◦

K1 ∩
◦

K2.

Proof. We have

F1(z)− F2(z) = f(z) +

∫
K1\K2

log
(

1− z

a

)
dµa −

∫
K2\K1

log
(

1− z

a

)
dµa, (1)

where f is a holomorphic function on
◦

K1 ∩
◦

K2, f(0) = 0. Both the integrals in (1) are also

holomorphic functions on
◦

K1 ∩
◦

K2. Since Re(F1−F2) = 0 on
◦

K1 ∩
◦

K2, F1(0) = F2(0) = 0,

we obtain F1 = F2 on
◦

K1 ∩
◦

K2.

2. Representations

Theorem 1. Let G be a star domain in C, f a holomorphic function on G, f(0) = 1, and
Z the set of their zeros in G, u = log |f |. Then

u(z) + iŭ(z) =

∫ z

0

f ′(ζ)

f(ζ)
dζ, z 6= ta, t ≥ 1, a ∈ Z.

Proof. For a compact subset K of G with star interior we set

FK(z) = f(z)
/∏

j

(
1− z

aj

)
, aj ∈ K ∩ Z.
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The function FK(z) is holomorphic in G and FK(z) 6= 0 in K, FK(0) = 1. Then FK(z) =

exp gK(z) on
◦

K, where gK = hK + ih̃K is holomorphic in
◦

K, gK(0) = 0. Then

u(z) = log |f(z)| = hK(z) +
∑
j

log

∣∣∣∣1− z

aj

∣∣∣∣ , z ∈
◦

K, aj ∈ K ∩ Z.

For z ∈
◦

K we have∫ z

0

f ′(ζ)

f(ζ)
dζ = gK(z) +

∑
j

∫ z

0

dζ

ζ − aj
= hK(z) + ih̃K(z) +

∑
j

log

(
1− z

aj

)
=

= u(z) + iŭ(z), z 6= taj, t ≥ 1, aj ∈ K ∩ Z.

In the sequel G = DR0 = {z : |z| < R0}, R0 ≤ +∞, T = {ζ : |ζ| = 1}, dm(ζ) =
dζ/(2πiζ), ζ ∈ T. We set

log
R2(a− z)

a(R2 − āz)
= log

(
1− z

a

)
− log

(
1− āz

R2

)
.

Theorem 2 (Generalized Schwarz formula). Let u be a subharmonic function on DR0 ,
u(0) = 0, 0 /∈ suppµ, 0 < R < R0. Then for z ∈ DR

u(z) + iŭ(z) =

∫
T
u(Rζ)

Rζ + z

Rζ − z
dm(ζ) +

∫
|a|≤R

log
R2(a− z)

a(R2 − āz)
dµa +

∫
|a|≤R

log
|a|
R
dµa. (2)

Proof. The function

gR(z) =

∫
T
u(Rζ)

Rζ + z

Rζ − z
dm(ζ)−

∫
|a|≤R

log
(

1− āz

R2

)
dµa +

∫
|a|≤R

log
|a|
R
dµa (3)

is holomorphic in DR, gR(0) = 0.
It follows from Poisson-Jensen formula [1, p. 139] that

u(z) = hR(z) +

∫
|a|≤R

log
∣∣∣1− z

a

∣∣∣ dµa,
where hR(z) = Re gR(z). Then

u(z) + iŭ(z) = gR(z) +

∫
|a|≤R

log
(

1− z

a

)
dµa, z ∈ DR. (4)

From (3) and (4) we get (2).

Let Pr(w) be the Poisson kernel, Pr(w) = Re [(r + w)(r − w)−1] , µ a Borel measure on
DR0 , 0 /∈ suppµ, N(r) =

∫ r
0
µ(DR0)/t dt.
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Definition 2. The function

p(z) =

∫ |z|
0

dt

t

∫
|a|≤t

P|z|

(
t
āz

|az|

)
dµa, |z| < R0,

is called the distribution function of µ.

Since p(z) ≥ 0 and
∫
T P|z|(tζ)dm(ζ) = 1, 0 < t < |z|, the Fubini theorem implies that

for arbitrary R ∈ (0, R0) we have∫
T
p(rζ)dm(ζ) =

∫ r

0

dt

t

∫
|a|≤t

dµa

∫
T
P|z|

(
tζ
ā

|a|

)
dm(ζ) = N(r) < +∞,

where N(r) =
∫ r
0
µ({|a| ≤ t})t−1dt. Hence, the function p(z) is bounded a. e. on DR0 and

for arbitrary r ∈ (0, R0) the function p(rζ), ζ ∈ T, belongs to L1(T).

We denote the linear operator of conjugation [2, p. 108] in L1(T) by∼. For a subharmonic
in DR0 function u we put F = u+ iŭ.

Theorem 3. Let u be a subharmonic function on DR0 , u(0) = 0, 0 /∈ suppµ, q ∈ [1,+∞).
Then

(a) for arbitrary r ∈ (0, R0) the function F (rζ), ζ ∈ T, belongs to Lq(T);

(b) for arbitrary r ∈ (0, R0)

ŭ(rζ) = ũ(rζ)− p̃(rζ) a. e. (5)

Let k ∈ Z, 0 < r < R0,

lk(r) =

∫
T
F (rζ)ζ̄k dm(ζ), nk(r) =

∫
|a|≤r

(ā/|a|)k dµa, n(r) = n0(r).

Since 0 /∈ suppµ, we may write

F (z) =
∑
k∈N

γkz
k, γk =

1

k!

dk

dzk
F (z)

∣∣∣
z=0

, k ∈ N. (6)

in some neighbourhood of the origin.

We will need the following lemma.

Lemma 2. Let u be a subharmonic function on DR0 , u(0) = 0, 0 /∈ suppµ, 0 < r < R0.
Then

l0(r) = N(r); (7)

lk(r) = γkr
k + rk

∫ r

0

t−k−1nk(t) dt, k ∈ N; (7′)

l−k(r) = r−k
∫ r

0

tk−1n−k(t) dt, k ∈ N. (7′′)
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Proof. We may write (4) in the form

F (z) = gR(z) +

∫
|a|≤r

log
(

1− z

a

)
dµa +

∫
r<|a|≤R

log
(

1− z

a

)
dµa. (8)

If z = rζ, ζ ∈ T, then the Fourier series of the last summand in (8), as a function of ζ,
does not contain the terms with ζ̄k, k ∈ N. Since∫

T
log

(
1− rζ

a

)
ζkdm(ζ) =

∫ |a|
0

dt

∫
T

ζk+1

tζ − a
dm(ζ)+

+

∫ r

|a|
dt

∫
T

ζk+1

tζ − a
dm(ζ) =

{
log(r/|a|), k = 0;

k−1
[
(a/|a|)k − (a/r)k

]
, k ∈ N,

we get

l0(r) =

∫
|a|≤r

log
r

|a|
dµa, (9)

l−k(r) =
1

k
n−k(r)−

1

k

∫
|a|≤r

(a
r

)k
dµa, k ∈ N. (10)

Integrating by parts we obtain (7) and (7′′).
We next observe that u = (F + F )/2,

Rζ + z

Rζ − z
= 1 +

2z

Rζ − z
.

Then (2) and (6) imply

γkr
k =

( r
R

)k{
lk(R) + l̄−k(R) +

1

k

∫
|a|≤R

[( ā
R

)k
−
(
R

a

)k]
dµa

}
, k ∈ N.

Using (9), where r is replaced by R, we find

lk(R) = γkR
k +

1

k

∫
|a|≤R

(
R

a

)k
dµa −

nk(R)

k
, k ∈ N.

Integrating by parts we get (7′).

Proof of Theorem 3. Let r ∈ (0, R0),

T (r) =

∫
T
u+(rζ) dm(ζ), u+ = max(u, 0),

ck(r) =

∫
T
u(rζ)ζ̄kdm(ζ), k ∈ Z.

Since u = ReF , we have

lk(r) = 2ck(r)− l̄−k(r) = 2ck(r)−
∫ r

0

(
t

r

)k
nk(t)

t
dt, k ∈ N.
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Using the identity |u| = 2u+ − u and (7) we conclude that

|lk(r)| ≤ 2

∫
T
|u(rζ)|dm(ζ) +N(r) ≤ 4T (r), k ∈ N.

If k
√
kr < R < R0, (7′) implies

lk(r) =
lk(

k
√
kr)

k
− rk

∫ k√
kr

r

nk(t)

tk+1
dt.

Consequently

|lk(r)| ≤
4T (R) + n(R)

k
,

k
√
kr < R < R0.

From (7′′) it follows that

|l−k(r)| ≤
∫ r

0

(
t

r

)k
n(t)

t
dt ≤ n(r)

k
, k ∈ N.

Applying the Hausdorff-Young theorem, we obtain statement (a) of Theorem 3.
Now we proceed to obtain representation (5). A routine verification shows that

p(rζ) =
∑
k∈Z

(∫ r

0

(
t

r

)|k|
nk(t)

t
dt

)
ζk, 0 < r < R0, ζ ∈ T.

For fixed r, (5) may be written in the form

2p̃ = (F + F )˜ + i(F − F ). (11)

By properties of the operator ∼ ( see [2, p. 112]), (10) is equivalent to

−2isgn k

(∫ r

0

(
t

r

)|k|
nk(t)

t
dt

)
= −isgn k

(
lk(r) + l̄−k(r)

)
+ i
(
lk(r)− l̄−k(r)

)
,

k 6= 0, where sgn k = k/|k|. We obtain this from (7′′).

3. Growth of square means of Green potentials and their conjugates

Let µ be a Borel measure in D = D1 such that 0 /∈ suppµ,∫
D

(1− |a|) dµa < +∞.

By Gµ(z) we denote the Green potential of µ,

Gµ(z) =

∫
D

log

∣∣∣∣ a− z1− az

∣∣∣∣ dµa, z ∈ D,

n(r) = µ
(
Dr

)
, 0 < r < 1.
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The function Gµ(z) is subharmonic on D. We denote u(z) = Gµ(z)−Gµ(0), F = u+ iŭ,

m2(r, F ) =

{∫
T
|F (rζ)|2 dm(ζ)

}1/2

, 0 < r < 1.

If µ =
∑

j∈N δaj , where δa is the Dirac measure concentrated at a point a, then Gµ = log |B|,
where B is the Blaschke product.

The problem of the boundedness of m2(r, log |B|) was posed by A. Zygmund (see in [3]).
It was shown by G. MacLane and L. Rubel [3] that the condition

n(r) = O

(
1√

1− r

)
, r → 1, (12)

is sufficient for boundedness of m2(r, log |B|). If the zeros of B are positive and

m2(r, log |B|) = O(1), t→ 1,

then (11) is fulfilled [3].
It was observed [4, 5] that condition (11) is not sufficient for the boundedness of m2(r, ŭ)

in the case u = log |B|. In this context we are going to prove the following theorem.

Theorem 4. Let u(z) = Gµ(z)−Gµ(0), F = u+ iŭ. If∫ 1

0

n(t)√
1− t

dt

t
< +∞, (13)

then
m2(r, F ) = O(1), r → 1. (14)

Proof. From representation (5) we obtain

m2
2(r, F ) = m2

2(r, u) +m2
2(r, ũ− p̃).

Using the Parseval identity and the Minkowski inequality we have

m2(r, F ) ≤ 2m2(r, u) +m2(r, p). (15)

As in [6] we find

m2(r, u) ≤ C1√
1− r

∫ 1

r

n(t)

t
dt+ C2 (16)

for r ∈ (0, 1) and for some positive constants C1, C2.
We now obtain an estimate of m2(r, p). Putting t = rx and applying twice the Minkowski

integral inequality we obtain

m2(r, p) =

{∫
T

(∫ r

0

dt

t

∫
|a|≤t

Pr

(
tζ
ā

|a|

)
dµa

)2

dm(ζ)

}1/2

≤

≤
∫ 1

0

dx

x

∫
|a|≤rx

{∫
T
P 2
1

(
xζ

ā

|a|

)
dm(ζ)

}1/2

dµa.
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Since {∫
T
P 2
1 (tζ)dm(ζ)

}1/2

= O

(
1√

1− t

)
, t→ 1,

we find

m2(r, p) ≤ C

∫ 1

0

n(rt)√
1− t

dt

t
, 0 < r < 1, C = const. (17)

Thus, from (12), ∫ 1

r

n(τ)√
1− τ

dτ

τ
= o(1), r → 1.

Since ∫ 1

r

n(τ)√
1− τ

dτ

τ
≥ 1√

1− r

∫ 1

r

n(τ)

τ
dτ,

from (14),(15) and (16) we obtain (13).
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