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We describe an asymptotic behavior of p-th integral means, 1 ≤ p < +∞, and the
area means of logarithmic derivatives and logarithms of meromorphic in C functions
of complete regular growth, the restriction on growth of which is given by arbitrary
continuous increasing and convex with respect to log r function λ(r) such that

0 < lim
r→+∞

rλ′(r)

λ(r)
≤ lim

r→+∞

rλ′(r)

λ(r)
< +∞.

�.�. � áë«ìª¨¢. �á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ «®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤­ëå ¨

«®£ à¨ä¬®¢ ¬¥à®¬®àä­ëå äã­ªæ¨© ¢¯®«­¥ à¥£ã«ïà­®£® à®áâ  ¢ Lp[0, 2π]-¬¥âà¨ª¥.

II // � â¥¬ â¨ç­÷ �âã¤÷ù. { 1999. { �.12, ü 2. { C.135{144.

�¯¨á ­®  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ p-ëå ¨­â¥£à «ì­ëå áà¥¤­¨å, 1 ≤ p <
+∞, áà¥¤­¨å ¯® ¯«®é ¤¨ ®â «®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤­ëå ¨ «®£ à¨ä¬®¢ ¬¥à®-
¬®àä­ëå ¢ C äã­ªæ¨© ¢¯®«­¥ à¥£ã«ïà­®£® à®áâ , ®£à ­¨ç¥­¨ï ­  à®áâ ª®â®àëå
§ ¤ ­ë ¯à®¨§¢®«ì­®© ¢®§à áâ îé¥© ¨ ¢ë¯ãª«®© ®â­®á¨â¥«ì­® log r äã­ªæ¨¥©
λ(r) â ª®©, çâ®

0 < lim
r→+∞

rλ′(r)

λ(r)
≤ lim

r→+∞

rλ′(r)

λ(r)
< +∞.

�áâã¯. �ï áâ ââï õ ¡¥§¯®á¥à¥¤­i¬ ¯à®¤®¢¦¥­­ï¬ câ ââ÷ [1]. �®à®âª® ­ £ -
¤ õ¬® ¯®âài¡­i ­ ¬ ã ¯®¤ «ìè®¬ã ¯®§­ ç¥­­ï â  ä ªâ¨. �¥å ©

λ(r) =

∫ r

0

ν(t)

t
dt,

ρ0
µ0

}
= lim

r→+∞

ν(r)

λ(r)
, λ1(r) =

∫ r

0

λ(t)
dt

t
,

¤¥ ν(t) | ­¥¢i¤'õ¬­  ­¥á¯ ¤­  äã­ªæiï. �ªài§ì ­ ¤ «i ¢¢ ¦ õ¬®, é® ρ0 < +∞.
�ï ã¬®¢  ài¢­®á¨«ì­  [2] ¤® ã¬®¢¨ λ(2r) = O(λ(r)), r → +∞. �« á ¬¥à®¬®àä-
­¨å ¢ C äã­ªæi© f(z), â ª¨å, é® f(0) = 1 ÷ T (r, f) = O(λ(r)) (|z| = r → +∞),
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¡ã¤¥¬® ¯®§­ ç â¨ �(λ),   ç¥à¥§ �0(λ) | ©®£® ¯i¤ª« á, ã ïª¨© ¢å®¤ïâì ¬¥à®-
¬®àä­÷ äã­ªæiù æi«ª®¬ à¥£ã«ïà­®£® §à®áâ ­­ï. �ãâ T (r, f) | ­¥¢ ­«i­­i¢áì-
ª  å à ªâ¥à¨áâ¨ª  äã­ªæiù f . �à¨©¬¥¬® F (z) = zf ′(z)/f(z). �i¤ log f(z) =
log |f(z)|+ i arg f(z) à®§ã¬iõ¬® äã­ªæiî

log f(z) =

∫ z

0

F (ξ)ξ−1dξ, log f(0) = 0,

¢¨§­ ç¥­ã ¢ C∗ (ª®¬¯«¥ªá­i© ¯«®é¨­i C § à®§ài§ ¬¨ ¢i¤ ­ã«i¢ â  ¯®«îái¢ ¤® ∞
¢§¤®¢¦ ¯à®¬¥­÷¢, é® ¢¨å®¤ïâì § â®çª¨ 0),   i­â¥£à « ¡¥à¥âìáï ¢§¤®¢¦ ¢i¤ài§ª 
[ 0, z ]. �¥à¥§

ck(r, v) = ck(r,Re v) + ick(r, Im v) =
1

2π

∫ 2π

0

v(reiθ)e−ikθdθ, k ∈ Z,

¯®§­ ç¨¬® ª®¥äiæiõ­â¨ �ãà'õ äã­ªæiù v(z), z = reiθ, ¤¥ v(z) ®¤­  § äã­ªæi©
F (z) ç¨ log f(z).

�¥®à¥¬  A. [3, á.75]. �¥å © f ∈ �(λ). �®¤i, ­ áâã¯­i â¢¥à¤¦¥­­ï ¥ª¢i¢ -
«¥­â­i:

1) f ∈ �0(λ);

2) ∀k ∈ Z, ∃ limr→+∞ ck(r, log |f |)/λ(r)
def
== ck.

�®§­ ç¨¬® ç¥à¥§ [3, á.77] h(θ, f) =
∑+∞

k=−∞ cke
ikθ i­¤¨ª â®à äã­ªæiù f §

�0(λ).
�«ï ¢¨¬ià­®ù ¬­®¦¨­¨ E ⊂ R+ ¯®§­ ç¨¬® d(E) = limr→+∞ r−1mes{E ∩

[0, r]} ùù «i­i©­ã ¢¥àå­î éi«ì­iáâì,   ç¥à¥§ Eη = {E ⊂ R+ : d(E) ≤ η}, 0 < η ≤ 1,
E0 = {E ∈ R+ : mes{E ∩ [ 0, r ]} = o(r), r → +∞}, i ¡ã¤¥¬® ¤®âà¨¬ã¢ â¨áì
¯®§­ ç¥­­ï

lim*

r→+∞
g(r) = lim

E ̸∋r→+∞
g(r),

¤«ï ¤¥ïª®ù ¬­®¦¨­¨ E ∈ Eo.

�¥¬  �. [4, «¥¬  5]. �¥å © f(z) ¬¥à®¬®àä­  ¢ ªàã§i {z ∈ C : |z| ≤ R}
äã­ªæiï i f(z) ∼ czp ¯à¨ z → 0 ¤«ï ¤¥ïª¨å c ̸= 0, p ∈ Z. �®¤i, ïªé® 1 < r < R,
â®

1

2π

∫ 2π

0

|ReF (reiθ)|dθ ≤ 2T (R, f)− log |c|
log(R/r)

.

�¥â®î æiõù à®¡®â¨ õ ¤®á«i¤¦¥­­ï  á¨¬¯â®â¨ç­®ù ¯®¢¥¤i­ª¨ ¯à¨ |z| → +∞
äã­ªæ÷© log f(z) â  F (z), z = |z|eiφ, ¢ ¬¥âà¨æi ¯à®áâ®ài¢ Lp[0, 2π], 1 ≤ p < +∞,
φ ∈ [0, 2π], â  ¢ â¥à¬i­ å ùå á¥à¥¤­iå §  ¯«®é¥î.

§1. �¥£ã«ïà­iáâì §à®áâ ­­ï  à£ã¬¥­â  ¬¥à®¬®àä­®ù äã­ªæiù.

�¥®à¥¬  1. �ªé® f ∈ �0(λ), â® ¤«ï ¤®¢i«ì­®£® p, 1 ≤ p < +∞, á¯à ¢¥¤«¨¢®

lim
r→+∞

{ 1

2π

∫ 2π

0

∣∣∣arg f(reiθ)
λ1(r)

+ h′(θ, f)
∣∣∣pdθ} 1

p

= 0,

¤¥ h′(θ, f) | ¯à ¢®áâ®à®­­ï ¯®åi¤­  ¢i¤ i­¤¨ª â®à  h(θ, f).
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� ¢¯ ª¨, ­¥å ©

N(r, 0, f) = O(λ(r))  ¡® N(r,∞, f) = O(λ(r)), r → +∞, (1)

i ¤«ï ¤¥ïª¨å p, 1 ≤ p < +∞ â  h: [0, 2π] → R, h ∈ Lp[0, 2π], ¢¨ª®­ãõâìáï
á¯i¢¢i¤­®è¥­­ï

lim
r→+∞

{ 1

2π

∫ 2π

0

∣∣∣arg f(reiθ)
λ1(r)

− h(θ)
∣∣∣pdθ} 1

p

= 0, (2)

i
N(r) = N(r, 0, f)−N(r,∞, f) = c0λ(r) + o(λ(r)), r → +∞, (3)

¤¥ c0 | ¤¥ïª  ¤i©á­  áâ « . �®¤i f ∈ �0(λ) i h(θ) = −h′(θ, f) ¬ ©¦¥ áªài§ì ­ 
[0, 2π].

� ã¢ ¦¥­­ï 1. �á¨¬¯â®â¨ç­  ¯®¢¥¤i­ª  äã­ªæiù log |f(reiθ)|/λ(r) ¢ Lp[0, 2π]-
¬¥âà¨æi â  §®¢­i C0

0 -¬­®¦¨­ ¯®¢­iáâî ¢¨¢ç¥­  �.�. �®­¤à âîª®¬ [3, £« ¢¨ 7{
9]. �ªài¬ â®£®, § ã¢ ¦¥­­ï 2.1, 2.2 â  ¯à¨ª« ¤ 2.1 § [3] ¢ª §ãîâì ­  ÷áâ®â­÷áâì
ã¬®¢¨ (1),   ªà¨â¥ài© ­¥âà¨¢i «ì­®áâi ª« áã �0

E(λ) (â¥®à¥¬  7.4) ­  §¬iáâ®¢­iáâì
ã¬®¢¨ ®¯ãª«®áâi é®¤® log r äã­ªæiù §à®áâ ­­ï λ(r) â  ­  ÷áâ®â­÷áâì ã¬®¢¨ (3).

�¥®à¥¬  2. �¥å © f ∈ �0(λ). �®¤i ¤«ï 1 < σ < +∞ á¯à ¢¥¤«¨¢®

lim
r→+∞

1

πr2(σ2 − 1)

∫ 2π

0

∫ σr

r

∣∣∣arg f(teiθ)
λ1(t)

+ h′(θ, f)
∣∣∣tdtdθ = 0.

� ¢¯ ª¨, ­¥å © ¤«ï ¬¥à®¬®àä­®ù äã­ªæiù f ¢ C, f(0) = 1, ¢¨ª®­ãõâìáï (1)
â  (3) i §­ ©¤¥âìáï ç¨á«® σ ∈ (1,+∞) â ª¥, é® á¯à ¢¥¤«¨¢¥ á¯i¢¢i¤­®è¥­­ï

lim
r→+∞

1

πr2(σ2 − 1)

∫ 2π

0

∫ σr

r

∣∣∣arg f(teiθ)
λ1(t)

− h(θ)
∣∣∣tdtdθ = 0, (4)

¤¥ h: [0, 2π] → R, h ∈ L1[0, 2π]. �®¤i, f ∈ �0(λ) i h(θ) = −h′(θ, f) ¬ ©¦¥ áªài§ì
­  [0, 2π].

� ã¢ ¦¥­­ï 2. �®¤÷¡­¨© à¥§ã«ìâ â ¤«ï äã­ªæiù log |f(reiθ)|/λ(r) (â®ç­iè¥, ¤«ï
δ-áã¡£ à¬®­i©­¨å äã­ªæi©) ¢áâ ­®¢«¥­® ¢ [5, â¥®à¥¬  2.7].

�®§­ ç¨¬®

Lf (re
iθ;λ, λ1) =

log |f(reiθ)|
λ(r)

+ i
arg f(reiθ)

λ1(r)
, ~h(θ, f) = h(θ, f)− ih′(θ, f),

¤¥ h′(θ, f) | ¯à ¢®áâ®à®­­ï ¯®åi¤­  äã­ªæiù h(θ, f).

� á«i¤®ª 1. �¥å © f ∈ �0(λ). �®¤i
1) ¤«ï ¤®¢i«ì­®£® p, 1 ≤ p < +∞, á¯à ¢¥¤«¨¢®

lim
r→+∞

{ 1

2π

∫ 2π

0

|Lf (re
iθ;λ, λ1)− ~h(θ, f)|pdθ

} 1

p

= 0;
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2) ¤«ï ¤®¢i«ì­®£® σ, 1 < σ < +∞, á¯à ¢¥¤«¨¢®

lim
r→+∞

1

πr2(σ2 − 1)

∫ 2π

0

∫ σr

r

|Lf (te
iθ;λ, λ1)− ~h(θ, f)|t dtdθ = 0.

� ¢¯ ª¨, ­¥å © ¤«ï ¬¥à®¬®àä­®ù äã­ªæiù f ¢ C â ª®ù, é® f(0) = 1, ¢¨ª®-
­ãõâìáï (1) © ÷á­ãõ p ∈ [1,+∞), ¤«ï ïª®£®

lim
r→+∞

{ 1

2π

∫ 2π

0

|Lf (re
iθ;λ, λ1)−H(θ)|pdθ

} 1

p

= 0,

 ¡® ÷á­ãõ ç¨á«® σ ∈ (1,+∞), ¤«ï ïª®£®

lim
r→+∞

1

πr2(σ2 − 1)

∫ 2π

0

∫ σr

r

|Lf (te
iθ;λ, λ1)−H(θ)|tdtdθ = 0,

¤¥ H: [0, 2π] → C, H ∈ Lp[0, 2π] ( ¡® L1[0, 2π] ¢i¤¯®¢i¤­®). �®¤i, f ∈ �0(λ) i

H(θ) = = ~h(θ, f) ¬ ©¦¥ áªài§ì ­  [0, 2π].

�®¢¥¤¥­­ï â¥®à¥¬¨ 1. �¥å © f ∈ �0(λ). �®¤i (¤¨¢. â¥®à¥¬ã A), iá­ãîâì £à -
­¨æi

lim
r→+∞

ck(r, log |f |)
λ(r)

= ck, ∀k ∈ Z,

i, §£i¤­® § â¥®à¥¬®î 4 [1], ¬ õ¬®

ck =
i

k
lim

r→+∞

ck(r, arg f)

λ1(r)
, ∀k ∈ Z \ {0}. (5)

�ã­ªæiï h(θ, f) [3, á.93{94, 110] (¤¨¢. â ª®¦ [6, á.76{77, 199]) áªài§ì ¬ õ ¯à -
¢®áâ®à®­­î ¯®åi¤­ã, ïª  ­¥¯¥à¥à¢­  §  ¢¨­ïâª®¬ é®­ ©¡i«ìè¥ §«iç¥­­®ù ¬­®-

¦¨­¨. �ªài¬ â®£®, ¤«ï ¤®¢i«ì­®£® |k| > ρ (
def
== limr→+∞ log λ(r)/ log r; ρ < +∞,

¡® [2] ρ ≤ ρ0 < +∞), ¢ià­¥ á¯i¢¢i¤­®è¥­­ï

|ck| ≤ const ρ2(k2 − ρ2)−1. (6)

�áªi«ìª¨ [2], ρ1 ≤ ρ0, ¤¥ ρ1 = limr→+∞ λ(r)/λ1(r), i, ïª § §­ ç¥­® ã ¢áâã¯i,
ã¬®¢  ρ0 < +∞ ài¢­®á¨«ì­  ¤® ã¬®¢¨ λ(2r) = O(λ(r)), r → +∞, â®, § ®£«ï¤ã
­  â¥®à¥¬ã 1 [1], ®âà¨¬ãõ¬®∣∣∣∣ck(r, arg f)λ1(r)

∣∣∣∣ ≤ A

|k|
, |k| ∈ N, r > r0, (7)

¤¥ r0 | ¤¥ïª  ¤®¤ â­  áâ « , é® ­¥ § «¥¦¨âì ¢i¤ k,   A | ¤®¤ â­  áâ « , é®
­¥ § «¥¦¨âì ¢÷¤ r â  k.

�â¦¥, ¢à å®¢ãîç¨ á¯i¢¢i¤­®è¥­­ï (5){(7), à®¡¨¬® ¢¨á­®¢®ª, é® ¯®á«i¤®¢-
­iáâì {ck(r, arg f)/λ1(r)+ ikck} ­ «¥¦¨âì ¤® ¯à®áâ®àã lp ¤«ï ¢áiå p > 1 i r > r0.
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�®¤i, § áâ®áã¢ ¢è¨ â¥®à¥¬ã � ãá¤®àä -�­£ ¯à¨ q ≥ 2, q−1 + p−1 = 1, i §¤i©á-
­¨¢è¨ ¯®ç«¥­­¨© £à ­¨ç­¨© ¯¥à¥åi¤ ¯à¨ r → +∞ ¢ ài¢­®¬ià­® §¡i¦­®¬ã ¤«ï
¢áiå r > r0 àï¤i, ®¤¥à¦ãõ¬®

lim
r→+∞

{ 1

2π

∫ 2π

0

∣∣∣arg f(reiθ)
λ1(r)

+h′(θ, f)
∣∣∣qdθ} 1

q ≤ lim
r→+∞

{ +∞∑
k=−∞,
k ̸=0

∣∣∣ck(r, arg f)
λ1(r)

+ikck

∣∣∣∣p} 1

p

= 0.

�¢i¤á¨ â  § ­¥ài¢­®áâi �¥«ì¤¥à  ¢áâ ­®¢«îõ¬® ¯®âài¡­¨© à¥§ã«ìâ â i ¤«ï 1 ≤
q ≤ 2.

� ¢¯ ª¨, ­¥å © ¢¨ª®­ãõâìáï ã¬®¢  (2). �®§­ ç¨¬® ç¥à¥§ ~ck ª®¥äiæiõ­â¨
�ãà'õ äã­ªæiù h(θ). �®¤i, ¤«ï ¢áiå k ∈ Z \ {0}∣∣∣ck(r, arg f)

λ1(r)
− ~ck

∣∣∣ ≤ 1

2π

∫ 2π

0

∣∣∣arg f(reiθ)
λ1(r)

− h(θ)
∣∣∣dθ ≤

≤
{ 1

2π

∫ 2π

0

∣∣∣arg f(reiθ)
λ1(r)

− h(θ)
∣∣∣pdθ} 1

p → 0, r → +∞.

� ®£«ï¤ã ­  â¥®à¥¬ã 4 [1], ¬ õ¬®

i

k
~ck = ck = lim

r→+∞

ck(r, log |f |)
λ(r)

, ∀k ∈ Z \ {0}. (8)

ö§ á¯i¢¢i¤­®è¥­­ì (8), (3) â  (1) ¢¨¯«¨¢ îâì (¤¨¢. â¥®à¥¬ã A) ¢ª«îç¥­­ï f ∈
�0(λ) â  ài¢­iáâì h(θ) = −h′(θ, f) ¬ ©¦¥ áªài§ì ­  [0, 2π]. □
�®¢¥¤¥­­ï â¥®à¥¬¨ 2. �¥å © f ∈ �0(λ). �£i¤­® § ¯®¯¥à¥¤­ì®î â¥®à¥¬®î ¤«ï
¤®¢i«ì­®£® ε > 0 ÷á­ãõ rε > 0 â ª¥, é® ¤«ï ¢áiå r ≥ rε

1

2π

∫ 2π

0

∣∣∣arg f(reiθ)
λ1(r)

+ h′(θ, f)
∣∣∣dθ < ε.

�«ï æ¨å ¦¥ r á¯à ¢¥¤«¨¢  ­¥ài¢­iáâì

1

πr2(σ2 − 1)

∫ σr

r

∫ 2π

0

∣∣∣arg f(reiθ)
λ1(r)

+ h′(θ, f)
∣∣∣t dtdθ ≤ 2ε

r2(σ2 − 1)

∫ σr

r

tdt = ε.

� ¢¯ ª¨, ­¥å © ¢¨ª®­ãîâìáï á¯i¢¢i¤­®è¥­­ï (1) â  (4). �®§­ ç¨¬®

m1(t; arg f, h) =

∫ 2π

0

∣∣∣arg f(teiθ)
λ1(t)

− h(θ)
∣∣∣dθ.

�à å®¢ãîç¨ ­¥ài¢­iáâì

1

πr2(σ2 − 1)

∫ σr

r

m1(t; arg f, h)tdt ≥
1

πr(σ2 − 1)

∫ σr

r

m1(t; arg f, h)dt,

®¤¥à¦¨¬®, é®

lim
r→+∞

1

r

∫ σr

r

m1(t; arg f, h)dt = 0. (9)



140 �.�. �������I�

�®§­ ç¨¬® ç¥à¥§ Dε ¬­®¦¨­ã â¨å t > 0, ¤«ï ïª¨å m1(t; arg f, h) ≥ ε > 0. �
®£«ï¤ã ­  ­¥ài¢­iáâì r−1

∫ σr

r
m1(t; arg f, h) dt ≥ εr−1

∫
Dε∩[r,σr] dt â  ài¢­iáâì (9),

®âà¨¬ãõ¬®

lim
r→+∞

mes{Dε ∩ [0, σr]} −mes{Dε ∩ [0, r]}
r

= 0.

�¢i¤á¨ ¢¨¯«¨¢ õ [6, á.196], é® «i­i©­  éi«ì­iáâì Dε ¤®ài¢­îõ ­ã«¥¢÷.
�â¦¥,

lim*

r→+∞

1

2π

∫ 2π

0

∣∣∣arg f(reiθ)
λ1(r)

− h(θ)
∣∣∣dθ = 0,

§¢÷¤á¨ ¢¨¯«¨¢ õ, é® ¤«ï ¢áiå k ∈ Z \ {0} iá­ãîâì £à ­¨æ÷

lim*

r→+∞

ck(r, arg f)

λ1(r)
= ~ck,

¤¥ ~ck | ª®¥äiæiõ­â¨ �ãà'õ äã­ªæiù h(θ). �à å®¢ãîç¨ â¢¥à¤¦¥­­ï «¥¬¨ 1 [1] i
¤®á«i¢­® ¯®¢â®àîîç¨ ¬iàªã¢ ­­ï, ­ ¢¥¤¥­i ¢ [3, á.143{144] ( ¡® [7], ¤®¢¥¤¥­­ï
«¥¬¨ 2), ®âà¨¬ãõ¬®

lim
r→+∞

ck(r, arg f)

λ1(r)
= ~ck, ∀k ∈ Z \ {0}. (10)

� «i, ¯®¤÷¡­®, ïª i ¯à¨ ¤®¢¥¤¥­­i ¯®¯¥à¥¤­ì®ù â¥®à¥¬¨, á¯i¢¢i¤­®è¥­­ï (10)
à §®¬ § (1) â  (3) ¤ îâì ­¥®¡åi¤­¨© à¥§ã«ìâ â. □
�®¢¥¤¥­­ï ­ á«i¤ªã 1. �ái â¢¥à¤¦¥­­ï æì®£® ­ á«i¤ªã ­¥£ ©­® ¢¨¯«¨¢ îâì §
â¥®à¥¬¨ 7.2 [3], â¥®à¥¬¨ 2.7 [5] â  â¥®à¥¬ 1 â  2. □

§2. �¥£ã«ïà­iáâì §à®áâ ­­ï «®£ à¨ä¬iç­¨å ¯®åi¤­¨å ¬¥à®¬®àä­¨å
äã­ªæi©. �®§­ ç¨¬®

LDf (re
iθ; ν, λ) =

ReF (reiθ)

ν(r)
+ i

ImF (reiθ)

λ(r)
.

�¥®à¥¬  3. �¥å © f ∈ �(λ), 0 < µ0 ≤ ρ0 < +∞. � áâã¯­i â¢¥à¤¦¥­­ï
¥ª¢i¢ «¥­â­i:

1) f ∈ �0(λ);
2) ¤«ï ¢áiå p, 1 ≤ p < +∞, ¢¨ª®­ãõâìáï á¯i¢¢i¤­®è¥­­ï{ 1

2π

∫ 2π

0

|LDf (re
iθ; ν, λ)− ~h(θ, f)|pdθ

} 1

p → 0, r → +∞, r /∈ E ∈ Eη, 0 < η < 1;

(11)
3) ¤«ï ¤¥ïª¨å p, 1 ≤ p < +∞ i hj : [0, 2π] → R, hj ∈ Lp[0, 2π], j = 1, 2, ¢¨ª®-
­ãõâìáï á¯i¢¢i¤­®è¥­­ï{ 1

2π

∫ 2π

0

∣∣∣ReF (reiθ)
ν(r)

−h1(θ)
∣∣∣pdθ} 1

p → 0, r → +∞, r /∈ E ∈ Eη, 0 < η < 1, (12)

 ¡® á¯i¢¢i¤­®è¥­­ï (3) i{ 1

2π

∫ 2π

0

∣∣∣ ImF (reiθ)

λ(r)
−h2(θ)

∣∣∣pdθ} 1

p → 0, r → +∞, r /∈ E ∈ Eη, 0 < η < 1. (13)

�à¨ æì®¬ã, h1(θ) = h(θ, f), h2(θ) = −h′(θ, f) ¬ ©¦¥ áªài§ì ­  [0, 2π].
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�¥®à¥¬  4. �¥å © f ∈ �0(λ), 0 < µ0 ≤ ρ0 < +∞. �®¤i, ¤«ï 1 < σ < +∞
á¯à ¢¥¤«¨¢®

lim
r→+∞

1

πr2(σ2 − 1)

∫ 2π

0

∫ σr

r

|LDf (te
iθ; ν, λ)− ~h(θ, f)|t dtdθ = 0.

� ¢¯ ª¨, ­¥å © f ∈ �(λ), 0 < µ0 ≤ ρ0 < +∞, i ÷á­ãõ σ ∈ (1,+∞) â ª¥, é®
¢¨ª®­ãõâìáï

lim
r→+∞

1

πr2(σ2 − 1)

∫ 2π

0

∫ σr

r

∣∣∣ReF (teiθ)
ν(t)

− h1(θ)
∣∣∣t dtdθ = 0,

 ¡® (3) i

lim
r→+∞

1

πr2(σ2 − 1)

∫ 2π

0

∫ σr

r

∣∣∣ ImF (teiθ)

λ(t)
− h2(θ)

∣∣∣t dtdθ = 0,

¤¥ hj : [0.2π] → R, hj ∈ L1[0, 2π], j = 1, 2. �®¤÷, f ∈ �0(λ) i h1(θ) = h(θ, f),
h2(θ) = −h′(θ, f) ¬ ©¦¥ áªài§ì ­  [0, 2π].

� ã¢ ¦¥­­ï 3. öáâ®â­÷áâì ã¬®¢ f ∈ �(λ) â  (3) ¢áâ ­®¢«¥­  ¢ [7] (¯à¨ª« ¤¨ 1
â  2). �«i¤ ¢i¤¬iâ¨â¨, é® § ®£«ï¤ã ­  ¯à¨ª« ¤ 2 § [7], ®¤­®ç á­¥ à¥£ã«ïà­¥
§à®áâ ­­ï äã­ªæi© Re f(reiθ)/λ(r) â  Im f(reiθ)/λ(r) é®¤® äã­ªæiù λ(r) ¬®¦-
«¨¢¥ «¨è¥ ã ¢¨¯ ¤ªã λ(r) = rρ(r), ¤¥ ρ(r) | ãâ®ç­¥­¨© ¯®àï¤®ª.

�®¢¥¤¥­­ï â¥®à¥¬¨ 3. �áªi«ìª¨ f ∈ �0(λ), â® ¤«ï ¢áiå k ∈ Z iá­ãîâì £à ­¨æi

lim
r→+∞

ck(r, log |f |)/λ(r) = ck.

� â¥®à¥¬¨ 4 [1] ¢¨¯«¨¢ õ iá­ã¢ ­­ï £à ­¨æì

ck = lim*

r→+∞

ck(r,ReF )

ν(r)
, −ikck = lim

r→+∞

ck(r, ImF )

λ(r)
, ∀k ∈ Z.

� â¢¥à¤¦¥­­ï ¯.3 â¥®à¥¬¨ 1 [1], á¯i¢¢i¤­®è¥­ì (6) â  ã¬®¢ 0 < µ0 ≤ ρ0 < +∞,
¢ á¢®î ç¥à£ã, ¢¨¯«¨¢ õ, é® ¯®á«i¤®¢­iáâì{ck(r,ReF )

ν(r)
+ i

ck(r, ImF )

λ(r)
− ck − kck

}
­ «¥¦¨âì ¤® ¯à®áâ®àã lq ¤«ï ¢áiå r /∈ E ∈ Eη i q > 1. � áâ®áã¢ ¢è¨ â¥®à¥¬ã
� ãá¤®àä -�­£ ¯à¨ p ≥ 2 i q−1 + p−1 = 1, ®âà¨¬ãõ¬®

{ 1

2π

∫ 2π

0

|LDf (re
iθ; ν, λ)− ~h(θ, f)|pdθ|

} 1

p ≤

≤
{ +∞∑
k=−∞

∣∣∣ck(r,ReF )
ν(r)

+ i
ck(r, ImF )

λ(r)
− ck − kck

∣∣∣q} 1

q

. (14)
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�¤i©á­îîç¨ ¢ (14) £à ­¨ç­¨© ¯¥à¥åi¤ ¯à¨ r → +∞ i ¢à å®¢ãîç¨ ài¢­®¬ià­ã
§¡i¦­iáâì ¯® r, r /∈ E ∈ Eη àï¤ã ¢ ¯à ¢i© ç áâ¨­i (14), ¯à¨å®¤¨¬® ¤® á¯i¢¢i¤-
­®è¥­­ï (11) ¤«ï p ≥ 2. �¢i¤á¨, § ¢¤ïª¨ ­¥ài¢­®áâi �¥«ì¤¥à , ®¤¥à¦ãõ¬® (11)
¤«ï 1 ≤ p ≤ 2.

�ªé® (12) ¢¨ª®­ãõâìáï ¤«ï ¤¥ïª®£® p, 1 < p < +∞, â® § ­¥ài¢­®áâi �¥«ì¤¥à 
¬ õ¬® (E ∈ Eη, 0 < η < 1)

lim
E ̸∋r→+∞

1

2π

∫ 2π

0

∣∣∣ReF (reiθ)
ν(r)

− h1(θ)
∣∣∣dθ = 0.

�®§­ ç¨¬®

m1(t; ReF, h1) =

∫ 2π

0

∣∣∣ReF (teiθ)
ν(t)

− h1(θ)
∣∣∣dθ.

�¥å © χ(t) | å à ªâ¥à¨áâ¨ç­  äã­ªæiï ¬­®¦¨­¨ E ∈ Eη, 0 < η < 1,   χ∗(t) =
1− χ(t). �«ï 1 < σ < +∞ ¬ õ¬®

1

πr2(σ2 − 1)

∫ σr

r

m1(t; ReF, h1)tdt =
1

πr2(σ2 − 1)

∫ σr

r

χ(t)m1(t; ReF, h1)tdt+

+
1

πr2(σ2 − 1)

∫ σr

r

χ∗(t)m1(t; ReF, h1)tdt
def
== I1(r) + I2(r).

�«ï ¤®¢i«ì­®£® ε > 0 ÷á­ãõ rε â ª¥, é® ¤«ï ¢áiå r > rε ¢¨ª®­ãõâìáï I2(r) ≤ ε.
�æi­¨¬® â¥¯¥à I1(r). � ãà åã¢ ­­ï¬ ­¥ài¢­®áâi

m1(t; ReF, h1) ≤
1

ν(t)

∫ 2π

0

|ReF (teiθ)|dθ +
∫ 2π

0

|h1(θ)|dθ,

¤«ï ¤®áâ â­ì® ¢¥«¨ª¨å r ®âà¨¬ õ¬®

I1(r) ≤
1

πr2(σ2 − 1)

∫ σr

r

χ(t)t
dt

ν(t)

∫ 2π

0

|ReF (teiθ)|dθ+

+
1

πr2(σ2 − 1)

∫ 2π

0

|h1(θ)|dθ
∫ σr

r

χ(t)tdt ≤ M1(σ)

2πrν(r)

∫ σr

r

χ(t)dt

∫ 2π

0

|ReF (teiθ)|dθ+

+M2(σ)
mes{E ∩ [r, σr]}

r
≤ M1(σ)

rν(r)

∫ σr

r

χ(t)dt
1

2π

∫ 2π

0

|ReF (teiθ)|dθ +M3(σ)(η + ε),

¤¥Mj(σ) (j = 1, 2, 3) | ¤¥ïªi ¤®¤ â­i ­¥¯¥à¥à¢­i äã­ªæiù ¢i¤ σ, ®¡¬¥¦¥­i §¢¥àåã
¯à¨ σ > 1. � áâ®á®¢ãîç¨ «¥¬ã B (¯à¨ R = 2t, r = t), ®¤¥à¦ãõ¬®

I1(r) ≤
M4(σ)T (2σr, f)

ν(r)

mes{E ∩ [r, σr]}
r

+M3(σ)(η + σ) ≤ M5(σ)(η + ε),

¤¥ M4(σ) â  M5(σ) ¤¥ïªi ¤®¤ â­i ­¥¯¥à¥à¢­i äã­ªæiù ¢i¤ σ, ®¡¬¥¦¥­i §¢¥àåã
¯à¨ σ > 1. �®¬ã

||
lim

r→+∞

1

πr2(σ2 − 1)

∫ σr

r

m1(t; ReF, h1)tdt ≤ M5(σ)(η + ε) + ε.
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� ¢¤ïª¨ ¤®¢÷«ì­®áâ÷ η i ε ®âà¨¬ õ¬®, é®

lim
r→+∞

1

πr2(σ2 − 1)

∫ σr

r

m1(t; ReF, h1)tdt = 0.

�¢÷¤á¨ ­¥£ ©­® ¢¨¯«¨¢ õ, é® limr→+∞ r−1
∫ σr

r
m1(t; ReF, h1)dt = 0. �÷àªã¢ ­-

­ï, ¯®¤÷¡­÷ ¤® ­ ¢¥¤¥­¨å ¯à¨ ¤®¢¥¤¥­­÷ ¯®¯¥à¥¤­ì®ù â¥®à¥¬¨, ¯à¨¢®¤ïâì ­ á ¤®
á¯÷¢¢÷¤­®è¥­­ï

lim*

r→+∞

1

2π

∫ 2π

0

∣∣∣ReF (reiθ)
ν(r)

− h1(θ)
∣∣∣dθ = 0,

÷, ®â¦¥, ¤® á¯÷¢¢÷¤­®è¥­ì lim*
r→+∞

ck(r,ReF )
ν(r) = ck(h1), ∀k ∈ Z, ¤¥ ck(h1) |

ª®¥ä÷æ÷õ­â¨ �ãà'õ äã­ªæ÷ù h1(θ). �à å®¢ãîç¨ â¥®à¥¬ã 4 [1], ®âà¨¬ãõ¬®

lim
r→+∞

ck(r, log |f |)
λ(r)

= ck(h1), ∀k ∈ Z,

é® õ à÷¢­®á¨«ì­¨¬ (¤¨¢. â¥®à¥¬ã A) ¤® â®£®, é® f ∈ �0(λ) ÷ h(θ, f) = h1(θ)
¬ ©¦¥ áªà÷§ì ­  [0, 2π].

ö, ­ à¥èâ÷, ­¥å © á¯à ¢¤¦ãõâìáï á¯÷¢¢÷¤­®è¥­­ï (13). �®§­ ç¨¬®

m1(t; ImF, h2) =

∫ 2π

0

∣∣∣ ImF (teiθ)

λ(t)
− h2(θ)

∣∣∣dθ,
÷ ­¥å © χ(t) | å à ªâ¥à¨áâ¨ç­  äã­ªæ÷ï ¬­®¦¨­¨ E ∈ Eη, 0 < η < 1, χ∗(t) =
1 − χ(t). �áª÷«ìª¨ f | ¤®¢÷«ì­  ¬¥à®¬®àä­  ¢ C äã­ªæ÷ï, â®, §¤÷©á­îîç¨
§ ¬÷­ã iz = z∗, f1(z) = f(z∗), ®¤¥à¦ãõ¬®

Im z
f ′
1(z)

f1(z)
= Im z

f ′(iz)

f(iz)
= − Im iz∗

f ′(z∗)

f(z∗)
= Re z∗

f ′(z∗)

f(z∗)
.

� ãà åã¢ ­­ï¬ æ¨å à÷¢­®áâ¥© ÷ «¥¬¨ B (¯à¨ R = 2t, r = t), ¯®¤÷¡­®, ïª ÷ ¢
¯®¯¥à¥¤­ì®¬ã ¢¨¯ ¤ªã ¯à¨©¤¥¬® ¤® á¯÷¢¢÷¤­®è¥­­ï

lim*

r→+∞

1

2π

∫ 2π

0

∣∣∣ ImF (teiθ)

λ(t)
− h2(θ)

∣∣∣dθ = 0,

÷, ®â¦¥, ¤® á¯÷¢¢÷¤­®è¥­ì

lim*

r→+∞

ck(r, ImF )

λ(r)
= ck(h2), ∀k ∈ Z \ {0},

¤¥ ck(h2) | ª®¥ä÷æ÷õ­â¨ �ãà'õ äã­ªæ÷ù h2(θ). �à å®¢ãîç¨ â¥®à¥¬ã 4 [1], ®âà¨-
¬ãõ¬®

lim
r→+∞

ck(r, ImF )

λ(r)
= −ik lim

r→+∞

ck(r, log |f |)
λ(r)

, ∀k ∈ Z \ {0}.
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� æ¨å à÷¢­®áâ¥© â  á¯÷¢¢÷¤­®è¥­­ï (3) à®¡¨¬® ¢¨á­®¢®ª, é®

ck = lim
r→+∞

ck(r, log |f |)
λ(r)

=
i

k
ck(h2), k ̸= 0, c0 = lim

r→+∞

c0(r, log |f |)
λ(r)

,

â®¡â® (¤¨¢. â¥®à¥¬ã A) f ∈ �0(λ) ÷ h2(θ) = −h′(θ, f) ¬ ©¦¥ áªà÷§ì ­  [0, 2π]. □
�®¢¥¤¥­­ï â¥®à¥¬¨ 3 ¢ª §ãõ ­  â¥, é® â¢¥à¤¦¥­­ï â¥®à¥¬ 3 ÷ 4 õ à÷¢­®á¨«ì-

­¨¬¨.
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