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We prove that non- “nilpotent-by-Cernikov” group in which no non-trivial section is perfect
has an infinite ascending chain of non-“nilpotent-by-Cernikov” subgroups and give a charac-
terization of the solvable groups with the maximal condition on non- “nilpotent-by-Cernikov”
subgroups.
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JokazaHo, 4T0 rpynna 6e3 HeTPUBUAJILHBIX COBEPIIIEHHBIX CEKITUI, HE SBJIAIONIAACT PACIIIH-
peHreM HUJILIOTEHTHOW IPYIIIGI IIPU TTOMOIIN Y€PHUKOBCKOI, MMeeT OECKOHEUIHBIi yOBIBAIOTITH
P, COCTOAINMN W3 IOATPYIII, He SBJAIOIINXCS paCHIMpPEHNEeM HUJIBIIOTEHTHOH I'DyNIbI IPU
ITOMOIIN 9€PHUKOBCKO#. OXapaKTepu30BaHO Pa3pEINMbIe TPYIIIBI ¢ YCJIOBAEM MaKCAMAJTbLHOC-
TH U1 HOATPYUIL, HE ABJIAIOMINXCH PACIINPEHUEM HUJIBIIOTEHTHON I'DYNIBI IIPU IMOMOIIU dep-
HUKOBCKO I'DYIIIBL.

0. Let X be a class of groups. In the last few years there has been increasing interest in
the structure of groups with many X-subgroups and, in particular, groups with the maximal
or minimal condition on non-X-subgroups. We say that G satisfies the minimal condition on
non-X-subgroups (briefly Min-X) if for every descending chain {G, | n € N} of subgroups
of GG there exists a number nyg € N such that the subgroups G,, are X-groups for all n > ny.
The maximal condition on non-X-subgroups of G (briefly Max-X) is defined dually, namely,
one says that G satisfies Max-X if there is no infinite ascending chain of non-X-subgroups
of G. S.N. Cernikov (see [1]) and V.P. Sunkov [2] sdudied groups with the minimal condition
on non-abelian subgroups, while D.I. Zaitsev and L.A. Kurdachenko [3] characterized the
locally almost solvable groups with the maximal condition on non-abelian subgroups. Every
minimal non-X group, i.e. a non-X group in which every proper subgroup is a X-group,
satisfies Max-X and Min-X. Many authors investigated the minimal non-“nilpotent-by-
finite” groups. M.F. Newman and J. Wiegold [4] described the structure of a minimal
non-nilpotent group with a maximal subgroup. Examples constructed by H. Heineken and
I.J. Mohamed [5] have evoked considerable interest to groups whose all proper subgroups are
nilpotent [6-10], abelian-by-finite [11-14], nilpotent-by-finite [15-16] or hypercentral-by-finite
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[17], respectively. It is natural to extend the above problems by replacing the terms “finite
group” by “Cernikov group” like in [18-20].

In this paper we prove that every non-“nilpotent-by-Cernikov” group in which no non-
trivial section is perfect with the minimal condition on non- “nilpotent-by-Cernikov” sub-
groups Min-NC' is a nilpotent-by-Cernikov group. We also characterize the solvable groups
with the maximal condition on non-“nilpotent-by-Cernikov” subgroups Max-NC'.

Throughout this paper p and ¢ always denote distinct primes and C,~ the quasicyclic
p-group. For any group G, Z(G) means the centre of G, G/, G", ..., G™ the terms of derived
series of GG, RG the group ring of GG over a commutative ring R, 7G the set of all torsion
elements of G and ~.G the term of the lower central series of G. Let also [, be the finite

field with p elements, Z the group (or set) of rational integers and Q the rational number
field.

Most of the standard notation can be found in [21-23].
1. In this part we study the groups in which no non-trivial section is perfect with the

minimal condition on non-“nilpotent-by-Cernikov” subgroups Min-NC.

Lemma 1.1. Let G be a group satisfying Min-NC' and H be a subgroup of G. Then:
(i) H satisfies Min-NC';
(ii) if H is normal in G, then the quotient group G/H satisfies Min—N_C’;
(iii) if H is a normal non-“nilpotent-by-Cernikov” subgroup of G, then G/H is a Cernikov
group.

Proof is immediate.

Lemma 1.2. Let G be a non-perfect (i.e. G # G') locally graded group with the “nilpotent-

by-Cernikov” commutator subgroup G'. If G satisfies Min-NC', then it is a “nilpotent-by-
Cernikov” group.

Proof. Suppose that G has a proper non- “nilpotent-by-Cernikov” subgroup. Since G satisfies
Min-NC, it contains a subgroup S which is a minimal non-“nilpotent-by-Cernikov” group.
Then by Theorem A of [20], S = S” and consequently S < G’; a contradiction. Therefore all
proper subgroups of G' are nilpotent-by-Cernikov. From Theorem A of [20] it follows that G
is a nilpotent-by-Cernikov group, as desired. O

Corollary 1.3. Let G be a non-perfect group with all proper normal subgroups nilpotent-
by-Cernikov. If G satisfies Min-NC', then G is a nilpotent-by-Cernikov group.

Remark 1.4. Let G be a locally graded group satisfying Min-NC'. Then one of the following
holds:
(1) G is a nilpotent-by-Cernikov group;
(2) G is a non- “nilpotent-by-Cernikov” group, but every proper subgroup of G is nilpotent-
by-Cernikov;
(3) G contains a proper subgroup S of finite index which is a group of type (2).

Unfortunately it is not known if there exists a group possessing the property (2) from
Remark 1.4.
Lemma 1.1, Corollary 1.3 and Remark 1.4 yield the following
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Proposition 1.5. Let G be a group in which no non-trivial section is perfect (in particular,
G is a solvable group). Then G satisfies Min-NC' if and only if it is a nilpotent-by-Cernikov
group.

Consequently every solvable non- “nilpotent-by-Cernikov” group has an infinite ascending
chain of non- “nilpotent-by-Cernikov” subgroups.

Remark 1.6. Let ¢ be a non-negative integer. In the same manner as before, Theorem C of
[20] and Theorem 1 of [18] imply that a locally graded non-“abelian-by-Cernikov” (respec-
tively non-“Cernikov-by-nilpotent of class < ¢”) group G has an infinite ascending chain
of non- “abelian-by-Cernikov” (respectively non- “Cernikov-by-nilpotent of class < c”) sub-
groups.

2. In this part we establish some properties of groups with the maximal condition on
non- “nilpotent-by-Cernikov” subgroups Max-NC'.

Lemma 2.1. Let G be a group satisfying Max-NC and H be a subgroup of G. Then:
(i) H satisfies Max-NC';
(ii) if H is normal in G, then the quotient group G/H satisfies MaX—N_C’;
(iii) if H is a normal non- “nilpotent-by-Cernikov” subgroup of G, then G/H satisfies Max.

Proof is immediate.

Lemma 2.2. If G = AB is the product of two normal nilpotent-by-Cernikov subgroups A
and B, then G is a nilpotent-by-Cernikov group.

Proof. Let N be a normal nilpotent subgroup of A with the Cernikov quotient group A/N.
By Lemma 4.7 of [24] the normal closure R = N of N in G is a nilpotent subgroup with the
Cernikov quotient group A/R. Let S be a G-invariant subgroup of B such that the quotient
B/Sis a Cernikov group. Since G /RS is a product of two normal Cernikov subgroups, G is
a nilpotent-by-Cernikov group. [

Proposition 2.3. Let G be a group satisfying Max-NC'. Then either G is a nilpotent-by-
Cernikov group or the quotient group G/G' is finitely generated.

Proof. If the commutator subgroup G’ is not a nilpotent-by-Cernikov group, then G/G’ is
finitely generated by Lemma 2.1(i77). Therefore we assume that G’ is a nilpotent-by-Cernikov
subgroup and, furthermore, the quotient G /G’ is not finitely generated. It is well known (see
e.g.[21, Theorem 21.3]) that G = G/G’' = N x D is a group direct product of the divisible
part D of G and a reducible subgroup N. Let N (respectively D) is an inverse image of N
(respectively N) in G.

Assume that G is not a nilpotent-by-Cernikov group.

(1) Let the divisible part D of G is a non-trivial subgroup. By our hypothesis and
Lemma 2.1 D cannot be written as a product D = A; - A, of two subgroups A; and A,
with the infinite indices |D : 4;| (i = 1,2). This yields D & C, for some prime p. From
this it follows that G/N = C,~ and so N is an extension of a nilpotent subgroup S by a
Cernikov subgroup. By Lemma 4.7 of [24] the normal closure R = S is a nilpotent group
with the Cernikov quotient group N /R. But then the quotient group G/N is also Cernikov,
a contradiction.
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(2) Now, suppose that D is trivial. Let B be an inverse image for a p-basic subgroup B
of the quotient group G in G (see [21, §32]).

Let B # G. Then G/B is a p-divisible abelian group. If G/B is torsion-free then, as
proved in [25] (see also [1, Chapter 2, §6]), it contains a subgroup L which is isomorphic

to a p-divisible subgroup Q@ = {% | m € Z,n e NU {0}} of the additive group Q7 of

the rational number field Q. Since L contains a subgroup H with the p-quasicyclic quotient
group L/H, G has a p-quasicyclic homomorphic image. As above this yields that G is a
nilpotent-by-Cernikov group, a contradiction. Thus B = G. Since in view of our hypothesis
G is not a finitely generated group, G can be written as a group direct product G = G x G,
where every factor is infinitely generated. But then G is a product of two proper normal
nilpotent-by-Cernikov subgroups. By Lemmas 2.1 and 2.2 G is a nilpotent-by-Cernikov
group. O

Corollary 2.4. Let G be a torsion group in which no non-trivial section is perfect. Then
G satisfies Max-NC' if and only if G is a nilpotent-by-Cernikov group.

Example 2.5. There are the non- “nilpotent-by-Cernikov” groups with Max-NC.
Indeed, let G = A x (x), where A = C,~, (x) is an infinite cyclic group and [a,z] = a?
(a € A). Tt is easy to see that G satisfies Max-NC.

Lemma 2.6. Let G be a group satisfying Max-NC'. If G has a normal subgroup S with the
nilpotent-by-Cernikov quotient group G /S, then either G is a nilpotent-by-Cernikov group
or G/S is a finitely generated group.

Proof. If G/ S is a nilpotent-by- “infinite Cernikov” group, then obviously that G is nilpotent-
by-Cernikov. Therefore we assume that G'/S is a nilpotent-by-finite quotient group and G is
a non- “nilpotent-by-Cernikov” group. Let M be a normal subgroup of G of finite Jindex such
that the quotient group M = M/S is nilpotent. By Lemma 2.1 M satisfies Max-N C and in
view of our hypothesis M is a non-“nilpotent-by-Cernikov group. By Theorem 21.3 of [21]
M, = M/W = Dy x F} is a group direct product of the divisible part D; and a reducible
subgroup F.

(1) Suppose that the divisible part D; is not trivial. Then M has a proper subgroup
X such that M/X = C,e for some prime p. So M is a nilpotent-by-Cernikov group,
a contradiction.

(2) Let the divisible part D; is trivial. By B; we denote a p-basic subgroup of M;. If
Bi = M, then in view of our hypothesis B; is a finitely generated subgroup and so is M,
as desired. Therefore we assume that B; # M;. Then M;/B; is a p-divisible group. If
the Sylow p-subgroup of M; /By is nontrivial or M;/B; is a non-torsion group, then M is a
nilpotent-by-Cernikov group. Assume that M, /B is a torsion p’-group. By Proposition 18.3
of [21] and our hypothesis the quotient group M; /By is infinite. Since M is non-“nilpotent-
by-Cernikov” group, M; /By has an infinite Sylow g-subgroup for some prime g. Without
restricting of generality, we can assume that M;/B; is an infinite g-group. It is obvious that
M, /By is not equal to its basic subgroup and thus M;/B; has a g-quasicyclic quotient group.
This yields that A is a nilpotent-by-Cernikov group, a contradiction. O

The next lemma is an extension of Lemma 3.1 from [26].
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Lemma 2.7. Let G be a nilpotent p-group and B be a normal subgroup of finite exponent
of G such that G/B is a divisible group. If D is the maximal divisible abelian subgroup of
G, then G = BD.

Proof. We use induction on the nilpotency class ¢ of G. If ¢ = 1 then the assertion follows
from Proposition 21.3 of [21].

Suppose that ¢ > 1 and the assertion holds for ¢ — 1. Let R = 7.G and G = G/R.
If U = U/R is the maximal divisible abelian subgroup of G, then by induction hypothesis
G =U B. Since R < Z(G), the quotient group

UZ(G)/2(G) = U/(UnZ(G)) = (U/R)/(UN Z(G))/R)

is divisible abelian. By Corollary 4.13 of [27] 12 (UZ(G)) = U is a divisible group. Let
Uy =U/U', Ry = RU'/U’. Since the quotient Uy /R; is divisible, we conclude that U; = Vi Ry,
where Vi is a divisible part of U;. Then U = V R, where V is a divisible group. Thus
G=UB=VRB=VR. O

3. In this part we characterize the solvable groups satisfying Max-NC.

Let D be a commutative Dedekind domain and A a R-right module. By Spec(D) we
denote the set { P | P is a non-zero prime ideal of D}. Moreover the set Ap = {a € A|aP™ =
{0} for some n = n(a) € N} is called the P-component of A for some P € Spec(D). It is
well known (see e.g. [28, Theorem 9.4]) that A = Ap implies that A has a basic submodule
B, i.e. B satisfies the following conditions:

(1) B is a direct sum of cyclic submodules;

(2) B is a pure submodule of A;

(3) A/B is a divisible D-module.

Lemma 3.1. Let G = A x (x) be the semidirect product of a normal abelian subgroup A

of prime exponent p and an infinite cyclic subgroup (z). Then G satisfies Max-NC' if and
only if it is either a polycyclic group or a nilpotent-by-Cernikov group.

Proof. (<) Obviously.

(=) It is clear that A is a right F,(z)-module over a Dedekind ring F,(z) with x acting
on A by the conjugation and A is a D-torsion module. Suppose that A is not a finitely
generated F,(z)-module and G is not a nilpotent-by-Cernikov group. By Corollary 3.6 of
28] (see also Proposition 2.4 of [29, Chapter 8, §8.2])

@D
A= A *
ZPESpec(IF;,,(:c}) P ( )

is a module direct sum of its P-components Ap. Then in the decomposition (*) there are
only finite number of non-trivial summands all of them except for one (say Ap) being finite.
Let B be a basic submodule of Ap. In view of our hypothesis B = Ap is a module direct
sum of finitely many cyclic submodules and consequently Ap x () is a nilpotent-by-Cernikov
subgroup of finite index in G. n

Lemma 3.2. Let G = D x (u) be the semidirect product of a normal divisible abelian
torsion-free subgroup D and an infinite cyclic subgroup (u). If D is an injective right
Q(u)-module (with u acting on D by the conjugation) and G satisfies Max-NC, then G is
a nilpotent-by-Cernikov group.
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Proof. Suppose that G is a non-“nilpotent-by-Cernikov” group. Then D is an indecompos-
able Q(u)-module. By Theorem 2.4 of [30] D = E(Q(u)/I), where E(Q(u)/I) is an injective
envelope of Q(u)/I and I is an irreducible ideal of Q(u). By Lemma 7.12 of [31] I is a
P-primary ideal for some P € Spec(Q(u)) and by Proposition 3.1 of [30] D = E(Q(u)/P).
Let Ay = {z € D | xP = {0}}. By Theorem 3.4 of [30] A; and the field Q(u)/P are
isomorphic as linear (Q(u)/P)-spaces. Since Ann g, (A1) # {0}, by Corollary 7.3 of [28] A,
is a module direct sum of cyclic Q{u)-submodules. In view of Proposition 2.2 of [30] A; is a
cyclic Q(u)-submodule. Hence A; x (u™) is a nilpotent subgroup for some integer m > 2. By
Z we denote the centre Z(A; x (u™)). Without restricting of generality we can assume that
Z(A; x (u)) = 1. Since the quotient group A;/(A; N Z) is torsion-free by Mal’cev Theorem
(see [22, Proposition 5.2.19]), the subgroup A;NZ is pure in A; (see [21, §26]). Consequently
A; N Z is a divisible subgroup of A;. Moreover Z is a (u)-invariant subgroup. This means
that A; N Z is an injective right Q(u)-submodule of A; and hence A; N Z = A;. By U we
denote the quotient group (u)/(u™). Let 7 be a finite set of distinct primes py,...,p; (I > 2).
By Lemma 2.3 of [16] the nontrivial right ZU-module A; has a submodule N such that A; /N
is a torsion m-group. Clearly that N is a normal in G. Let C' = D/N. Then C' is a right
Q(u)-module with the action induced by the conjugation of u on A;. Moreover C' is a P-
module (see e.g.[28, §3]) and by Theorem 9.4 of [28] C' has a basic submodule B. If B = C,
then G'/N is a nilpotent-by-Cernikov group, a contradiction. Hence B # C and by Theorem
5.28 of [28] the quotient module C'/B is injective. In view of Proposition 2.2 of [30] C'/B is
a nilpotent-by-Cernikov group. By Lemma 2.6 G is a nilpotent-by-Cernikov group. O]

Lemma 3.3. Let G = A X (u) be the semidirect product of a normal abelian torsion-free

subgroup A and an infinite cyclic subgroup (u). If G satisfies Max-N C' then it is either
a polycyclic group or a nilpotent-by-Cernikov group.

Proof. By Theorem 21.3 of [21] A = D x F is a group direct product of the divisible part
D and a reducible subgroup F. We also assume that G is neither a polycyclic group nor
a nilpotent-by-Cernikov group. Then G is a locally “nilpotent-by-finite” group.

(1) First, suppose that the divisible part D is trivial. Let B be a p-basic subgroup of F'
for some prime p. If B = F' is a finitely generated subgroup, then G is polycyclic. Assume
that B = F' is not finitely generated. Then by Lemma 3.1 the quotient group G/BP is
nilpotent-by-Cernikov and by Lemma 2.6 so is G, a contradiction.

Let B # F. If B is not finitely generated, then by Lemma 26.1 of [21] B = B/B? is
a p-pure subgroup of F' = F/BP and then by Proposition 27.1 of [21] F = B x C is a
group direct product of an infinite abelian subgroup B of prime exponent p and a p-divisible
subgroup C. Thus F/FP is an infinite group and by Lemma 3.1 G'//FP is a nilpotent-by-
Cernikov group. In view of Lemma 2.6 G is the ones, a contradiction. Hence B is a finitely
generated subgroup.

(a) Suppose that the quotient group F'/B is torsion and has a non-trivial p-subgroup.
Then we can assume that F//B = Cpe. Therefore (B, u) is a nilpotent-by-Cernikov subgroup
and by Lemma 3.7 of [1, Chapter 3, §5] (B,u) = N x (u) for some G-invariant subgroup
N of F. Since (B,u) # G, we can assume that B = N. Moreover (B,u™) is a nilpotent
subgroup for some integer m and therefore B has a (B, u™)-invariant subgroup B; with the
infinite cyclic quotient group B/B;. Let Gy = (F x (u™))/By = F x (@™). Tt is clear that
F=Q®. Since Fx (u™) is a non-“nilpotent-by-Cernikov” subgroup, [F, (u™)] € By in view
of Proposition 2.3 and consequently " induces an automorphism of F of infinite order. But
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as stated in Exercise 5 of [32, §113]
Aut QW >~ 7, x Z

and therefore Gy is not a locally “nilpotent-by-finite” group, a contradiction.

(b) If F/B is a p’-group, then it has an infinite Sylow g-subgroup of finite index for some
prime q. Therefore we can assume that F'/B is an infinite ¢-group. If S/B is a basic subgroup
of F//B then, in the same manner as before we can prove that S/B is finitely generated and
F/S = Cpe, a contradiction.

(¢) Now suppose that the quotient group F'/B is mixed. Without restricting of generality
we may assume that F' is a p-divisible group. Then H = (,G - (u) is a hypercentral group.
Assume that F/(((.G) N F) is a finitely generated group. In view of Proposition 2.3 the
quotient group H/H' is finitely generated. Then H = H'FE for some finitely generated
subgroup E. If H = H/v..2H, where c is the nilpotent class of £, then H = H' E = E.
This yields that L = [L, E], where L = v.,9H, and so

H=LE =[L, (u)]E. (**)

Since the quotient F/L is a finitely generated abelian p-divisible group, it is finite and
consequently L x (u) is a subgroup of finite index in G. In view of our hypothesis and
Lemma 2.6 L/LP is a finite quotient group for all primes p. By (**) L is a divisible group.
Lemma 3.2 yields a contradiction.

If the quotient group F/((¢,G) N F') is not finitely generated, then without restricting of
generelity we can assume that the centre Z(G) is trivial. Let K be any finitely generated
subgroup of F'. Then (K, u*) is a nilpotent subgroup for some integer s. By X we denote the
subgroup Z({K,u*))NF. Then X is a finitely generated (u)-invariant subgroup and moreover
X is a non-trivial right ZU-module, where U = (u)/(u®) and the action of U on X is induced
by the conjugation of v on X. By Lemma 2.3 of [21] X has a proper ZU-submodule Y such
that X/Y is a p-group. It is clear that Y is a finitely generated normal subgroup in G. Then
by Theorem 21.3 of [13] F//Y =T/Y xM/Y, where T/Y = C, and M /Y is some subgroup.
If S = (M/Y)/T(M/Y) is not finitely generated then G is a nilpotent-by-Cernikov group.
Therefore S is a finitely generated p-divisible torsion-free group. This means that M/Y is
a finite group. Hence F/Y; = C,~ for some finitely generated G-invariant subgroup Y,
a contradiction.

(2) Now suppose that the divisible part D is non-trivial. From the part (1) of this proof it
follows that G'/D is a polycyclic group or G is a nilpotent-by-Cernikov group. Assume that
G/D is a polycyclic quotient group. Then (F,u) is a finitely generated nilpotent-by-finite
subgroup and moreover (F,u) = N x (u) for some abelian subgroup N of A. Lemma 3.2
yields that D x (u®) is a nilpotent subgroup for some integer s. Furthermore, the subgroup
N x {u™) is nilpotent for some integer m. Put k = min{m, s}. Then A x (u*) is a nilpotent
subgroup of finite index in G, a contradiction. O

Proposition 3.4. Let G = NU be the product of a normal nilpotent subgroup N and
a polycyclic abelian subgroup U. If G satisfies Max-NC, then it is of one of the following
types:

(i) G is a polycyclic group;

(ii) G is a nilpotent-by-Cernikov group;
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(iii) G = DV is a product of a normal divisible abelian p-subgroup D and a polycyclic
subgroup V.

Proof. Suppose that G satisfies Max-NC and G is neither a polycyclic group nor a nilpotent-
by-Cernikov group. By Lemmas 3.1, 3.3 and 2.2 we can assume that the subgroup N is
torsion and consequently N is a w-group for some finite set 7 of primes. Thus G = QUj,
where () is the infinite Sylow g-subgroup of NV for some g € 7 and U, is a polycyclic subgroup.
Put G = G/Q'. Then by Theorem 21.3 of [21] Q = D x X is a group direct product of the
divisible part D and a reducible subgroup X.

(a) First, assume that D is trivial. By B we denote a basic subgroup of X. If X = B
and B is a finitely generated subgroup, then G is a polycyclic group, a contradiction. Let
X = B and B is not a finitely generated subgroup. Then the quotient group (X x (@))/X"
is nilpotent-by-Cernikov for every element @ of U by Lemma 3.1. As consequence of Lemma
2.6 the quotient group G /Q' X1 is polycyclic, a contradiction. Thus X # B.

If B is not finitely generated then by Lemma 2.7 and Theorem 21.3 of [12] X /B = Sx By

is a group direct product of its divisible part S and an infinite abelian subgroup B; of prime
exponent q. This yields that | X : X’| = oo

Then by Lemmas 3.1 and 2.6 the quotient group @/Yq is polycyclic, a contradiction.
Therefore B is a finitely generated subgroup and X is a finite-by-divisible group, a contra-
diction with Theorem 1.16 of [1] and Proposition 2.4.

(b) Let D be a non-trivial subgroup. By D we denote an inverse image of D in G. Lemma
2.6 implies that G/D is a polycyclic quotient group. Put G; = G/Q"D’ and Q; = Q/Q"D’.
Assume that the quotient group Y = Q1'/(Q1)? is an infinite group. By Lemma 2.7Y = A-C
is a product of its non-trivial divisible part A and an infinite abelian G;/(Q1")%-invariant
subgroup C' of prime exponent ¢q. Applying Lemmas 3.1 and 2.6 we conclude that G is
a nilpotent-by-Cernikov group, a contradiction. Hence |Q;’ : (Q1)? < oco. So Y is an
abelian group by Theorem 1.16 of [1] and consequently Q" = (Q1")? is a divisible abelian
g-group. This yields that D/D’'Q" is a divisible abelian subgroup of finite index in Q1. Since
D/D'Q" = (D/Q")/(D'Q"/Q") and D is a nilpotent subgroup, the quotient group D/Q" is
a divisible abelian group. Moreover |Q/Q" : D/Q"| < oo and hence Q/Q" is a central-by-
finite group. This means that the commutator subgroup @’ is finite and therefore D is a
divisible abelian g-subgroup, as desired. O

Lemma 3.5. Let G = DU be the product of a normal divisible abelian subgroup D and an
abelian polycyclic subgroup U. If G satisfies Max-NC, then one of the following holds:
(i) G is a nilpotent-by-Cernikov group;
(ii) ifu € U and D{u) is a non- “nilpotent-by-Cernikov” subgroup, then u has infinite order,
D is a p-group for some prime p and [D, (u)] = D.

Proof. Let u be an element of U such that D(u) is not a nilpotent-by-Cernikov subgroup.
Then by Proposition 3.4 D is a p-group for some prime p. If [D, (u)] # D, then [D, (u)](u)
is a normal nilpotent-by-Cernikov subgroup of G. Thus G is a nilpotent-by-Cernikov group
in view of Lemma 2.2, a contradiction. O]

If G is a non-“nilpotent-by-Cernikov” group, by Xo(G) we denote the set

ﬂ{H | H is a non- “nilpotent-by-Cernikov” subgroup of G}.
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Theorem 3.6. Let G be a solvable group. Then G satisfies Max-NC' if and only if it is of
one of the following types:

(i) G is a polycyclic group;

(ii) G is a nilpotent-by-Cernikov group;

(iii) G = DW is a product of a normal divisible abelian p-subgroup D and a non-torsion
polycyclic subgroup W and moreover Xy(G) = D.

Proof. (<) Obvious.

(=) Let G satisfies Max-NC' and G is neither a polycyclic group nor a nilpotent-by-
Cernikov. By n we denote the derived length of G. Then there exists an integer k (0 < k <n
and G = @) such that G® is not a nilpotent-by-Cernikov subgroup, but G**1 is a
nilpotent-by-Cernikov. By Proposition 2.3 the quotient group G/G**1 is polycyclic. From
Proposition 3.4 it follows that G**1) has a G-invariant divisible abelian p-subgroup D such
that G**+1 /D is a polycyclic group. If K is any non- “nilpotent-by-Cernikov” subgroup of G,
then from DK /(DN K) = D x K it follows that D is a trivial subgroup. Hence Xo(G) > D
and by Mal’cev Theorem (see [22, Proposition 5.4.16]) Xo(G) = D. O
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