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Lemmas on the properties of integrals which have type of derivatives of volume potentials
generated by fundamental matrix of solutions of the Cauchy problem for parabolic systems
with degeneration on the initial hyperplane are proved.
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JlokazaHbl JJeMMbI O CBOMICTBaX MHTEI'PAJIOB TUIIA ITPOU3BOIHBIX OT OOHLEMHBIX TOTEHITHAJIOB,
TOPOXKJIEHHBIX (DYHIAMEHTAJIBHON MaTpuIleil pemteHuii 3amaan Ko 1yist mapaboInIecKuX Cr-
CTeM C BBIPDOXKJEHUEM Ha HavYaJIbHON TUMNEPIJIOCKOCTH.

1. Let R" denote the n-dimensional Euclidean space, R = R}, R, = (0, 00), R} = [0, 00),
Ny = {(t,r)|t € H 2 € R"}, H C Ry, and let n,b, N be given positive integer numbers,
T is a positive number, continuous functions a: [0,7] — R, and 3: [0,T] — R, such that
a(0)3(0) = 0 and a(t) > 0, 5(t) > 0 for t > 0.

The paper is concerned with the study of properties of integrals of the type

u(t,z) = /0 dr M(t,7,x = &) f(r,§)dE,  (t,x) € o (1)

a(T) Jpn

The kernel M has properties of the derivatives of the fundamental matrix for solutions Z of
the Cauchy problem for parabolic by Petrovsky systems of N equations with degeneration
on the initial hyperplane of the form

a(t)ou(t,x) = B(t) Z ar(t)0Fu(t, x) + ap(t)ult,z) + f(t,z), (t,x) € Uor.  (2)
1<|k|<2b

The structure of the matrix Z, estimates of derivatives of Z and its other properties are
given in [1, 2].

Properties of integral (1) are described by that the function u belongs to the appropriate
functional spaces, which depend on the spaces to which the function f belongs.
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It should be noted that integral (1) may be singular, the convergence of which is non-
absolute and essentially it is based on the fact that the average of the kernel M is equal to
zero (see condition Ay).

The results of the paper can be considered as a generalization of the corresponding lem-
mas from [3] for the case of parabolic systems with degeneration on the initial hyperplane.
They will be applied to study properties of volume potentials, to obtain a priori estimates
of the solutions and to establish the well-posedness of the Cauchy problem and of prob-
lems with weight initial conditions or without initial conditions depending on a type of the
degeneration [4] for systems (2), in which the coefficients ay, |k| < 2b, depend on all inde-
pendent variables. Applications of the results obtained here will be given in the forthcoming
publications.

2. Besides the functions o and 3, also we shall use the continuous function §: [0, T] — R,

such that
1 a(0)
Vte (0,T]): 0<d(t) <pB(1), / —=df < 0. (3)
o alf)
We assume that the functions  and 6 are monotone and nondecreasing.
We denote by Cyy and Cy respectively the sets of all square N-dimensional matrices
M = (M;;)Y,_, and all columns f = (f;)L; of height N, elements of which are complex

numbers; |M| = max;<;<n ZjV:1|MZ]| and |f| = maxj<;<n|f;|, f M € Cyy and f €
LS50
Cy; A(t,7) = ff%, B(t,7) = [! %d@, A(t,T) = / %d&, E(t,7) = exp{dA(t,T)},

E.(t,1,2) = exp{—c(B(t, T))l_q]:c|q}, O<7<t<T,zeR" deR, ceRy, qg=2b(2b—
D)7 AL f(t o) = f(ta) — f(t2), AY f(t.x) = f(t,x) - f(ta'), AL f= f(t,a)— f(t,2));

t < t'; n is the Heaviside function.
We define the parabolic distance between points (¢, z) and (¢, 2’) by the formula

plt,;t',a') = (AW, )" + |z — o P)/?
and the Holder conditions with respect to ¢, x we shall assume to be concerned with this

distance.

3. Let us describe properties of the kernel M of integral (1). As the kernel of this integral,
let us take the functions M (¢, 7,2),0 <7 <t < T, z € R", with values in Cyy, which can
be represented in the form

M(t,T,x) = (B(t,T))_”_”/(%)Q(t,T, (B(t,T))_l/(%)ZL‘), O0<7<t<T, xeR" (4)

where v € (0,1], and the function Q(¢,7,2), 0 < 7 < t < T, z € R", with the values in
Cnn, is continuous and it satisfies the conditions below with some numbers ¢ > 0, d € R
and v € (0,1]:

Al-

/Q(t,T,x)da::O, 0<T<t<T: (5)
Ay, 3C >0 V{t,7} C(0,T],7<t,VreR™

1Q(t, 7, 2)] < CEYt, ) exp{—c|z|?}; (6)
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As. 3C >0 V{t, 7} C(0,T], 7 <t,V{z,2'} CR™
|ATQ(t, 7, )| < CE(t,7) | — 2'[(exp{—c|z[*} + exp{—c|2'|"}); (7)
Ay 3C >0 V{7 C(0,T], T <t<t,VreR™
ATQ(t 7 2)| < CAW, )N (B(E, 7))V EYE ) exp{—clx|), (8)

where t =t + (¢ — t)n(d).
So, the definition of the function M contains the number v, d, ¢ and v, which assume are
considered to be given. By M(v, d, ¢,v) we denote a set of all functions M determined by
formula (4), in which the function Q satisfies conditions A; — A4 with given {v,v} C (0, 1],
deRand c e R,.
It should be noted that for » = 1 integral (1) with the function M € M(v,d,c,) is
treated as the limit
) =hdr
lim
=0 Jo  oT) Jg,

which exists for suitable f, because of condition A;.

M(ta T, X — f)f(T, g)d’fa

4. Let us define spaces to which the functions f and u belong. They are the spaces of
functions which are continuous or satisfy Holder condition and which have certain restrictions
as t — 0 and |z| — oo. Their behaviour as ¢t — 0 will be described by the function

(8(E)" (A, 0))" E~U(T,t), te€(0,T],
and as |z| — oo by the function
U(t,x) = exp{k(t)|z|?}, te]0,T], x€R",

where p = 0,1; 7 € R; k(t) = coa(ca™ — (T — B(T,t))a®* )79 t € [0,T], (and k(0) = 0, if
B(T,0) = 00), ¢ is a fixed number from the interval (0, ¢), ¢ is the constant from conditions
As—~Ay, and the number a such that 0 < a < T 7.
The function & monotonically increases from k(0) to k(7") and it has the following prop-
erty [2]:
V{z,} CR" V{t,7} C (0,T], T<t:

—co(B(t, 7)) o — &+ k(1) [€]7 < k(t)|2]",
with the help of which the inequality

E.(t,7,x =& ¥(1,&) <V(t,x), 0<7<t<T, {x& CR" 9)

is proved.
For given numbers A € (0,1], € {0,1} and r € R we denote by Cii/ ), Coy and C0
the spaces of continuous functions u: Il(g 7] — Cy, for which the corresponding norms

a2 = Nalp + Tl @, = [l + [uly

and [|u]|%Y, where

B

t,z)| BT, t
”u’O:O = sup |u< 71:)‘ ( ) )

(t,@)€ll(o 1 \Ij<t7 Q?) (5(t))H(A<t? O)V ,
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AL ul (p(t, 3t )
(0(2))#(A(E,0)) =M E=4(T, 1)

Y=
{(tvx)v(tlvx/)}CH(O,T]
() (t 2)

(W(t,z) + ‘If(t'yfv'))*),

W= s Arult Do) + D(E )
M warcan [o = /PO (A 0) NV EZU(T E)
rF#x!

are finite. Here t =t + (t' — t)n(r — \/(2b)) and t =t + (' — t)n(d).

For given numbers A € (0,1], u € {0,1}, » > 0 and p > 0, introduce the spaces 02”)
and C,Q\,r,p of continuous function w: Il — Cy, for which the following values are finite:
for C7,.,  Wolu;t] for all t € (0,7T] and ||ull%,,, and for C3 = Wolu;t] and Wi[u;t] for

all t € (0,T] and |ull;,,, = llull,,., + [u]},,, Where

ult, )| AT u(t, @) 2 — /|
Wolu; t] = , Wilust| = L
olitl = s gy lel= s G e+ v )

rF£x!

)

[l E/O Wolus (6(6)) (A%, 0)) " (BT, 1) EX(T, 1)~

aft)
dt

By = [ WA #(A0.0) 7 (BT P T

5. Let us formulate the main lemma of this paper.

Lemma 1. Let M € 9M(v,d,c,v) and function u is determined by formula (1). Then

the following statements are valid:
a)ifv+v/(20) <1land f € C’f”ﬁ) (when r < v+ ~/(2b) — 1 we assume, in addition, that

a(7)

s 2b 0,0
i3’ < CIFIS + X0 Fo), (10)

T
d
= / Wolf; 7(A(7,0)) /I BT, 7) T o< 00), than u € Cg,fy_/(ﬁ)l and the estimate
0

is valid, where x, = n(v+~/(2b) — 1 —r);
b)if f e C{\”TO, A € (0,1], and the additional assumption from statement a) is fulfilled,

then with 1 — v — (v — X)/(2b) > 0 we have u € Og,f’_/(ff)l and
k) b k)
[l 72580 < CAUFIRY + xeFo). (1)
and with 1 — v — (v — \)/(2b) < 0 we have u € C&;A_/ﬁ’)l and
AN/(2b :
el 550 < CAUSIR + xrFo). (12)

The constants C' in inequalities (10)—(12) depend only on the constants C' from conditions
Ay, A3 and Ay, and also they depend on the numbers n,b,r,v,d,c,~v,\, B(T) and 6(T).

Proof. a) Using the notation

I (ty, o, t3) E/tZ(B(tg,T))_V(A(T,O))Ti<(1>)d7', ty €10,7), {ts,t3} C (0,7], (13)
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and the equality
/ (B(t, 7)) ™ E, . (t,1,x—&dé=C, 0<7<t<T, z€R" (14)

with the help of (4), (6), (9) and of the definition of the norm ||f||$;2 with r > —1 we have

Ju(t, z)] SC/O (B(t, ) EY, ) )/ Ec(t, 7@ = E|f (1, €)]dE =

- 0(7)
7,0))" - T)dT/ E. o (t, 7,0 —&)x
)

(
(Bt ma = W ) g S e <

< CE-UT, ) 0(t, )| FI°L5(0,,8), () € o). (15)

1r v

:clumﬁw%wwW&ﬂE( 7)(A

It should be noticed that for any ¢ € (0,7 there exists a unique point ¢; € (0,t¢) such
that: A(t1,0) = B(t,t1) with 7 < t; A(7,0) < B(t,7) and with 7 > t;  A(7,0) > B(t, 7).
Indeed, the function A(-,0) monotonically increases, and B(¢,-) monotonically decreases,
besides, A(0,0) = B(t,t) = 0. We notice also that the inequalities

A(t,0)/2 < A(t1,0) < A(t,0) < A(T,0), te€(0,T], (16)
are valid. The two last inequalities are obvious, and the first one follows from the inequality
A(t1,0) = B(t, t1) > A(t,t1) = A(t,0) — A(t1,0),

which is true as a consequence of (3).
Let us estimate the integral I7(0,¢,t) with » > v — 1. We write it in a form of sum of
the integrals I7(0,t,,t) and I7(ty,¢,t). With the help of (3) and (16) we have

I;(Oatlvt) S /t1 (A(7'7 0))T_VdA(T, 0) = (A(tl’()))r—u-i-l S

P
< ﬁ(ﬁ(w))’"‘”*l; (17)
Iint) < - [ (B0 B0 A0) = 1 (B A0y <
<A i 20 (13)
i) < = [ (B(0) 7 dBl07) = o (B0 <
< r_—iH(A(t,O))’“—”“, if r<0. (19)

So,
I7(0,t,t) < C(A(t,0) "t r>v—1, (20)
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and by (15) we obtain the estimate

0,0
lulloy—sir < CIFIT- (21)

Similarly, if » < v — 1, then

u(t, )] < CE~(T,t)¥(t,z) ((A(t, 0))" "+ (A(T, 0)) "+ 47/ (=15

" vy /(20) pd ar_ [ ~9(7)
x| Wolfi7](A(r,0)) EYT, 7)——+ [ (B(t,7))"——=dr(A(t,0)"| fl17 ) <
0 a(t)  Jy a(7)
< CE™U(T, )W (t,2)(A®0) " (Fo +IfILy),  (te) € Moy,
and hence, with » < v — 1 the estimate
lullor—ex < C(Fo + IIFIIT) (22)
holds.
Estimates (21) and (22) join in the following estimate:
lullor—ia < UL + X Fo), (23)

where x,. =n(v —1—7).
Let (t,z),(t',2") be arbitrary fixed points of the layer IIjgr, t < t/, and let p =
p(t,x;t',x’). Let us estimate the difference Aijflu.
When p? > A(t,0), with the help of estimate (23) we obtain
AL ul < Jut,2)] + [ul, 2)] < CUIFITT + X Fo) (A, 0)) ™ EZU(T, 1)U (¢, x)+
+(A(#,0))" - AT, )T (', a")) <

CUAIT + e Fo)p” (A 0)) BB T, ) (W (t,x) + W (H',2)), (24)

where t =t + (' —t)n(r —v+1—~/(2b)) and t =t + (¢ — t)n(d).
Indeed, since because of monotonicity of § and the inequality A(¢,t) < p?

A(t',0) = A(t,0) + A(t', 1) < p* + 8(T)A(t',t) < (L +6(T))p™,
then with r —v 4+ 1 — v/(2b) < 0 we have
(A(t, 0))7‘ vl - (A(t 0))r7u+17'y/(2b)p77

(A, 041 < (AL 0)) =17 (A, 0]/ < C(A(L,0)) =+
and with r —v+1—~/(20) >0

Y

(AL, 0)" T < (A(t,0)) =7/ < (A, 0))7 =7/ @)y

(A(t/, 0))r7u+1 — (A(t/, O))rfszrlfy/(Zb)(A(t/’ 0))7/(%) < C(A(t/, 0))r7u+17'y/(2b)p7.
Let us consider the case p?* < A(t,0). We have

t/ / t d’]’ t
ALy uf < AL Mt 7,2 = &)|[f(7,&)]dE+
0

a(T) Rn
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"
+/t T M7 = Ol )ldE = Sy + o 25)

a(7)

Using (4), (6), (9), (13) and (14), we get

hgc[%m“”fﬂmwﬂﬂﬂﬂﬂﬂﬂ@mm>E;TX

X /n EC*CO (tla T, ZE/ - £)<ECO (t/’ 75 .I/ o 5>\IJ(T7 5)) \Il{jj—fis)(’f) (g :)O)f)r B

< CE~UT, YU (t,2)| fIITo It ¢ 1). (26)

1r v

To estimate I](t,t',t'), we use the monotonicity of the functions § and ¢ and the inequal-
ities A(t',t) < p* < A(t,0). We have

1
1—v

where C = (B(T))* /(1 —v), t=t+ (' —t)n(r). With r < 0

It t) <

(A 0) (B, )™ < C(AE0)" (A, )",

(1) < C(A(E 0)p* /BNt < C(A(L 0) 77/, (27)
and with » > 0
L.t ¢) < C((A(0)" + (AR, H))) (A, 1) <
< C(A(0) /Ry 4 C(5(T))"(A(E, 1) < CA(, 0) 1 =/@pr - (28)
From (26)-(28) it follows the estimate

Ty < C| fllarp” (At 0)) = EI BT ) Ut 2. (29)

In order to estimate Ji, at first, let us prove for the difference AM = Ai:f/M (t, 7,2 —¢)
the inequality

[AM| < Cp (B(t,m) N (Bt 1) B E (70 — &)+

(B, 7)) YE, (¢, T2 — &) EUt, ), (30)

where ¢y < ¢; <c, t=t+ (¥ —t)n(d).

We shall distinguish the following cases: 1) p?* > B(t,7), 2) p?* < B(t, 7). In the first
case, we obtain estimate (30) immediately from (4), (6) and from the inequality |[AM| <
|M(t, 7,2 — &)+ |M({t',7,2" — &)|. In case 2) note that

AM = AV (B(t, 7)), 7, (B(t, 7)) Y@ (2 — €))+

+(B(tl, T))iuin/(Qb)AilQ(t, T, y) ’y:(B(t,T))*l/(Qw (z—8) + (B(t/, T))il/in/(Zb) A/Q, (31)

where
N = Q' 7, (Bt 7)) (a — €) Ot 7 (B 7)o — €)).
Consider the function

©(0) = (B(t, 7)) —(B(t,7) +0B(', )" g <co,1].
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Since

AL (B(t, 7)™ = Jp(1)] = /0 (0 )d9‘ < max |¢'(6)],

0el0,1]

we have

AL (B(t, 7)™ | < OB, t)(B(t, 7)), (32)
Let us estimate A’€). Because of (7) we have
INQUE.(t, 7,0 — &) + B(t', 7,2/ — &) "Bt 7) <
< C|(B(t, 7))z — &) = (B(t', 7)) /(2! — )| <
(B ) — /| + (Bt 7)) = (B, 7))’ — ¢]) <

<
< (B (B0 ) VO~ €) (Bl n) AL B 7).
(33)
Since

/ 1
LB @) = 2D [ Ber) 0800 <

% J,

< o B0 [0V = (37,0 < (A, 1)V < (3T
then from (33) it follows the estimate
[A'Q < CpY(B(t, 7))L+ (B, 7)ol — ) (Belt, 7,7 — €)+
+E (T2 — &) EY ', 7).
Having used the inequality
|z|'exp{—c|z|?} < Cexp{—ci1]2|?}, 2€R™ 1>0,co<ci <c, (34)

we shall arrive at the estimate

|AQ| < CpY(B(t,7)) VB (87,0 = &) + By (', 70 = ) B!, 7). (35)

From (6), (8), (31)—(33) and (35) estimate (30) follows in case 2).
With the help of (9), (13), (14), (20) and (30) with r > v+ v/(2b) — 1 we get

Ji < Cfiep" B-UT (U (t,2) + Ut ) I oy (0,8,8) <

< Ol E-UT, 1) (Wt 2) + (', 2))(A(t, 0) 7/ EIH, (36)
Similarly, when r < v+ v/(2b) — 1, using (16) we have

Ji < Cp E-HT, 6)(U(t,x) + U(t 2")) ((A(t 0))r v/ @)+

dr

a(7)

X(A(T, 0)) "+ D=1 / " Wolfs Tl (A(r, 00 BT, 1)y
0

HIs182 | <B<t,r>>-”-w<2b>%df<A<t1,o>>f)s

< C(Bo + | flu)p" EAT. ) (0 (t,2) + U(t',2')). (37)
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From (24), (25), (29), (36) and (37) the estimate
(w3722 < CUSINT + o),

follows and by this result and (23) estimate (10) holds.
b) Because of condition (5) we represent integral (1) in the form

u(t,az:)—/o1 dr M(t, 7,2 — &) f(r,&)dé+

a(t) Jrn

t
" / T Mtre - AL O (L) € Mo,

a(T) Jgn

where the point ¢; is the same as before.
With the help of (4), (6), (9), (13), (14), (17)—(19) and (34) with r > v — 1 we get

— r s r—X\/(2b
[u(t,2)] < CE-UT )0 (t, ) (| F 1321500, 00, 8) + [FI 013G (t1,8.)) <

< Clf IRy E-UT, )W (¢, 2) (AL, 0)) ™+, (t.2) € M. (38)

Similarly, when » < v — 1 by (15) we have

lu(t,z)| < CE~4(T,t)U(t, z) ((A(t, 0))" "+ x

t1
X (A(T, 0)) /0= / Wolf; T)(A(r, 0)) ™/ EYT, 7) Iy
0

a(7)

¢
+/ (B(t, )" 4, dr(A(ty, 0)) ) <
t1 OC(T) '
< CE T, ) (t,2)(A(,0) ™ (Fo+ [f11)),  (t,7) € M. (39)
From (38) and (39) it follows the estimate
lullor—par < CUIFIY + X, Fo)- (40)

Let us estimate the difference Ai:f/u. It is sufficient to consider the case, when p? <
A(t,0). If p** > A(t,0), then under condition (40) we have the estimate

AL ] < CUARY + X Fo)p (A 0) I BT (U (¢, ) + (¢, 2),  (41)

where ¢ and { are the same as in (24).
Let the points t; and ¢, be such that B(t,t;) = A(t;,0) and B(t,ty) = p?. If t; < to,
than by condition (5) we write

-y t1 dT ! !
AZu= [ [ A MO - 9 (e

to d o " t Cl T
+/t W:)/" AV M(t,T,x—f)AEf(T,g)df%—/ T M(t, 7,0 — AL f(T,§)dE—

1 to a(T) Rn
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v odr /
—L o) Lo Mt 7,2 — AL f(r,8)dE =D K. (42)
Using (9), (13), (14), (17) and (30), we get with r > v +~/(2b) — 1
K| < CIFIp BT (Ut x) + U, 2) L] o) (0,11, 1) <

< C|flSop EZHT, ) (U(t, ) + U, 2")) (A(t, 0)) 7/ @+
and with r < v ++/(2b) — 1

K1 | < Cp EZUT, ) (W(t, ) + W(t, ) (A, 0) /O

AT

a(T)
< CFp E~UT, ) (U(t, ) + U (t', ') (AL, 0)) v/ @)+,

Let us estimate K. With the help of (9), (13), (14), (30) and (34) we obtain

X(A(T, 0)) /D=1 / " Wolfs Tl (A(r, 00 BT, 1) 2L <
0

|1o| < Oy p EZU(T,D)(U(t,x) + V(¢ 2')) x

% / " (Bt 1) A, 0) N (B, )

t1

B ) A B 7)) D dr < L

_ o r—A/(2b r—X/(2b
x E=HT,t)(¥(t, z) +\If(ﬂ)q;r))(]wrw/fk))/(%)(tl,tQ,t) A]yﬂjébg(tl,t%t)). (43)

Since p* = (B(t, 1))V < (B(t, 7)) 7 < t,y, we obtain

)\ r—\/(2b) r—X/(2b)
Iy+’y/(2b) <t17 t27 t) < [l/+(’)/*)\)/(2b) (tb t2> t) (44)

Let 1 —v — (y—A)/(2b) > 0. Then with the help of (3) and (16) we have

t2
r—X/(2b r— —v—=(7— 5(7-)
[y+('y/£A))/(2b)(t1,t2>t) < (A(ts,0)) A/(21))/t (B(t, 7)) W(%)a(T)dT S
1

< C(A(0)) (At 0) 770V < C(A(, 0)) /0T, (45)

where t3 =ty with r > A\/(2b) and t3 = t; with < A/(2b). Similarly, if 1 —v—(y—X)/(20) <
0, then

t2
r—X/(2b r— —v—(y— B(7)
Il/+(’){£)\))/(2b) (t17 ta, t) < (A(t37 0)) M) /t (B(t7 T)) (r=/0) a(T) dr <

< C(A(t, 0))7’—)\/(21))(B(t, t2))1_”_(7_>‘)/(2b) _
= C(A(t, 0))r—>\/(26)p2b(1—u)+>\—7 < C(A(t, 0))r—y—>\/(26)+1p>\—7' (46)
From (43)—(46) it follows the estimate

1| < O/ E-UT,D)(Y(t,2) + (1, 7)) P,
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where
P = PY(A(t,0)) /@i 1 —p — (v = X)/(2b) >0,
PE L PN AL ) NEIL 1=y — (7 — )/ (2) < 0.

After using (3), (4), (6), (9), (14) and (34), we obtain

I

Kol < CURE T 0w ()30, 0 [ (8,7 Xy,

ta o(T)

where ¢, = t with r > \/(2b) and t; = t5 with » < \/(2b). Since, due to (16) A(ty,0) >
A(t1,0) > A(t,0)/2 and

! v+2/(2b) B(7) _ 1 b(1—1)+A
Bt S =

we have
Kol < CLRCE=(T, )W (t, @) (A(t, 0)) 20— < QLN BT, 1) (¢, 7) Py,
The following estimate can be obtained in the similar way
K| < U E-UT )W (¢, 2') Py

For the case t; > t,, instead of (42) we use the representation Aiiflu = K| + Ky + K,
where K is the same as in (42), and Ké and K; differ from K3 and K, respectively, by
that t, is replaced by t;. The estimates K:; and K are obtained similarly to the estimates
K3 and K4.

From (40), (41) and estimates for K;,1 < j < 4, K; and K, estimates (11) and (12)
follow. [

Lemma 2. Let the kernel of integral (1) be the matrix
M(t,m o = &t,x) = (B(t,7) (7, (B(t, 7)) (@ — €)it,2),

0<7<t<T, {z,&}CR"

where v € (0, 1], and the matrix Q(t, T,x;60,y) as a function of t, T and x satisfies conditions
Ay —Ay uniformly with respect to (0,y) € Il and the condition

3C >0 V{t,7} C(0,T],7 <t,VzeR" V{(0,y),¢.y)} CHomn:

\Aely Qt,7,2:0,y)| < C(p(0,y; 0",y Et, T) exp{—c|z|?},
c>0,deRO< A<y <1, 1—v—(y—MN)/(20) < 0. Then if f satisfies the conditions

of statement b) of Lemma 1, then u € C”\:‘ / szzl and inequality (12) is valid. The proof

is carried out in the same way as in Lemma 1, but while estimating Atyf u the following
additional summands appear:

/Ot1 d—T/"(M(t,T,ZL’ —&tx) — M(t, 7,0 =&t a)) f(r,6)dE,

a(7)
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/tt e /H(M(t,T,x—f;t,x)—M(t,T,x—f;t,axl))Agf(T’g)dg’

a(T)
The necessary estimates of these summands are obtained similarly to estimate (40).

Lemma 3. Statement a) of Lemma 1 is true for the integral

t
u(t,z) = /0 dr /n L(t,7,2,8) f(r,8)d¢,  (t,x) € o, (47)

a(T)
if the matrix L satisfies the inequalities
IL(t,7,2,8)| < C(Bt, 7)) ENt, 7,0 =€),
ALY L(t, 7, 2,6)] < O(plt, st 2)) (Bt, 7))~V @Bt 1o — )+
+(B(t', 7))@ R 1t —€)), O0<T<t<t' <T, {z,2,&} CR"  (48)

where Ed(t, 7,2) = E.(t, 7, ) E%t, 7).
If L also satisfies the conditions

/ L(t,T,x,g)dg‘ < C(B(t, 7))+ g, 7).

AL / L(t, 7,2, )d¢| < C(p(t,z; 1, 2')) (B(t, 7))~ 0N/ @ Ed(f 1),

O<7<t<t'<T, {z,2,¢}CR",
then for integral (47) statement b) of Lemma 1 holds.

The proof of Lemma 3 is based on the representation

uta) = [ [ Lt osodes

a(7)

+/tjd_T/nL(t,x;f,g)Agf(T,g)d§+/t (/ L(t,xmf)df) f(w)%-

O{(T) t1
The first two summands are estimated in the same way as the corresponding integrals from
Lemma 1. Inequalities (49) ensure the necessary estimates for the last summand.

Lemma 4. Let u be a function that is represented by formula (1) with the kernel M of
form (4), for which conditions A;-As hold. If v4~/(2b) < 1,7 > 0 and f € CY,,_,, then
u € Gy, and the estimate

lullg.ro < CIAIT iy (50)
is valid. If f € C},.,_,,7>0and 1 —v—(y—A)/(2b) > 0, then u € (7, and the estimate
[ullro < CLR s (51)

holds.

The similar statements are true for integral (47), the kernel of which satisfies conditions
(48) and (49) with ¢ = ¢, but in estimate (51) the value [f]} must be replaced by

\ 1,71—v
Hf“l,r,lfz/‘
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Proof. Let us dwell upon the proof of the lemma only for integral (1). With the help of (3),
(4), (6), (7), (9) and (14) with v +~/(2b) < 1 we get

wm@nscm@mrﬂwﬂwwmwéMMﬁﬂWﬂr&

x(A(1,0))"EYT, 7)(B(t, T))_V@dﬂ

a(r)
AT u(t, z)| < Clz — &' (A(L,0)) E-4(T, )(W(t, )+
+wwf»Av%Mﬂwv»%Ammrwﬂﬂﬂx

X (B(t, T))V'Y/(%)%dﬂ (t, iL’) S 1_I((],T]7

hence

v%mﬂmmmrwwmwscmwAWMﬁﬂWﬂrw

x(A(T,0)) " EYT, T)(B(t,T))_Va Gk (52)
Wilu; t](A(L, 0))"EY(T, t) < Cﬁ(t)/o Wolf; 7)(6(7)) " x
X (A(T,0)"EYT, 7)(B(t, 7))/ <2b>i. (53)

a(7)

After multiplying inequalities (52) and (53) by (a(t))~! and (B(T, 1))@ (a(t))"!, and after
integrating the results with respect to ¢ € (0, T] and having changed the order of integrating,
we get respectively

lulloro < CIARma—ss  [Ulgr0 < CIFIN =0

Estimate (50) follows from these inequalities.
Let 1 —v — (y— A)/(2b) > 0. Writing because of (5) the representation

b d
) = [ 5 [ Mitro- 9880t (o) € Mo,

in the same way as above, first we obtain the inequality

Ju(t, 2)| < C(A(t,0))" E~(T, lﬁ)‘If(lf,x)/O Walf57)(8(m)) " x

x(A(1,0))"EYT, T)(B(t,T))_V—H\/(%)%dT, (t,z) € o, (54)

and then the estimate
[ulld.0 < CL ot (55)
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In order to obtain an estimate for A% u(t, ), we shall distinguish two cases: |z — 2/|?* >
B(T,t) and |z — 2'|* < B(T,t). In the first case, using (54), we have

A" u(t,z)| < Clz — 2/[(A(t,0)) E~T, t)(V(t, )+
+U(t,2'))(B(T, 1)) 3(t) /0 WALf; 7](6(7)) ™" %

o) AT

X (A(7,0)) " EYT, 7)(B(t, 7)) o)’

(56)

In the second case we note that

AT u(t, ) = v AT M(t, 7,2 — E)ALf(r,)dE+
0 3

a(1) Jgn

t toq ,
+/d—T M(t,T,x—f)Agf(T,f)df—/t = | M(tTal - AL f(r,€)dE,  (57)

a(T) Jan (1) Jan

where the point ¢; is such that B(t,t;) = |z — 2/|*. The estimates of the integrals from (57)
are carried out in the same way as before, and we finally obtain the estimate

AT u(t, )| < Clz — 2'["(A(t,0)) E-UT, ) (¥(t, 2)+

LUt ) A() / Wﬂfﬁ]@(f))‘l(ﬁ(ﬂ0))"”Ed(T,T)(B(t,T))‘”‘”‘A)/(%)%- (58)

Estimate (51) follows from (55), (56) and (58). O
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