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For a subharmonic function u on a star domain the notion of its conjugate is introduced. It
is shown that in the case u = log |f|, f is holomorphic, the conjugate of u is a branch of Arg f.
Some properties of the conjugate and its representations are established. As an example, the
growth of square means of Green potentials and their conjugates is studied.
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trani Cryail. — 2000. — T.13, Ne2. — C.173-180.

Beeneno nonsitue conpsikeHusi Jjisi CyOrapMOHUYIECKON B 3Be31HOM 00JacTU (DYHKIUH .
Iokazamno, aro B ciaydae u = log|f|, f romomopdua, conpszkenue u sBisiercs Bersbio Arg f.
VcTaHOBJIEHB! IIPEICTABIIEHNs] 1 HEKOTOPBIE CBOMCTBA COIpsi)KeHHsA. B KadecTBe mpumepa McC-
CJIeJyeTCsl POCT CPEeIHAX KBaJPATHIeCKUX MoTeHnnasa ['prHa n uX COmpsizKeHuil.

1. INTRODUCTION. DEFINITION

For z € C, a # 0 we set

z#ta, t>1
1og<1—— = C

log‘l—— , z=ta, t > 1.

A set G in C is called a star set if z € G implies [0, z] C G, where [0, 2] is the interval in C.

By E the interior of a set E is denoted.
Let u be a subharmonic function on a domain G. By the Riesz theorem [1, p. 123] for

each compact subset K of G, K # &, and for each point z € K we have
z
u(z) = huc(z) + [ Tog[1 = 2| dya
K a

o
where the function hx is harmonic on K, p is the Riesz measure of w.
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Definition 1. Let G be a star domain in C, u a subharmonic function on G, u(0) = 0,
0 ¢ supp p. The conjugate u of u on G is defined by the relation

w(2) + () = hie(2) + ihg(2) + /K log (1 - 2) djta,

where K is a compact subset of G with star interior, z € K , EK is the harmonic conjugate
of hig on K, hg(0) =0.

The function

2|2 — Re(za) Re(za)  _
z — arctan —————— — arctan —, za ¢ R,
¥, (a) = Imlog <1 - a) = Im(za) Im(za)

0, za € R,

is bounded and p-integrable on K. Consequently, (z) exists.
The following lemma shows that the conjugate @ of u is independent of the choice of K.

Lemma 1. Let K, Ky be a couple of compact subset in a star domain GG with star interiors
and let

Fy(2) = huc (=) + b (=) + /

log (1 _ 3) ditg, j=1,2,
K;j a

hg; is a harmonic function on [O(J, hi;(0) =0, hK its harmonic conjugate on K], hK (0) =0,

1 a Borel measure on G. If Re Iy = Re F, on Kl ﬂKg then F} = F5 on Kl ﬂKg

Proof. We have

R() = ) = £G)+ [ e (1= 7)o / (i e

where f is a holomorphic function on K1 N Ka, f (0) = 0. Both the integrals in (1) are also
holomorphic functions on Kl N K2 Since Re(F; — F) =0 on [o(l N [0(2, F(0) = F»5,(0) =0,
we obtain I} = F5 on K1 N K2 O

2. REPRESENTATIONS

Theorem 1. Let G be a star domain in C, f a holomorphic function on G, f(0) =1, and
Z the set of their zeros in G, u =log|f|. Then

o P9 .
u(z)—l—zu(z)—/o f(od(’, #ta, t>1, €Z.

Proof. For a compact subset K of G with star interior we set

Z)/H(l_ai]-)’ a; e KNZ.
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The function FK( ) is holomorphic in G and Fk(z) # 0 in K, Fx(0) = 1. Then Fk(z) =
exp gk (z) on K where g = hi + th is holomorphic in K gi(0) = 0. Then

u(z) =log|f(2) +Zlog , z2€K, ¢, €KNZ.

For z € K we have

tof/(%) +Z/ C—aj_hK ) + ihg (2 +Zlog(1—_):

u(z) +iu(z), z#ta;, t>1,a, € KNZ.

O

In the sequel G = Dg, = {2 : |2| < Ry}, Ry < +oo, T = {C : [(| = 1}, dm(¢) =
d¢/(2mi¢), ¢ € T. We set

log%:bg(l—g) —log<1—@>.

Theorem 2 (Generalized Schwarz formula). Let u be a subharmonic function on Dg,,
u(0) =0, 0 ¢ suppp, 0 < R < Ry. Then for z € Dg

o RC+ 2 R*(a — 2) |al
u(z) +iu(z) = /TU(RC) Re de(C) + /aERlog mdua + /|a§R log ﬁdua. (2)

Proof. The function

B R+ = B _az la|
o) = [ wr g im(@) = [ s (1)t [ g T )

is holomorphic in Dg, gr(0) = 0.
It follows from Poisson-Jensen formula [1, p. 139] that

()= ba(@)+ [ gt = 2| du,
la|<R a
where hr(z) = Regr(z). Then

u(z) +ia(2) = gal2) + [

log (1 - 5) dia, 2 € Dp. (4)
la|<R a
From (3) and (4) we get (2). O

Let P.(w) be the Poisson kernel, P,(w) = Re[(r +w)(r — w)~!], u a Borel measure on
Dp,, 0 ¢ supp p, N(r) = [ 1(Dg,) /tdt
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Definition 2. The function

|2| dt a
:/ —/ P|z| (t£> dﬂa; ’Z| < Ro,
o U Jja<e |laz|

is called the distribution function of .

Since p(z) > 0 and [, P./(t¢)dm(¢) = 1, 0 < t < |2/, the Fubini theorem implies that
for arbitrary R € (0, Ry) we have

[~ [% . () 0 -1 <

where N(r) = [ u({|a] < t})t*dt. Hence, the function p(z) is bounded a. e. on Dp, and
for arbltrary r € (0, Ry) the function p(r¢), ¢ € T, belongs to L*(T).

We denote the linear operator of conjugation [2, p. 108] in L!(T) by ~. For a subharmonic
in Dg, function v we put £ = u + 1.

Theorem 3. Let u be a subharmonic function on Dg,, u(0) =0, 0 ¢ supp u, ¢ € [1,+00).
Then

(a) for arbitrary r € (0, Ry) the function F(r(), ¢ € T, belongs to L4(T);
(b) for arbitrary r € (0, Ry)

i(r¢) =u(r¢) = p(r¢) a.e. (5)
Let k € Z, 0 <r < Ry,

L(r) = / F(rO) dm(C), mulr) = /| (@) e, nfr) = o)

Since 0 € supp 4, we may write

. 1 dh
Z>:Zf}/kzu Ve = l{?'d kF()
keN

in some neighbourhood of the origin.
We will need the following lemma.

Lemma 2. Let u be a subharmonic function on Dg,, u(0) =0, 0 ¢ suppu, 0 < r < Rj.
Then

lo(r) = N(r); (7)
L(r) =yt + rk/ T Ing(t) dt, keN; (7"

l_(r)= T_k/ t*In_p(t)dt, keN. (7"
0
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Proof. We may write (4) in the form

F(z) =gr(z) + ngr log (1 - 2) dp, + /<a|§Rlog (1 - 2) djig.

T

177

(8)

If z=1r(, ( €T, then the Fourier series of the last summand in (8), as a function of ¢,

does not contain the terms with ¢*, k& € N. Since
kg |al Ck+1
1 1—= dt
/ e ( ) o / / i—a’

¢ log(r/|al), k=0,
“f o {k [(@/la)" = (/)] KeN,

we get

Integrating by parts we obtain (7) and (7”).
We next observe that u = (F' + F)/2,

RC+Z_1 2z

R¢ -z +RC—2'

Then (2) and (6) imply

ot = () {ums tam [ () - (5) Jow e

Using (9), where r is replaced by R, we find

1 R\"* ny(R)
I(R) = R’“+—/ (—)da——, k e N.
k() =Yk £ Juen\a I .

Integrating by parts we get (7').
Proof of Theorem 3. Let r € (0, Ry),

T(r)= /Tu+(ro dm(¢), u' = max(u,0),
cp(r) = /Tu(rC)dem(C), ke Z.

Since u = Re F', we have

(1) = 204(r) — L(r) = 2ex(r) — /0 ' (f)k”'f(%, FeN.

(10)
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Using the identity |u| = 2u™ — u and (7) we conclude that
W) <2 [ fulrQ)ldm(Q) + N(r) < 4T(r), kEN
T
If Vkr < R < Ry, (7') implies

uWM_ﬁ/%m@ﬁ

Wlr) = = ey

Consequently
AT(R) +n(R)

2 ) WT<R<R0.

k()] <

From (7”) it follows that

|l_k(r)|§/0T (f)k@dtg%ﬂ, keN.

Applying the Hausdorff-Young theorem, we obtain statement (a) of Theorem 3.
Now we proceed to obtain representation (5). A routine verification shows that

p(r¢) => (/OT <;>'k' nkt(t)dt) ¥, 0<r<Ry, (€T,

keZ

For fixed r, (5) may be written in the form

2= (F+F) +i(F-F). (11)

By properties of the operator ~ ( see [2, p. 112]), (10) is equivalent to

INCI . .
—2isgn k (/0 <£> #dt) = —isgnk (L(r) + () +i (L(r) — k(1)) ,

r

k # 0, where sgnk = k/|k|. We obtain this from (7”). O

3. GROWTH OF SQUARE MEANS OF GREEN POTENTIALS AND THEIR CONJUGATES

Let 1 be a Borel measure in D = ID; such that 0 ¢ supp p,

/ (1—|a|) dpe < 4o00.
D

By G, (z) we denote the Green potential of s,

Gu(z) = /D log

1—az

‘dua, z €D,
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The function G, (%) is subharmonic on D. We denote u(z) = G,(2) — G,(0), F = u+ 11,

7@&jﬁz{AMﬁOf¢MQyﬂ,O<r<L

If = ZJEN da;, where d, is the Dirac measure concentrated at a point a, then G, = log |B],
where B is the Blaschke product.
The problem of the boundedness of ma(r, log |B|) was posed by A. Zygmund (see in [3]).
It was shown by G. MacLane and L. Rubel [3] that the condition

Mﬂ:O(féj),r%L (12)

is sufficient for boundedness of my(r,log|B|). If the zeros of B are positive and
mo(r,log|Bl) = O(1), t—1,

then (11) is fulfilled [3].
It was observed [4, 5] that condition (11) is not sufficient for the boundedness of my(r, @)
in the case u = log | B|. In this context we are going to prove the following theorem.

Theorem 4. Let u(z) = G,(2) — G,(0), F =u+iu. If

) dt
o V1I—tt

< +o00, (13)

then
ma(r, F) =0(1), r—1. (14)

Proof. From representation (5) we obtain
mi(r, F) = mi(r,u) +mi(r,u — p).
Using the Parseval identity and the Minkowski inequality we have
ma(r, F) < 2ma(r,u) + ma(r, p). (15)

As in [6] we find

mﬂnwf;¢$é?/d”f%u+ca (16)

for r € (0,1) and for some positive constants Cy, Cs.
We now obtain an estimate of my(r, p). Putting t = rz and applying twice the Minkowski
integral inequality we obtain

ma(r, p) = {/T </OT%AI§ P, (ﬂ%) dua)Qdm(()}U2 <
<[5 L An e mo)} o
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{AP5<t<>dm<<>}l/2=0< ). o

Yon(rt) dt

o VI—tt’

1
/ M@:0(1), r— 1.
. l—77

Since

we find

mQ(T7 p) S O

Thus, from (12),

Since

L on(r) dr 1 Y n(r) .
/T\/l—TTZ\/l—T/T T ar,
from (14),(15) and (16) we obtain (13).
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