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ON THE ALGEBRAIC TORI OVER SOME FUNCTION FIELDS

V.I. Andriychuk
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Using the fact that the global class �eld theory can be generalized to the case
of an algebraic function �eld in one variable over a pseudo�nite constant �eld (such
a �eld is called pseudoglobal), we show that some theorems on Tate-Shafarevich
groups of algebraic tori proved by J. Tate for tori over global �elds hold also for tori
over pseudoglobal �elds.

Besides it is proved that there exists an exact sequence (discovered by V. Voskre-
senskiy in the case of a global basic �eld) which connects the Tate-Shafarevich group
of a torus de�ned over a pseudoglobal �eld and the obstruction to the property of
weak approximation of this torus. Some results concerning R-equivalence on an al-
gebraic torus over a global �eld are transferred to the case of a pseudoglobal basic
�eld.
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Let K be an algebraic function �eld in one variable over a pseudo�nite [1] con-
stant �eld k. Recall that a �eld k is called pseudo�nite if k satis�es the following
three properties:

1) k is perfect;
2) k has a unique extension of each degree;
3) k is pseudo-algebraically closed, i.e., every absolutely irreducible variety over

k has a k-rational point.
We call K a pseudoglobal �eld.
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The pseudo�nite constant �elds of these pseudoglobal �elds were introduced
by J. Ax in his paper on the elementary theory of �nite �elds [1]. These �elds
are in�nite �elds which are similar to �nite ones. It follows from the Riemann
hypothesis for curves over �nite �elds that every �eld of non-zero characteristic p
which is algebraic over the prime sub�eld Z/pZ and having �nite q-primary degree
for all prime q (i.e. [k : Z/pZ] =

∏
q q

vq with vq < ∞ for all q) and every non-
principal ultraproduct of non-isomorphic �nite �elds are pseudo�nite.

The purpose of this paper is to extend some results on algebraic tori over global
�elds to the case of tori over pseudoglobal �elds.

In Section 1 we shall prove, using a result of D.S. Rim and G. Whaples [2], that
the global class �eld theory can be generalized to the pseudoglobal �elds.

In Section 2 we shall show that the Tate-Nakayama theorem holds for algebraic
tori over pseudoglobal �elds. Using this result we shall prove in Section 3 that some
theorems on the Tate-Shafarevich groups of algebraic tori proved by J.Tate for tori
over global �elds hold also for tori over pseudoglobal �elds.

In Section 4 we shall establish for algebraic tori over pseudoglobal �elds the
exact sequence which connects the Tate-Shafarevich group and the obstruction of
the weak approximation. In the case of tori over global �elds this exact sequence
was discovered by V. Voskresenskii [3].

In Section 5 we shall consider the Manin group of norm tori over pseudoglobal
�elds.

1. On the class field theory for pseudoglobal fields

Let K be an algebraic function �eld in one variable over a quasi�nite constant
�eld k. Let X be a smooth, absolutely irreducible curve over k with function �eld
K, �k the algebraic closure of k, Gk = Gal(�k/k), �X = X × �k,Pic �X the divisor class
group of �X.

Let V be the set of all valuations of K (which are trivial on k). We write Kv

for the completion of K under the valuation v and BrK,BrKv for the Brauer
groups of K and Kv respectively. In the sequel Hi(G,M) or Hi(L/K,M) denote
the Galois cohomology of a G-module M , where L/K is a Galois extension with
G = Gal(L/K).

D.S. Rim and G. Whaples have shown [2] that there is the following exact se-
quence

0 // H1(Gk,Pic �X) // BrK // ∑
v∈V BrKv

invK // Q/Z // 0, (1)

where invK =
∑

v invKv , invKv : BrKv
∼−→ Q/Z are the local invariants. They

have shown also that if H1(Gk,Pic �X) = 0 then the reciprocity law holds over k,
i.e. for any function �eld K in one variable over k the norm residue map induces
the isomorphism CK/NL/KCL −→ Gal(L/K) for all �nite abelian extensions L/K,
where CK and CL are the idele class groups of K and L.

Let us �rst prove that the reciprocity law holds over any pseudo�nite �eld k.

Proposition 1. Let k be a pseudo�nite �eld. Then, in the above notations,

H1(Gk,Pic �X) = 0.
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Proof. One has the exact sequence 0 // Pic0 �X // Pic �X // Z // 0 of
Gk-modules. It gives us the exact sequence

H1(Gk,Pic0 �X) // H1(Gk,Pic �X) // H1(Gk,Z) = 0. (2)

Let J be the Jacobian variety of X. The Gk-modules Pic0 �X and J(�k) are
isomorphic, therefore H1(Gk,Pic0 �X) = H1(Gk, J(�k)) = 0 because k is pseudo-
algebraically closed.

It follows from (2) that H1(Gk,Pic �X) = 0.
In [2] D.S.Rim and G.Whaples proved also that the condition H1(Gk,Pic �X) =

0 implies H1(Gk, CL) = 0 and
∣∣H2(G,CL)

∣∣ = [L : K] for all cyclic extensions
L/K, G = Gal(L/K). Therefore we have as usual (see, e.g., [4], Ch.XIV) that
H1(G,CL) = 0 and |H2(G,CL)| divides [L : K] for all Galois extensions.

Our aim now is to prove that H2(G,CL) is isomorphic to Z/nZ, where n = [L :
K]. For this, we consider the following commutative diagram which was used by
J.Tate in [4, Ch.VII] for the global �eld case.

0

��
0

��

0

��

1
nZ/Z

i

��

0

��
0 // H2(G,L∗)

γ1 //

inf

��

H2(G, JL)
ε1 //

inf

��

invL/K

99sssssssss
H2(G,CL) //

inf

��

β1
eeKKKKKKKKKK

0

Q/Z

n

��

0 // BrK
γK //

res

��

∑
v BrKv

εK //

res

��

invK

99ssssssssss
H2(K,C �K) //

res

��

βK

eeLLLLLLLLLL

0

Q/Z

0 // BrL
γL // ∑

w BrLw
εL //

invL

99ssssssssss
H2(L,C�L) //

βL

eeLLLLLLLLLL

0

(3)

Here JL is the idele group of L, w runs through all valuations of L, the homo-
morphisms β1, βK and βL are induced by invL/K , invK and invL, �K and �L are the
separable closures of K and L respectively.

All the rows, columns and \bent" sequences with γ and inv in (3) are exact. The
exactness of \bent" sequences follows from (1) and the above proposition. εK and
εL are surjective because c.d.K = 2 [5], βK and βL are surjective, because so are
invK and invL. Further, βK and βL are injective, because inv = βε, so βK and βL

are isomorphisms. It follows that β1 is an isomorphism and H2(G,CL) ≃ Z/nZ.
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Let us denote β1 again by invL/K . Two lower rows of (3) remain commutative, if
one replace L by K ′, where K ′ is an arbitrary separable extension of K. Taking
K ⊂ K ′ ⊂ L with L/K Galois we get the following commutative diagram

H2(G, JL)

res

��

ε2 //

&&LL
LLL

LLL
LL

H2(G,CL)

invL/Kxxqqq
qqq

qqq
q

res

��

Z/mnZ

m

��

H2(H, JL)
ε3 //

&&LL
LLL

LLL
LL

H2(H,CL)

invL/K′xxqqq
qqq

qqq
q

Z/nZ

where H = Gal(L/K ′), m = [K ′ : K], n = [L : K ′]. So invL/K′ res = [K ′ :
K] invL/K and invL/K′ = invL/K |H2(H,CL). □

Finally, we have the following theorem.

Theorem 1. Let K be a pseudoglobal �eld. Then the idele-classes of K form the
class formation.

Recall that an element uL/K ∈ H2(G,CL) is said to be the fundamental class if
invL/K uL/K = 1/n.

2. Tate-Nakayama theorem for pseudoglobal fields

The preceding theorem allows us to prove the Tate-Nakayama theorem for tori
over pseudoglobal �elds. First, let us �x some necessary notation which will be
used later.

Let T be an algebraic torus over the �eld K, i.e. an algebraic group isomorphic
to Gd

m. We denote by T̂ and T̂ ∗ the character group and the cocharacter group of

T respectively: T̂ = Hom(T,Gm), T̂
∗ = Hom(Gm, T ) . Recall that a torus T is said

to be split over an extension L/K, if an isomorphism T ≃ Gd
m can be de�ned over

L, the �eld L is said to be the splitting �eld of T . All the characters of T are de�ned
over any splitting �eld. One can choose a splitting �eld L so that L is the �nite
Galois extension of the basic �eld K. We denote by AL the ring of adeles of the
pseudoglobal �eld L. T (L) = Hom(T̂ , L) and T (AL) = Hom(T̂ , AL) are the groups
of points of T over L and AL respectively, CL(T ) = Hom(T,CL) ≃ T (AL)/T (L).
In what follows we shall denote by Hn(, ) the Galois cohomology modi�ed by Tate.

We shall need later both local and global versions of the Tate-Nakayama theorem,
so let us formulate the following theorem.

Theorem 2. Let T be an algebraic torus de�ned over �eld K. Suppose that T
splits over a �nite Galois extension L/K, G = Gal(L/K). The following holds:

a) If K is a general local �eld, then

Hn(G,T ) ≃ H2−n(G, T̂ )
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for all n ∈ Z.
b) If K is a pseudoglobal �eld, then

Hn(G,CL(T )) ≃ H2−n(G, T̂ )

for all n ∈ Z.
Proof. The proofs of both versions a) and b) are essentially the same as in the cases
of local or global �elds respectively (see, e.g. [3] or [6]). For a) we note only that
one must take into account that the local class �eld theory has been generalized for
the case of general local �elds [5].

We make the proof of b) by imitation of the proof used in [6] for the global �eld
case.

Using Tate theorem [4, Ch. IV] and multiplying by the fundamental class uL/K ∈
H2(G,CL), we obtain Hn(G, T̂ ∗) ≃ Hn+2(G, T̂ ∗ ⊗CL). Since T̂ ∗ ⊗CL and CL(T )

are G-isomorphic, we have Hn(G, T̂ ∗) ≃ Hn+2(G,CL(T )). Now, using the duality

of Hn(G, T̂ ∗) and H−n(G, T̂ ) [7], we have H2−n(G, T̂ ) ≃ Hn(G,CL(T )), as was to
be proved. □

3. Tate-Shafarevich group

In this section we shall show that well-known theorems on the Tate-Shafarevich
groups of algebraic tori over global �elds can be stated for tori over pseudoglobal
�elds. The proofs we present are essentially those appearing in [6] for the case of
global basic �eld.

For the �nite Galois extension L/K of pseudoglobal �eld K and for the valuation
w of L which prolong a valuation v of K, we shall denote by Kv and Lw the
corresponding completions of the �elds K and L, Ow the valuation ring of the �eld
Lw, Gw = Gal(Lw/Kv) the decomposition group of w. All the groups Gw are
isomorphic for w | v, so we shall write sometimes Gv instead of Gw. We denote by
V the set of all the valuations of K.

Theorem 3. Let T be an algebraic torus de�ned over a �eld K which splits over
�nite Galois extension L/K,G = Gal(L/K). Then

a) The groups Hn(G,T (L)) are �nite if K is a general local �eld.
b) The groups èn(L/K, T ) = Ker(Hn(G,T (L)) →

∏
v∈V Hn(Gw, T (Lw)) are

�nite if K is a pseudoglobal �eld. Here w is one of the valuations which prolong v.

Proof. a) The character group T̂ is a �nitely generated G-module. Thus all groups

Hn(G, T̂ ) are �nite for all n ∈ Z. It follows from Theorem 2a) that Hn(G,T (L))
are �nite.

b) The exact sequence

1 //T (L) //T (AL) //CL(T ) //1

yields, on passage to cohomology, the exact sequence

Hn−1(G,T (AL))
g //Hn−1(G,CL(T )) //Hn(G,T (L))

f //Hn(G,T (AL)),
(4)

from which we see thatèn(L/K, T ) is isomorphic to a quotient group ofHn−1(G,CL(T ))
which is �nite by Theorem 2b). Hence èn(L/K, T ) are �nite for all n. □
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Corollary. The Tate-Shafarevich group

è(T ) = Ker(H1(K,T ) →
∏
v∈V

H1(Kv, T ))

is �nite for a torus T de�ned over a pseudoglobal �eld.

Proof. We use the fact that for a torus de�ned over K and splitting over the �nite
Galois extension L/K, we have H1(K,T ) ∼= H1(Gal(L/K), T ). Then the corollary
follows from the preceding theorem. □

To prove the following theorem we shall need two lemmas.

Lemma 1. In the above notations, we have

Hn(G,T (AL)) =
∑
v∈V

Hn(Gw, T (Lw)),

where w is some valuation of L which prolong v ∈ V .

Proof. Let S be a �nite set of valuations of the �eld K, SL the set of valuations of
L which prolong the valuations from S. Let ASL

L be the ring of SL - adeles, i. e.,

ASL

L =
∏

w∈SL

Lw ×
∏

w/∈SL

Ow, T (ASL

L ) =
∏

w∈SL

T (Lw)×
∏

w/∈SL

T (Ow).

Hn(G,T (ASL

L )) = Hn(G,
∏
v∈S

∏
w|v

T (Lw))×Hn(G,
∏
v/∈S

∏
w|v

T (Ow)) =

=
∑
v∈S

Hn(Gw, T (Lw))×
∏
v/∈S

Hn(Gw, T (Ow)).

The last equality follows from Shapiro's lemma. Suppose now that S contains all
the valuations rami�ed in L. Then

∏
v/∈S Hn(Gw, T (Ow)) = 0. Indeed, let Uw be

the group of units of Ow, and w is unrami�ed. There is a �ltration

ULw = U0
Lw

⊃ U1
Lw

⊃ · · · ⊃ Un
Lw

⊃ · · · ,

where U i
Lw

= {a : w(a − 1) ≥ i}. We have ULw/U
1
Lw

≃ l∗, U i
Lw

/U i+1
Lw

≃ l+ for
i > 0, where l is the residue �eld of Lw, moreover, under our assumption, l is the
Galois extension of the constant �eld k with Galois group Gw. Now, H

n(Gw, l
+) =

0,H1(Gw, l
∗) = 0 by Hilbert's 90 theorem, H2(Gw, l

∗) = 0, because c.d. k = 1.
Hence Hn(Gw, U

i/U i+1) = 0 and it follows that O∗
w = ULw is Gw-cohomologically

trivial, therefore T (Ow) = Hom(T̂ , Ow) is Gw-cohomologically trivial as well. The
lemma follows by passing to the limit over S. □
Lemma 2. The diagram

Hn−2(Gw, T̂
∗)

uLw/Kv//

1

Hn(Gw, T (Lw))
i //

j

��

Hn(G,
∏

w|v T (Lw))

3Hn−2(Gw, T̂
∗)

uLw/Kv//

cor

��
2

Hn(Gw, CL(T ))

cor

��
Hn−2(G, T̂ ∗)

uL/K

// Hn(G,CL(T )) Hn(G,
∏

w|v T (Lw))
hoo
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commutes. The arrows uLw/Kv
and uL/K are induced by multiplication by cor-

responding fundamental classes, i is the isomorphism from Shapiro's lemma, j is
induced by the map Lw → CL and h = cor ◦j ◦ i−1.

Proof. The lemma follows from the reasoning analogous to that of [6, Ch. VI]. It

is obvious that the square 1 commutes. For the square 2 this follows from the

equality cor(resx∪y) = x∪cor y and the square 3 commutes by construction. □
Theorem 4. In the notations of Theorem 3 there are the isomorphisms

èn(L/K, T ) ∼= Ker(H3−n(G, T̂ ) −→
∏
v∈V

H3−n(Gv, T̂ )).

Proof. The exact sequence (4) yieldsèn(L/K, T ) = Ker f = Coker g.Using Lemma
1, we obtain that g is a homomorphism∑

v∈V

Hn−1(Gw, T (Lw)) −→ Hn−1(G,CL(T )).

Consider the commutative diagram∑
v∈V Hn−1(Gw, T (Lw))

g=
∑

v
h◦i

//

u−1

Lw/Kv
��

Hn−1(G,CL(T ))

u−1

L/K

��∑
v∈V Hn−3(Gv, T̂

∗)

∑
v
cor

//

��

Hn−3(G, T̂ ∗)

��∏
v∈V H3−n(Gv, T̂ ) H3−n(G, T̂ )

resoo

in which the top square commutes by Lemma 2 and the lower square commutes by
the duality theorem Hi(H, T̂ ) ∼= H−i(H, T̂ ∗) (see [7], Ch. XII). We have

èn(L/K, T ) ∼= Coker g ∼= Ker(H3−n(G, T̂ )
res //∏

v∈V H3−n(Gv, T̂ ))

as was to be proved. □
As in the case of tori over global �elds, this theorem provides an e�ective method

of calculation of Tate-Shafarevich group for the norm tori.

Theorem 5. Let T = R1
L/K(Gm) be a norm torus over a pseudoglobal �eld K,

L/K being the �nite Galois extension with Galois group G. The Tate-Shafarevich
group è(T ) is isomorphic to the kernel of the canonical isomorphism

H3(G,Z) −→
∏
v

H3(Gv,Z),

where Gv is the decomposition group of v.

Proof. The character group T̂ of T can be included in the exact sequence

0 //Z //Z[G] // T̂ //0.

Therefore, we have Hn(G, T̂ ) ∼= Hn+1(G,Z) and in the same way

Hn(Gv, T̂ ) ∼= Hn+1(Gv,Z).
Using Theorem 4 we obtain è(T ) ∼= Ker(H3(G,Z) −→

∏
v∈V H3(Gv,Z)). □
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4. The Voskresenskii exact sequence

First let us recall some necessary notation. Let T be a torus (or more generally an
algebraic group), de�ned over a global or pseudoglobal �eld K. For every valuation
v the completion Kv is endowed with the topology de�ned by valuation v, therefore,
all the groups T (Kv) are topological groups. The group T (K) is included in the
direct product

∏
v∈S T (Kv) of topological groups T (Kv), where S ⊂ V, V the set

of all the valuations of K. Denote A(T, S) =
∏

v∈S T (Kv)/T (K), where T (K)
is the closure of T (K) in

∏
v∈S T (Kv), A(T, V ) = A(T ). A(T, S) is called the

obstruction to weak approximation relatively to S. Note that A(T ) = 0 if and only
if A(T, S) = 0 for all �nite sets S ⊂ V .

There is a canonical exact sequence investigated by V.Voskresenskii [3]

0 // T̂ //M̂ //PicVL(T ) //0 (5)

for a torus T de�ned over an arbitrary �eld K and splitting over a �nite Galois ex-
tension L/K with Galois groupG. Here T̂ is the character group of T , M̂ a permuta-
tional
G-module, PicVL(T ) is characterized by H−1(H,PicVL(T )) = 0 for all subgroups
H ⊂ G. Note that the notation PicVL(T ) reects the geometric meaning of the
module PicVL(T ).

Theorem 6. Let T be a torus de�ned over a pseudoglobal �eld K and splitting
over a �nite Galois extension L/K. Let S be a �nite set of valuations of K for
which all the decomposition groups are cyclic. Then A(T, S) = 0.

Proof. We follow the reasonings used by Voskresenskii [3] for the case of global
ground �eld. Consider the exact sequence of tori corresponding to (5)

0 //N //M //T //0. (6)

Taking cohomology of decomposition group Gv with coe�cients in the exact
sequence (6), we obtain

M(Kv) //T (Kv) //H1(Gw, N(Lw)) //H1(Gw,M(Lw)). (7)

We have H1(Gw,M(Lw)) = 0 and H1(Gw, N(Lw)) = H1(Gw, N̂) by Theorem 2a).
Let S0 be a �nite set of valuations of K with non-cyclic decomposition groups.

Using the characterization of N̂ = PicVL(T ), we obtain

H1(Gw, N(Lw)) = H1(Gw, N̂) = 0

for all v /∈ S0.
Thus the exact sequence (7) shows that there is an epimorphism∏

v∈S M(Kv) //∏
v∈S T (Kv) //0,

where S is a �nite set of valuations, S ∩ S0 = ∅.
The group M(K) is rational, therefore A(M,S) = 0 and A(T, S) = 0. □
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Theorem 7. In the above notation there is the exact sequence

0 //A(T ) //(H1(L/K,PicVL(T )))
∗ //è(T ) //0,

where (H1(L/K,PicVL(T )))
∗ = Hom(H1(L/K,PicVL(T )),Q/Z).

Proof. Again we follow [3]. The exact sequence (6) yields the commutative diagram
with exact rows and columns

1

��

1

��

1

��
1 // N(L) //

��

M(L) //

��

T (L) //

��

1

1 // N(AL) //

��

M(AL) //

��

T (AL) //

��

1

1 // CL(N) //

��

CL(M) //

��

CL(T ) //

��

1

1 1 1

Taking cohomology we obtain the commutative diagram with exact rows and
columns (we write Hn(X) instead of Hn(G,X) = Hn(L/K,X)) :

H0(M(AL))
α1 //

γ2

��

H0(T (AL))
α //

γ1

��

H1(N(AL)) //

��

H1(M(AL)) = 0

H0(CL(M))
β1 //

��

H0(CL(T ))
β //

δ

��

H1(CL(N)) // H1(CL(M)) = 0

0 = H1(M(L)) //

��

H1(T (L))

ε

��
0 // H1(T (AL)).

We have H1(G,CL(M)) = H1(G, M̂) = 0 by Theorem 2b), because M̂ is a
permutational G-module, H1(G,CL(N)) = (H1(G,PicVL(T )))

∗ by Theorem 2b).
è(T ) = Ker ε = Im δ ∼= H0(CL(T ))/Ker δ. However Imβ1 = Kerβ ⊂ Ker δ, thus
there is an epimorphism f :H1(CL(N)) →è(T ),

Ker f = Ker δ/Kerβ = Im γ1/ Imβ1 = Im γ1/ Imβ1γ2 = Im γ1/ Im γ1α1.

If S0 is a �nite set of valuations with non-cyclic decomposition groups, then

the map M(Kv)
µ //T (Kv) is an epimorphism for all v /∈ S0 as in the preceding

theorem, therefore

Ker f =
∏
v∈S0

T (Kv)
/
µ(

∏
v∈S0

(M(Kv))T (K) = A(T, S0) = A(T ),

as was to be proved. □
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5. The Manin group

Let A be an algebraic variety over an arbitrary �eld K such that A(K) ̸= ∅.
Yu. Manin [8] introduced the notion of R-equivalence on A and showed its

importance for study of algebraic varieties (in particular, cubic surfaces). Let us
recall the de�nition.

Two points a1, a2 ∈ A(K) are said to be strongly R-equivalent, if there exist a
rational map f :P1

K → A(K) of projective line over K to A(K) and x1, x2 ∈ P1
K

such that f(x1) = a1, f(x2) = a2. The points a, b ∈ A(K) are called R-equivalent,
if there exists a sequence a = a1, a2, ..., an = b such that ai and ai+1 are strongly
R-equivalent.

If A is a connected linear algebraic group then the R-equivalence is compatible
with the group law and, therefore, the quotient group A(K)/R is de�ned. This
latter group is called the Manin group.

The Manin group T (K)/R of an algebraic torus T was investigated by J.-L.
Colliot-Thelen and J.-J. Sansuc in [9].

In this section we shall prove that some results on T (K)/R for local or global
�eld K can be extended to the cases where K is a general local or pseudoglobal
�eld. We shall keep the notations of preceding sections. Let us denote PicVL(T )

in the canonical exact sequence (5) by N̂ .
The following theorems are the counterparts of Theorem 14 and Corollary to

Theorem 15 in [3, p.204].

Theorem 8. Let T be a torus over a general local �eld K and splitting over a Galois
extension L/K. Then T (K)/R ∼= H1(L/K,PicVL(T )). In particular, T (K)/R ∼=
H3(L/K,Z) if T = R1

L/K(Gm).

Proof. J.L. Colliot-Thelen and J.-J. Sansuc proved [9] that T (K)/R ∼= H1(K,N(Ks)) =

H1(L/K,N(L)), where N is the torus corresponding to N̂ . By Tate-Nakayama the-

orem 2a) we have H1(L/K,N(L)) = H1(L/K, N̂).

If T = R1
L/K(Gm) then, as was shown in [3, p.157]H

1(L/K, N̂) = H3(L/K,Z). □
Theorem 9. Let T be a torus over a pseudoglobal �eld K, T splits over a �nite

Galois extension L/K, G = Gal(L/K), N̂ = PicVL(T ) is a module from canonical
exact sequence (5).

a) There is the exact sequence

0 //è(N) //T (K)/R //∑
v∈S H1(Gv, N̂) //H1(G, N̂),

where S is the �nite set of valuations v for which the decomposition group Gv is
not metacyclic, i.e., its Sylow subgroups are not all cyclic.

b) Let T = R1
L/K(Gm). Suppose that there exists a valuation v for which Gv = G.

Then there is the exact sequence

0 //T (K)/R //∑
v∈S H3(Gv,Z) //H3(G,Z) //0,

where S is as above. If S = ∅, then all groups of this sequence are trivial.

Proof. a) Consider the exact sequence

0 //N(L) //N(AL) //CL(N) //0.
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Passing to cohomology, we have

0 //è(N) //H1(L/K,N(L)) //H1(L/K,N(AL)) //H1(L/K,CL(N)).

Applying Lemma 1, Theorem 2 and the theorem of J.L. Colliot-Thelen and J.-
J. Sansuc mentioned in the course of the proof of Theorem 8, we obtain the required
exact sequence.

b) Under our assumption for all n ∈ Z we have

èn(L/K) = Ker(Hn(L/K,L∗) //Hn(L/K, JL) = 0.

It follows that the sequence

0 //H−1(L/K,L∗) //H−1(L/K, JL) //H−1(L/K,CL) //0

is exact.
J.L. Colliot-Thelen and J.-J. Sansuc proved [9] that H−1(L/K,L∗) = T (K)/R

for T = R1
L/K(Gm). From Tate-Nakayama theorem we have (w is a valuation of L

which prolong v ∈ V )

H−1(L/K, JL) ∼=
∑
v∈V

H−1(Lw/Kv, L
∗
w)

∼=
∑
v∈S

H−1(Lw/Kv, L
∗
w)

∼=

∼=
∑
v∈S

H3(Lw/Kv, L̂
∗
v)

∼=
∑
v∈S

H3(Lw/Kv,Z)

and by the same way H−1(L/K,CL) = H3(L/K,Z). This completes the proof. □
We conclude this Section with an example.

Example. Let K be a rational function �eld over a pseudo�nite constant �eld k,
char k ̸= 2, α ∈ k, α /∈ k2.

Let T = R1
L/K(Gm), where L = K(

√
α,

√
x). Then G = Gal(L/K) ∼= Z2 ⊕ Z2,

H3(G,Z) ∼= Z2, Gx = Gal(L√
x/Kx) = Z2 ⊕ Z2. It follows from Theorem 5, that

è(T ) = 0. It is known [3] that H1(G,PicVL(T )) = H3(G,Z). So Theorem 7 says
that T is not rational and A(T ) = Z2 and Theorem 9 says that T (K)/R = 0.

Now let T = R1
L/K(Gm) where L = K(

√
x,

√
x+ 1). Suppose that −1 ∈ k2.

Then
√
1 + x ∈ Kx and

√
x ∈ K1+x. Therefore, all decomposition groups are cyclic

and
∏

v H
3(Gv,Z) = 0, H3(G,Z) = Z2. Then Theorem 5 says that è(T ) = Z2 and

Theorem 7 yields that T is not rational and A(T ) = 0.
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