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It is shown that for arbitrary topological space X with normal n-th power and
Gδ-diagonal and arbitrary the (n− 1)-th Baire class function g:X → R there exists
a separately continuous function f :Xn → R diagonal of which coincides with the
function g.
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�®ª § ­®, çâ® ¤«ï ¯à®¨§¢®«ì­®£® â®¯®«®£¨ç¥áª®£® ¯à®áâà ­áâ¢  X á ­®à-
¬ «ì­®© n-â®© áâ¥¯¥­ìî ¨ Gδ-¤¨ £®­ «ìî ¨ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ g:X → R
(n− 1)-£® ª« áá  �íà  áãé¥áâ¢ã¥â à §¤¥«ì­® ­¥¯à¥àë¢­ ï äã­ªæ¨ï f :Xn → R,
¤¨ £®­ «ì ª®â®à®© á®¢¯ ¤ ¥â á äã­ªæ¨¥© g.

1. �«ï ¤®¢i«ì­®ù ¬­®¦¨­¨ X i ­ âãà «ì­®£® ç¨á«  n ≥ 2 à®§£«ï­¥¬® ¤i -
£®­ «ì­¥ ¢i¤®¡à ¦¥­­ï dn:X → Xn, ïª¥ ª®¦­®¬ã x § X á¯i¢áâ ¢«ïõ ­ ¡ià
dn(x) = (x, ..., x) § Xn. �­®¦¨­ã �n = dn(X) §¢¨ç ©­® ­ §¨¢ îâì ¤i £®­ ««î
¤®¡ãâªã Xn,   ª®¬¯®§¨æiî g = f ◦ dn:X → Y | ¤i £®­ ««î ¢i¤®¡à ¦¥­­ï
f :Xn → Y.

� ¢¨¯ ¤ªã ¤i©á­¨å §¬i­­¨å �. �¥à [1] §'ïáã¢ ¢, é® äã­ªæiù ¯¥àè®£® ª« -
áã i âi«ìª¨ ¢®­¨ õ ¤i £®­ «ï¬¨ ­ ài§­® ­¥¯¥à¥à¢­¨å äã­ªæi© ¤¢®å §¬i­­¨å.
�¥© à¥§ã«ìâ â ¢i­ ®¤¥à¦ ¢ ®¡åi¤­¨¬ è«ïå®¬ §  ¤®¯®¬®£®î á¢®õù å à ªâ¥à¨§ -
æiù äã­ªæi© ¯¥àè®£® ª« áã ïª â®çª®¢® à®§à¨¢­¨å ­  ª®¦­i© ¤®áª®­ «i© ¬­®-
¦¨­i, ïª  ¢¨ï¢¨« áï i¤¥­â¨ç­®î § ¢i¤ªà¨â®î ­¨¬ â ª®î ¦ å à ªâ¥à¨§ æiõî
¤i £®­ «¥© ­ ài§­® ­¥¯¥à¥à¢­¨å äã­ªæi© ¢÷¤ ¤¢®å ¤i©á­¨å §¬i­­¨å. �®¯¥à¥¤­i
¯®¢i¤®¬«¥­­ï ­  æî â¥¬ã ¡ã«¨ ­¨¬ ¤ ­i ¢ [2, 3].

�. �¥¡¥õ, § ¯à®¯®­ã¢ ¢è¨ ¢ [4] ¯à®áâ¥ ¤®¢¥¤¥­­ï â®£®, é® ­ ài§­® ­¥¯¥-
à¥à¢­  äã­ªæiï ¢i¤ n ¤i©á­¨å §¬i­­¨å ­ «¥¦¨âì ¤® (n − 1)-£® ª« áã (§¢i¤ª¨,
§®ªà¥¬ , «¥£ª® ®¤¥à¦ãõâìáï, é® ùù ¤i £®­ «ì õ â ª®£® ¦ ª« áã) ã ¯à æ÷ [5, á.201]
¯®¢¥à­ã¢áï ¤® æì®£® ¯¨â ­­ï i ¯®ª § ¢, é® i ­ ¢¯ ª¨ ª®¦­  äã­ªæiï (n− 1)-£®
ª« áã õ ¤i £®­ ««î ¤¥ïª®ù ­ ài§­® ­¥¯¥à¥à¢­®ù äã­ªæiù ¢i¤ n ¤i©á­¨å §¬i­­¨å.
�î á¢®î ®áâ ­­î ¯®¡ã¤®¢ã �. �¥¡¥õ §¤i©á­îõ i­¤ãªâ¨¢­® á¯®ç âªã ¯à¨ n = 2,
¯®¬iáâ¨¢è¨ ­¥¯¥à¥à¢­i äã­ªæiù gk, ïªi  ¯à®ªá¨¬ãîâì ¤ ­ã äã­ªæiî g ¯¥àè®£®
ª« áã, ­  ¯ à å ¯ à «¥«ì­¨å ¯àï¬¨å |x−y| = ηk, ¤¥ (ηk) | á¯¥æi «ì­® ¯i¤i¡à -
­  á¯ ¤­  ¯®á«i¤®¢­iáâì ¤i©á­¨å ç¨á¥«, é® ¯àï¬ãõ ¤® ­ã«ï, i § áâ®áã¢ ¢è¨ ¤ «i

1991 Mathematics Subject Classi�cation. 54�08.

Typeset by AMS-TEX



102 �.�. ����������, �.�. ��������, �.�. ������

¢i¤¯®¢i¤­ã «i­i©­ã i­â¥à¯®«ïæiî,   ¯®âi¬ ¤«ï ¤®¢i«ì­®£® n, à®§i¡à ¢è¨ ¯à¨ ¤®-
¢¥¤¥­­i i­¤ãªâ¨¢­®£® ªà®ªã âi«ìª¨ ¯¥à¥åi¤ ¢i¤ n = 2 ¤® n = 3. �à¨ æì®¬ã
�¥¡¥õ § ã¢ ¦ãõ [5, á.203], é® ã 1899 à®æi �¥à á¯®¢iáâ¨¢ ©®¬ã ®¤­¥ ¤®¢¥¤¥­­ï
æì®£® ä ªâã, ïª¥ ©è«® ¢i¤ �. �®«ìâ¥àà¨ i £®¤¨«®áï ¤«ï ¢¨¯ ¤ªã n = 2 (  ­¥
¤«ï ¤®¢i«ì­®£® n, ïª ¯à® æ¥ ¯®¬¨«ª®¢® â¢¥à¤¨âìáï ¢ [6, á.150]).

�®¡ã¤®¢  �¥¡¥õ  ¢¨ª®à¨áâ®¢ãõ ¬®¢ã ¥¢ª«i¤®¢®ù £¥®¬¥âàiù (¯àï¬i, ¯«®é¨­¨,
ªãâ¨), ïª  ­  ¯¥àè¨© ¯®£«ï¤ ¢¨¤ õâìáï ¤«ï ©®£® ª®­áâàãªæiù ¤ã¦¥ iáâ®â­®î.
�à¨­ ©¬­i �. � ­, ¬ îç¨ ¢¦¥ ¤®á¨âì ¢¥«¨ª¨© ¤®á¢i¤ ã à®¡®âi §  ¡áâà ªâ­¨-
¬¨ ¯à®áâ®à ¬¨, ã á¢®ù© ¬®­®£à äiù [7, á.328] à®§£«ï¤ õ æ¥ ¯¨â ­­ï «¨è¥ ¤«ï
äã­ªæi© ¤i©á­¨å §¬i­­¨å, ¯à ¢¤ , ¯®¤ õ ©®£® ã §­ ç­® ¤¥â «ì­iè®¬ã i ¯®¢­iè®-
¬ã ¢¨ª« ¤i, à¥ «i§ã¢ ¢è¨ ¯à¨ æì®¬ã ¢ª §i¢ª¨ �¥¡¥õ , å®ç  ¯®¯¥à¥¤­ì® ¢i­ âãâ
¦¥ ¢áâ ­®¢«îõ, é® ­ ài§­® ­¥¯¥à¥à¢­  äã­ªæiï ­  ¤®¡ãâª®¢i n ¬¥âà¨§®¢­¨å
¯à®áâ®ài¢, n− 1 § ïª¨å õ á¥¯ à ¡¥«ì­¨¬¨, ­ «¥¦¨âì ¤® (n− 1)-£® ª« áã �¥à .

� â®© ç á ª®«¨ ¯¨â ­­ï ¡¥ài¢áìª®ù ª« á¨äiª æiù ­ ài§­® ­¥¯¥à¥à¢­¨å ¢i¤®¡à -
¦¥­ì ¤®¡ãâªi¢ â®¯®«®£iç­¨å ¯à®áâ®ài¢ ¢¨¢ç¥­¥ ¤®á¨âì ¤®¡à¥ (¤¨¢., ­ ¯à¨ª« ¤,
®£«ï¤ [8] ç¨ ¤¨á¥àâ æiî [9] i ¢ª § ­ã â ¬ «iâ¥à âãàã), § ¤ ç  ¯à® ¯®¡ã¤®¢ã
­ ài§­® ­¥¯¥à¥à¢­®ù äã­ªæiù § ¤ ­®î ¤i £®­ ««î ¢¯à®¤®¢¦ âà¨¢ «®£® ¯¥ài®-
¤ã § «¨è « áï ¯®§  ã¢ £®î. �¨è¥ ¯®ài¢­ï­® ­¥¤ ¢­® ¤®á«i¤¦¥­­ï æiõù § ¤ çi
¢i¤­®¢«¥­® § ­ è®ù i­iæi â¨¢¨. �¯®ç âªã ¡ã«® ¯®ª § ­® [10, 8, 9], é® ª®¦­ 
äã­ªæiï g:X → R ¯¥àè®£® ª« áã ­  â®¯®«®£iç­®¬ã ¯à®áâ®ài § ­®à¬ «ì­¨¬
ª¢ ¤à â®¬ X2, ¤i £®­ «ì �2 ïª®£® ¬ õ â¨¯ Gδ, õ ¤i £®­ ««î ¤¥ïª®ù ­ ài§­®
­¥¯¥à¥à¢­®ù äã­ªæiù f :X2 → R. �à¨ æì®¬ã ¬¥â®¤ ¤®¢¥¤¥­­ï, ­  ¢i¤¬i­ã ¢i¤
§ áâ®á®¢ ­¨å �¥à®¬ i �¥¡¥õ®¬ ¬iàªã¢ ­ì, ­¥ ¡ã¢ ¯à¨¢'ï§ ­¨© ¡¥§¯®á¥à¥¤­ì® ¤®
£¥®¬¥âàiù ¯«®é¨­¨,   ¢¨ª®à¨áâ®¢ã¢ ¢ «¥¬ã �à¨á®­  i â¥å­iªã äã­ªæi®­ «ì­®ù
i­â¥à¯®«ïæiù, ïª  à ­iè¥ ¡ã«  ãá¯iè­® § áâ®á®¢ ­  § i­è®î ¬¥â®î ¢ [12]. �i§-
­iè¥ ¢ [11, 9] æ¥© à¥§ã«ìâ â ¡ã«® ã§ £ «ì­¥­®: §  â¨å á ¬¨å ã¬®¢  ­  X ¤«ï
ª®¦­®ù äã­ªæiù g:X → R áªi­ç¥­­®£® ª« áã n ≥ 1 iá­ãõ äã­ªæiï f :X2 → R §
¤i £®­ ««î g, ïª  ­¥¯¥à¥à¢­  ¢i¤­®á­® ®¤­iõù §¬i­­®ù i õ ª« áã n − 1 ¢i¤­®á­®
i­è®ù (¢i¤¯®¢i¤­  áâ ââï ¢i¤¯à ¢«¥­  ¤® ¤àãªã ¢ "� â¥¬ â¨ç­i áâã¤iù"). � -
à¥èâi, ã æ÷© áâ ââ÷ ¬¨ ¯®ª §ãõ¬®, é® ¯à¨ n ≥ 2 ¤«ï ª®¦­®ù äã­ªæiù g:X → R
ª« áã n − 1 ­  â®¯®«®£iç­®¬ã ¯à®áâ®ài X § ­®à¬ «ì­¨¬ n-â¨¬ áâ¥¯¥­¥¬ Xn i
Gδ-¤i £®­ ««î �n iá­ãõ ­ ài§­® ­¥¯¥à¥à¢­  äã­ªæiï f :Xn → R § ¤i £®­ ««î
g.

�®¡ ¯®ïá­¨â¨ i¤¥î ¤®¢¥¤¥­­ï, ¢¢¥¤¥¬® ¤¥ïªi ¯®§­ ç¥­­ï. �«ï â®çª¨ x =
(x1, ..., xn) ∈ Xn â  i­¤¥ªá  i = 1, ..., n ¯®ª« ¤¥¬® x̂i = (x1, ..., xi−1, xi+1, ..., xn),
qi(x) = x̂i i Di = q−1i (�n−1) ¯à¨ n ≥ 3. �ªé® ¯®âài¡­® ¢ª § â¨ à®§¬ià­iáâì, â®
§ ¬iáâì qi i Di ¡ã¤¥¬® ¯¨á â¨ q

n
i i Dn

i . �i¤®¡à ¦¥­­ï q
n
i :X

n → Xn−1 ¬¨ ­ §¨-
¢ õ¬® ¯à®¥ªæiõî ¯ à «¥«ì­® ¤® i-â®ù ®ái,   ¬­®¦¨­ã Dn

i | i-â¨¬ ¡iá¥ªâ®à®¬
¢ Xn. �à®§ã¬i«®, é® qni (�n) = �n−1 i D

n
i ∩Dn

j = �n, ïª âi«ìª¨ i ̸= j.
�®¢¥¤¥­­ï, ïª i ã �¥¡¥õ , ¯®«ï£ õ ã §¤i©á­¥­­i i¤ãªâ¨¢­®£® ¯¥à¥å®¤ã ¢i¤

n − 1 ¤® n ¯à¨ n ≥ 3. �®¡ ©®£® §¤i©á­¨â¨, ¬¨ ¯®¤ õ¬® ¤i £®­ «ì �n ã
¢¨£«ï¤i ¯¥à¥â¨­ã ¯®á«i¤®¢­®áâi ¢i¤ªà¨â¨å ¬­®¦¨­ Gk, ¤«ï ïª¨å Gk+1 ⊆ Gk, i,
ª®à¨áâãîç¨áì «¥¬®î �à¨á®­ , ¡ã¤ãõ¬® ¢i¤¯®¢i¤­ã ¯®á«i¤®¢­iáâì ­¥¯¥à¥à¢­¨å
äã­ªæi© φk:X

n → [0, 1], â ª¨å, é® φk(x) = 0 ¯®§  ¬­®¦¨­®î Gk−1 \ Gk+2 i∑∞
k=1 φk(x) = 1 ¯®§  �n. �«ï § ¤ ­®ù äã­ªæiù g:X → R ª« áã n− 1 §­ å®¤¨¬®

¯®á«i¤®¢­iáâì äã­ªæi© gk:X → R ª« áã n − 2, ïª  ¯®â®çª®¢® §¡i£ õâìáï ¤® g
­  X, i §£i¤­® § i­¤ãªâ¨¢­¨¬ ¯à¨¯ãé¥­­ï¬ ¤«ï ª®¦­®£® k ¢¨§­ ç õ¬® ­ ài§-
­® ­¥¯¥à¥à¢­ã äã­ªæiî fk:X

n−1 → R, ¤«ï ïª®ù gk = fk ◦ dn−1. �ªé® â¥¯¥à
¯®ª« áâ¨ ¤«ï i = 1, ..., n

hi(x) =


∞∑
k=1

φk(x)fk(x̂i), ïªé® x ∈ Xn \�n,

g(d−1n (x)), ïªé® x ∈ �n,

.
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â® ¬¨ ®¤¥à¦¨¬® ­ ài§­® ­¥¯¥à¥à¢­ã ­  Xn \ �n i ­¥¯¥à¥à¢­ã ¢i¤­®á­® i-â®ù
§¬i­­®ù ­  �n äã­ªæiî hi:X

n → R, ¤«ï ïª®ù hi◦dn = g. �iá«ï æì®£® ¢¨§­ ç õ¬®
äã­ªæiù ψi:X

n → [0, 1], ïªi ­¥¯¥à¥à¢­i ­  Xn \ �n i ¤«ï ïª¨å ψi(x) = 1 ­ 
Di \ �n i ψi(x) = 0 ­  Dj ¯à¨ j ̸= i. Iá­ã¢ ­­ï æ¨å äã­ªæi© «¥£ª® ¢¨¯«¨¢ õ
§ äã­ªæi®­ «ì­®ù § ¬ª­¥­®áâi ¡iá¥ªâ®ài¢ Di. �®¤i èãª ­  äã­ªæiï f :X

n → R
¢¨§­ ç õâìáï ä®à¬ã«®î

f(x) =


n∑

i=1

ψi(x)hi(x), ïªé® x ∈ Xn \�n,

g(d−1n (x)), ïªé® x ∈ �n.

.

2. �¥à¥©¤¥¬® â¥¯¥à ¤® ¤¥â «ì­®£® ¢¨ª« ¤ã. �«ï ©®£® ¯®¢­®â¨ ¬¨ à®§¡¥à¥¬®
âãâ i ¢¨¯ ¤®ª n = 2, ¤¥é® ¬®¤¨äiªã¢ ¢è¨ ¯à¨ æì®¬ã ¯®¡ã¤®¢ã § [8, á.240].

�®ç­¥¬® § ®¤­®£® ¥«¥¬¥­â à­®£® â¢¥à¤¦¥­­ï, ïª¥ õ ¯à®áâ¨¬ ­ á«i¤ª®¬ «¥¬¨
�à¨á®­  [13, c.75]. �à¨ æì®¬ã ¤«ï äã­ªæiù φ:T → R ¬¨ ¯®ª« ¤ õ¬® suppφ =
{t ∈ T :φ(t) ̸= 0},   ç¥à¥§ χA ¯®§­ ç õ¬® å à ªâ¥à¨áâ¨ç­ã äã­ªæiî ¬­®¦¨­¨
A.

�¥¬  1. �¥å © F | § ¬ª­¥­ ,   Wk | ¢i¤ªà¨âi ¯i¤¬­®¦¨­¨ ­®à¬ «ì­®£®
¯à®áâ®àã T â ª÷, é® F ⊆Wk ¤«ï ª®¦­®£® k ∈ N. �®¤i iá­ãîâì ¯®á«i¤®¢­®áâi
¢i¤ªà¨â¨å ¢ T ¬­®¦¨­ Gk i ­¥¯¥à¥à¢­¨å äã­ªæi© φk:T → [0, 1], â ªi, é®
G0 = T , F ⊆ Gk+1 ⊆ Gk ⊆ Wk i suppφk ⊆ Gk−1 \Gk+2 ¯à¨ k ∈ N i ¤® â®£® ¦∑∞

k=1 φk(t) = 1 ­  ¬­®¦¨­i H = T \
∩∞

k=1Gk = T \
∩∞

k=1Gk.

�®¢¥¤¥­­ï. �®á«i¤®¢­iáâì ¬­®¦¨­ Gk ¡ã¤¥¬® ¢¨§­ ç â¨ i­¤ãªâ¨¢­®. �®ª« -
¤¥¬® G0 = T i ­¥å © ¯à¨ ¤¥ïª®¬ã m ¬­®¦¨­¨ Gk ¢¦¥ ¯®¡ã¤®¢ ­i ¤«ï k ≤ m.
�áªi«ìª¨ F ⊆ Gm

∩
Wm+1, â® ­  ®á­®¢i ­®à¬ «ì­®áâi T iá­ãõ â ª  ¢i¤ªà¨â 

¬­®¦¨­  Gm+1, é® F ⊆ Gm+1 i Gm+1 ⊆ Gm

∩
Wm+1, é® i ¤ õ ­ ¬ §¬®£ã

¯à®áã­ãâ¨áì ã ­ èi© ¯®¡ã¤®¢i é¥ ­  ®¤¨­ ªà®ª. �®§£«ï­¥¬® â¥¯¥à ¤«ï ª®¦-
­®£® k ∈ N § ¬ª­¥­i ¬­®¦¨­¨ Ak = Gk \ Gk+1 i Bk = (T \ Gk−1) ∪ Gk+2,
ïªi, ®ç¥¢¨¤­®, ­¥ ¯¥à¥â¨­ îâìáï. �  ®á­®¢i «¥¬¨ �à¨á®­  ¬¨ ¬®¦¥¬® §­ ©â¨
­¥¯¥à¥à¢­i äã­ªæiù ~φk:T → [0, 1], ¤«ï ïª¨å ~φk(t) = 1 ­  Ak i ~φk(t) = 0 ­ 
Bk, ¯à¨ç®¬ã ~φ1(t) > 0 ­  T \ G1. �áªi«ìª¨ ¯®á«i¤®¢­iáâì ¢i¤ªà¨â¨å ¬­®¦¨­
Hk = Gk−1 \ Gk+2 «®ª «ì­® áªi­ç¥­­  ¢ H i supp ~φk ⊆ Hk ¤«ï ª®¦­®£® k, â®
äã­ªæiï φ(t) =

∑∞
k=1 ~φk(t) ¢¨§­ ç¥­  i ­¥¯¥à¥à¢­  ¢ ª®¦­i© â®çæi ¢i¤ªà¨â®ù

¬­®¦¨­¨ H, ¯à¨ç®¬ã φ(t) > 0 ­  H. �®ª« ¤¥¬® φk(t) = ~φk(t)/φ(t) ¯à¨ t ∈ H
i φk(t) = 0 ¯à¨ t ∈ T \ H. �¥áª« ¤­® ¯¥à¥¢ià¨â¨, é® äã­ªæiù φk i ¡ã¤ãâì
èãª ­¨¬¨. □
�¥®à¥¬  1. �¥å © X | â®¯®«®£iç­¨© ¯à®áâià § ­®à¬ «ì­¨¬ ª¢ ¤à â®¬ X2,
¢ ïª®¬ã ¤i £®­ «ì �2 ¬ õ â¨¯ Gδ, i g:X

2 → R | äã­ªæiï ¯¥àè®£® ª« áã �¥à .
�®¤i iá­ãõ â ª  ­ ài§­® ­¥¯¥à¥à¢­  äã­ªæiï f :X2 → R, é® f(t) = g(t) ­  �2.

�®¢¥¤¥­­ï. �®§£«ï­¥¬® ¤¥ïªã ¯®á«i¤®¢­iáâì ­¥¯¥à¥à¢­¨å äã­ªæi© gk:X
2 → R,

ïª  ¯®â®çª®¢® §¡i£ õâìáï ¤® g. �«ï ª®¦­®ù â®çª¨ t = (x, x) ∈ �2 i ­®¬¥à 
k §­ ©¤¥¬® â ª¨© ¢i¤ªà¨â¨© ®ªi« Uk(x) â®çª¨ x ã ¯à®áâ®ài X, é® ª®«¨¢ ­­ï
ωgk+1(Vk(t)) äã­ªæiù gk+1 ­  ª¢ ¤à â­®¬ã ®ª®«i Vk(t) = Uk(x) × Uk(x) â®çª¨ t

¢ X2 ­¥ ¯¥à¥¢¨éãõ 1

k , i ¯®ª« ¤¥¬® Vk =
∪

t∈�2
Vk(t). �à®§ã¬i«®, é® ¬­®¦¨­¨

Vk ¢i¤ªà¨âi i ¯à¨ æì®¬ã, ïªé® â®çª  p = (x, y) ∈ Vk, â® ¤«ï â®ç®ª a = (x, x) i
b = (y, y) ¢¨ª®­ãîâìáï ­¥ài¢­®áâi |gk+1(p)− gk+1(a)| ≤ 1

k i |gk+1(p)− gk+1(b)| ≤
1

k . �¯à ¢¤i, ¢§ï¢è¨ â ª¥ t ∈ �2, é® p ∈ Vk(t), ¬¨ ®¤¥à¦¨¬®, ®ç¥¢¨¤­®, é®
a, b ∈ Vk(t), ®â¦¥, ç¨á«  |gk+1(p)− gk+1(a)| i |gk+1(p)− gk+1(b)| ­¥ ¯¥à¥¢¨éãîâì
ª®«¨¢ ­­ï ωgk+1(Vk(t)), ïª¥ ¢ á¢®î ç¥à£ã ≤ 1

k .
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�¨¡¥à¥¬® â¥¯¥à â ªã ¯®á«i¤®¢­iáâì ¢i¤ªà¨â¨å ¬­®¦¨­ Uk ¢X
2, é®

∩∞
k=1 Uk =

�2. � ­®à¬ «ì­®áâi ¯à®áâ®àã X2 ¢¨¯«¨¢ õ £ ãá¤®àä®¢iáâì ¯à®áâ®àã X,   §¢i¤-
á¨ | § ¬ª­¥­iáâì ¤i £®­ «i �2 ¢ X2. �®¬ã ­  ®á­®¢i «¥¬¨ 1, § áâ®á®¢ ­®ù
¤® ¯à®áâ®àã T = X2, ¬­®¦¨­¨ F = �2 i ¬­®¦¨­ Wk = Uk

∩
Vk, ¬¨ ¬®¦¥¬®

¯®¡ã¤ã¢ â¨ ¢i¤¯®¢i¤­i ¯®á«i¤®¢­®áâi ¬­®¦¨­ Gk i äã­ªæi© φk. �®ª« ¤¥¬®

f = g · χ�2
+

∞∑
k=1

φkgk

i ¯®ª ¦¥¬®, é® äã­ªæiï f èãª ­ .
�áªi«ìª¨ �2 ⊆ Gk ⊆ Uk i Gk+1 ⊆ Gk ¤«ï ª®¦­®£® k, â®

∩∞
k=1Gk =∩∞

k=1Gk = �2. �ã­ªæiï h =
∑∞

k=1 φkgk ­¥¯¥à¥à¢­  ¢ ª®¦­i© â®çæi ¢i¤ªà¨-
â®ù ¬­®¦¨­¨ H = X2 \ �2,  ¤¦¥ äã­ªæiù hk = gkφk ­¥¯¥à¥à¥à¢­i, supphk ⊆
Hk = Gk−1 \Gk+2, H =

∪∞
k=1Hk i ¯®á«i¤®¢­iáâì ¢i¤ªà¨â¨å ¬­®¦¨­ Hk «®ª «ì-

­® áªi­ç¥­­  ¢ H. �«¥ f |H = h|H i ¬­®¦¨­  H ¢i¤ªà¨â , ®â¦¥, i f ­¥¯¥à¥à¢­ 
¢ ª®¦­i© â®çæi § H.

�¨¡¥à¥¬® ¤®¢i«ì­ã â®çªã t = (x, x) ­  ¤i £®­ «i �2. �áªi«ìª¨ φk(t) = 0
¤«ï ª®¦­®£® k, â® f(t) = g(t). �â¦¥, § «¨è¨«®áï ¯®ª § â¨, é® f ­ ài§­®
­¥¯¥à¥à¢­  ¢ â®çæi t. � äiªáãõ¬® ε > 0 i §­ ©¤¥¬® â ª¨© ­®¬¥à k0, é® k0 > 2,
1

k0−2 ≤ ε
2
i |gk(t) − g(t)| ≤ ε

2
¯à¨ k ≥ k0 − 1. �®§£«ï­¥¬® â ª¨© ®ªi« U â®çª¨

x ¢ ¯à®áâ®ài X, é® U2 ⊆ Gk0 ,   â ª®¦ ¢i§ì¬¥¬® ¤®¢i«ì­i â®çª¨ p1 ∈ U × {x}
i p2 ∈ {x} × U , é® ¢i¤ài§­ïîâìáï ¢i¤ â®çª¨ t, i §'ïáãõ¬®, é® |f(pi) − f(t)| ≤ ε
¯à¨ i = 1, 2.

�áªi«ìª¨ pi ∈ H, â® pi ∈ Gm\Gm+1 ¤«ï ¤¥ïª®£®m. �ài¬ â®£®, pi ∈ Gk0 ,®â¦¥,
m ≥ k0. �«¥ Hk ⊆ Gm+1 ¯à¨ k ≥ m + 2 i Hk ∩ Gm = ∅ ¯à¨ k ≤ m − 2. �®¬ã,
pi ̸∈ Hk ¯à¨ |k −m| ≥ 2, â®¡â®, φk(pi) = 0 ¯à¨ â ª¨å k. �¢÷¤á¨

|f(pi)− f(t)| = |
∞∑
k=1

(gk(pi)− g(t))φk(pi)| ≤
∑

|k−m|≤1

|gk(pi)− g(t)|φk(pi) ≤

≤
∑

|k−m|≤1

|gk(pi)− gk(t)|φk(pi) +
∑

|k−m|≤1

|gk(t)− g(t)|φk(pi).

�«¥ pi ∈ Gm ⊆ Gm−1 ⊆ Gm−2 i §  ¯®¡ã¤®¢®î Gk ⊆ Vk ¤«ï ª®¦­®£® k ∈ N,
®â¦¥, pi ∈ Vm ∩ Vm−1 ∩ Vm−2, i â®¬ã, §£i¤­® § ¢¨¡®à®¬ ¬­®¦¨­ Vk ¬ õ¬®, é®
|gk(pi) − gk(t)| ≤ 1

k−1 ¯à¨ k = m − 1,m,m + 1. �®¤i i |gk(pi) − gk(t)| ≤ ε
2
¯à¨

æ¨å ¦¥ k,  ¤¦¥ 1

m < 1

m−1 <
1

m−2 ≤ 1

k0−2 ≤ ε
2
. �ài¬ â®£®, i |gk(t)− g(t)| ≤ ε

2
¯à¨

k = m− 1,m,m+ 1,  ¤¦¥ â®¤i k ≥ m− 1 ≥ k0 − 1. �â¦¥, ®âà¨¬ãõ¬®

|f(pi)− f(t)| ≤ ε
∑

|k−m|≤1

φk(pi) ≤ ε

∞∑
k=1

φk(pi) = ε,

é® © âà¥¡  ¡ã«® ¤®¢¥áâ¨. □
�áªi«ìª¨ ª®¦­  äã­ªæiï g:X → R, ïª  õ ¯¥àè®£® ª« áã ­  ¯à®áâ®ài X, õ

¤i £®­ ««î ¤¥ïª®ù äã­ªæiù ~g:X2 → R, é® õ ¯¥àè®£® ª« áã ­  X2, ­ ¯à¨ª« ¤,
äã­ªæiï ~g(x, y) = g(x), â® § ¤®¢¥¤¥­®ù â¥®à¥¬¨ ­¥£ ©­® ®¤¥à¦ãõâìáï

� á«i¤®ª. �®¦­  äã­ªæiï g:X → R ¯¥àè®£® ª« áã ­  ¯à®áâ®ài X § ­®à-
¬ «ì­¨¬ ª¢ ¤à â®¬ i ¤i £®­ ««î â¨¯ã Gδ õ ¤i £®­ ««î ¤¥ïª®ù ­ ài§­® ­¥¯¥-
à¥à¢­®ù äã­ªæiù f :X2 → R.
3. �¥à¥©¤¥¬® ¤® à®§£«ï¤ã § £ «ì­®£® ¢¨¯ ¤ªã. �¯®ç âªã ¢¨¢ç¨¬® ã¬®¢¨, § 

ïª¨å ¤i £®­ «ì �n ¯à®áâ®àã Xn õ ¬­®¦¨­®î â¨¯ã Gδ. �¨ ª ¦¥¬®, é® ¬­®-
¦¨­  A ¢ â®¯®«®£iç­®¬ã ¯à®áâ®ài T õ â¨¯ã Gδ, ïªé® iá­ãõ â ª  ¯®á«i¤®¢­iáâì
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¢i¤ªà¨â¨å ¢ T ¬­®¦¨­ Gk, é® Gk+1 ⊆ Gk ¤«ï ª®¦­®£® k i A =
∩∞

k=1Gk. �à®-

§ã¬i«®, é® â®¤i i
∩∞

k=1Gk = A, ®â¦¥, ¬­®¦¨­  â¨¯ã Gδ ®¡®¢'ï§ª®¢® § ¬ª­¥­ .
� ¢¯ ª¨, ïª ¯®ª §ãõ «¥¬  1, § ¬ª­¥­  Gδ-¬­®¦¨­  ã ­®à¬ «ì­®¬ã ¯à®áâ®ài
õ â¨¯ã Gδ i, ªài¬ â®£®, äã­ªæi®­ «ì­® § ¬ª­¥­®î [13, c.76]. �ã­ªæi®­ «ì­®
§ ¬ª­¥­  ¬­®¦¨­  ã ¤®¢i«ì­®¬ã ¯à®áâ®ài õ â¨¯ã Gδ.

�¥¬  2. �¥å © X | â®¯®«®£iç­¨© ¯à®áâià § ­®à¬ «ì­¨¬ ª¢ ¤à â®¬. �®¤i
­ áâã¯­i ã¬®¢¨ ài¢­®á¨«ì­i:

(i) ¤«ï ª®¦­®£® n ¤i £®­ «ì �n õ â¨¯ã Gδ ¢ Xn;
(ii) ¤«ï ¤¥ïª®£® n ¤i £®­ «ì �n õ â¨¯ã Gδ ¢ Xn;
(iii) ¤i £®­ «ì �2 õ â¨¯ã Gδ ¢ X2;
(iv) ¤i £®­ «ì �2 õ äã­ªæi®­ «ì­® § ¬ª­¥­®î ¢ X2;
(v) ¤«ï ª®¦­®£® n ¤i £®­ «ì �n äã­ªæi®­ «ì­® § ¬ª­¥­  ¢ Xn;
(vi) ¤«ï ª®¦­®£® n ¢ái ¡iá¥ªâ®à¨ Dn

i ¢ Xn äã­ªæi®­ «ì­® § ¬ª­¥­i;
(vii) å®ç  ¡ ®¤¨­ ¡iá¥ªâ®à Dn

i ¢ Xn ¤«ï ¤¥ïª®£® n õ äã­ªæi®­ «ì­® § ¬ª­¥-
­¨¬;

(viii) ¤«ï ª®¦­®£® n ¤i £®­ «ì �n õ â¨¯ã Gδ ¢ Xn.

�®¢¥¤¥­­ï. I¬¯«iª æiù (i) =⇒ (ii), (iii) =⇒ (iv), (v) =⇒ (vi), (vi) =⇒ (vii),
(v) =⇒ (viii) i (viii) =⇒ (i)  ¡® ®ç¥¢¨¤­i,  ¡® «¥£ª® ¢¨¯«¨¢ îâì § ®§­ ç¥­ì ç¨
cª § ­®£® ¢¨é¥. � «¨è õâìáï ¤®¢¥áâ¨ i¬¯«iª æiù (ii) =⇒ (iii), (iv) =⇒ (v) i
(vii) =⇒ (ii).

(ii) =⇒ (iii). �¥å © �n õ ¬­®¦¨­®î â¨¯ã Gδ ¢ Xn ¯à¨ ¤¥ïª®¬ã n ≥ 3.
�®§£«ï­¥¬®, ­ ¯à¨ª« ¤, ¡iá¥ªâ®à

Dn
1 = q−11 (�n−1) = {(x, y, ..., y) : x ∈ X, y ∈ X} = X ×�n−1,

­ ¤i«¥­¨© i­¤ãª®¢ ­®î § Xn â®¯®«®£iõî, ïª , ®ç¥¢¨¤­®, §¡i£ õâìáï § â®-
¯®«®£iõî ¤®¡ãâªã ­  X × �n−1. �¥£ª® ¯¥à¥¢ià¨â¨, é® ¢i¤®¡à ¦¥­­ï h =
idX × d−1n−1:D

n
1 → X2 õ £®¬¥®¬®àäi§¬®¬, ¤«ï ïª®£® h(�n) = �2. �áªi«ìª¨

�n õ â¨¯ã Gδ ¢ D
n
1 , â® �2 õ â¨¯ã Gδ ¢ X

2.
(iv) =⇒ (v). � áâ®áãõ¬® i­¤ãªæiî ¢i¤­®á­® n. �¥å © n ≥ 3 i ¤i £®­ «ì

�n−1 ¢ ¯à®áâ®ài Xn−1 õ äã­ªæi®­ «ì­® § ¬ª­¥­®î, â®¡â® iá­ãõ â ª  ­¥¯¥à¥-
à¢­  äã­ªæiï φ:Xn−1 → [0, 1], é® �n−1 = φ−1(0). �«ï ª®¦­®£® i = 1, ..., n
à®§£«ï­¥¬® ­¥¯¥à¥à¢­ã äã­ªæiî φi = φ ◦ qi, ¤¥ qi:Xn → Xn−1 | ¯à®¥ªæiï
¯ à «¥«ì­® i-âi© ®ái. �áªi«ìª¨ φ−1

i (0) = q−1i (φ−1(0)) = q−1i (�n−1) = Dn
i , â® ¢ái

¡iá¥ªâ®à¨ Dn
i ¢ Xn õ äã­ªæi®­ «ì­® § ¬ª­¥­¨¬¨. �«¥ �n =

∩n
i=1D

n
i , ®â¦¥, i

�n äã­ªæi®­ «ì­® § ¬ª­¥­ .
(vii) =⇒ (ii). �¥å © iá­ãõ â ª¥ n ≥ 3 i i­¤¥ªá i = 1, ..., n, é® ¡iá¥ªâ®à Dn

i
äã­ªæi®­ «ì­® § ¬ª­¥­¨© ¢ Xn. �®§£«ï­¥¬® ¤®¢i«ì­¨© i­¤¥ªá j = 1, ..., n, ¢i¤-
¬i­­¨© ¢i¤ i. �i¤®¡à ¦¥­­ï φij :X

n → Xn, ïª¥ ¯¥à¥áâ ¢«ïõ ¬iáæï¬¨ ª®®à¤¨­ -
â¨ xi i xj , õ, ®ç¥¢¨¤­®, £®¬¥®¬®àäi§¬®¬ ¯à®áâ®àãXn i ¯à¨ æì®¬ã φij(D

n
i ) = Dn

j .
�¢i¤á¨ ¢¨¯«¨¢ õ, é® ª®¦­¨© ¡iá¥ªâ®à Dn

j ¢ Xn õ äã­ªæi®­ «ì­® § ¬ª­¥­¨©, ®â-
¦¥, â ª¨¬ õ i ùå ¯¥à¥â¨­ �n. �®¤i �n õ â¨¯ã Gδ ¢ Xn, ®â¦¥, á¯à ¢¤¦ãõâìáï
(ii). □

� áâã¯­  «¥¬  á«ã¦¨âì ¤«ï áª«¥©ª¨ äã­ªæi©, ¯®¡ã¤®¢ ­¨å ¯à¨ ¯®¯¥à¥¤­ì®-
¬ã ¢÷¤®ªà¥¬«¥­­i §¬i­­¨å, ª®«¨ ¬¨ §¤i©á­îõ¬® i­¤ãªâ¨¢­¨© ¯¥à¥åi¤ ¢i¤ n − 1
¤® n ã ¤®¢¥¤¥­­i ®á­®¢­®ù â¥®à¥¬¨.

�¥¬  3. �¥å © X | â®¯®«®£iç­¨© ¯à®áâià § ­®à¬ «ì­¨¬ ª¢ ¤à â®¬, ¢ ïª®-
¬ã ¤i £®­ «ì õ â¨¯ã Gδ. �®¤i ¤«ï ¤®¢i«ì­®£® n ≥ 3 i i­¤¥ªá  i = 1, ..., n iá­ãõ
äã­ªæiï ψi:X

n → [0, 1], ïª  ­¥¯¥à¥à¢­  ­  Xn \�n, ¤®ài¢­îõ 1 ­  Dn
i \�n i 0

­  Dn
j ¯à¨ j ̸= i.
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�®¢¥¤¥­­ï. � «¥¬¨ 2 ¢¨¯«¨¢ õ, é® ¢ái ¡iá¥ªâ®à¨ Dn
j äã­ªæi®­ «ì­® § ¬ª­¥­i

¢ Xn, â®¡â® iá­ãîâì â ªi ­¥¯¥à¥à¢­i äã­ªæiù ~ψj :X
n → [0, 1], é® Dn

j = ~ψ−1
j (0).

�®ª« ¤¥¬® D∗
i =

∪
j ̸=iD

n
j i ψ∗

i =
∏

j ̸=i
~ψj . �à®§ã¬i«®, é® ψ∗

i | ­¥¯¥à¥à¢­ 

äã­ªæiï i (ψ∗
i )

−1(0) = D∗
i . �ã­ªæiù ψi ¢¨§­ ç¨¬® ài¢­iáâî

ψi(x) =


ψ∗
i (x)

~ψi(x) + ψ∗
i (x)

, ïªé® x ∈ Xn \�n,

0, ïªé® x ∈ �n.

.

�áªi«ìª¨ ~ψi i ψ
∗
i ­¥¢i¤'õ¬­i, â® ( ~ψi + ψ∗

i )
−1(0) = ~ψ−1

i (0) ∩ (ψ∗
i )

−1(0) = Dn
i ∩

D∗
i = �n. �®¬ã äã­ªæiï ψi ¢¨§­ ç¥­  i ­¥¯¥à¥à¢­  ­  X

n \�n,  ¤¦¥ ¢®­  ­ 
¢i¤ªà¨âi© ¬­®¦¨­i Xn \ �n §¡i£ õâìáï § ç áâª®î ¤¢®å ­¥¯¥à¥à¢­¨å äã­ªæi©.

�¥å © x ∈ Dn
j \�n. �ªé® j = i, â® ~ψi(x) = 0, ®â¦¥, ψi(x) = 1. �ªé® ¦ j ̸= i,

â® x ∈ D∗
i \�n, â®¬ã ψ

∗
i (x) = 0, §¢÷¤á¨, ψi(x) = 0, i, ®â¦¥, «¥¬ã ¤®¢¥¤¥­®. □

� ¤®¢¥¤¥­­i ­ áâã¯­®ù ®á­®¢­®ù â¥®à¥¬¨ ç¥à¥§ φ · χA ¯®§­ ç õâìáï äã­ªæiï
­  T , ïª  ­  ¬­®¦¨­i A ⊆ T §¡i£ õâìáï § äã­ªæiõî φ:A→ R,   ¯®§  A ¤®ài¢­îõ
­ã«î.

�¥®à¥¬  2. �¥å © X | â®¯®«®£iç­¨© ¯à®áâià, ã ïª®£® áâ¥¯i­ì Xn ­®à¬ «ì-
­¨© i ¤i £®­ «ì �n õ â¨¯ã Gδ ¢ X

n, i g:X → R | äã­ªæiï (n−1)-£® ª« áã �¥à .
�®¤i iá­ãõ ­ ài§­® ­¥¯¥à¥à¢­  äã­ªæiï f :Xn → R, ¤i £®­ «ì ïª®ù ¤®ài¢­îõ g.

�®¢¥¤¥­­ï. � áâ®áãõ¬® i­¤ãªæiî ¢i¤­®á­® n. �à¨ n = 2 â¢¥à¤¦¥­­ï â¥®à¥¬¨
§¡i£ õâìáï § ­ á«i¤ª®¬ â¥®à¥¬¨ 1. �à¨¯ãáâ¨¬®, é® n ≥ 3 i â¥®à¥¬ã ¤®¢¥¤¥-
­®, ª®«¨ ç¨á«® §¬i­­¨å ¤®ài¢­îõ n − 1. �®§£«ï­¥¬® ¯®á«i¤®¢­iáâì äã­ªæi© gk
ª« áã n − 2 ­  X, ïª  ¯®â®çª®¢® ¯àï¬ãõ ¤® äã­ªæiù g. �£i¤­® § i­¤ãªâ¨¢­¨¬
¯à¨¯ãé¥­­ï¬ ¤«ï ª®¦­®£® k iá­ãõ ­ ài§­® ­¥¯¥à¥à¥¢­  äã­ªæiï fk:X

n−1 → R
§ ¤i £®­ ««î gk. � áâ®áã¢ ¢è¨ «¥¬ã 1 ã â®¬ã ¢¨¯ ¤ªã, ª®«¨ T = Xn, F = �n
i Wk | æ¥ ¢i¤ªà¨âi ¢ Xn ¬­®¦¨­¨, ïªi ¢ ¯¥à¥â¨­i ¤ îâì �n, ®¤¥à¦¨¬® ¢i¤-
¯®¢i¤­i ¯®á«i¤®¢­®áâi ¢i¤ªà¨â¨å ¬­®¦¨­ Gk i äã­ªæi© φk:X

n → [0, 1]. �à®-
§ã¬i«®, é®

∩∞
k=1Gk =

∩∞
k=1Gk = �n. �«ï ª®¦­®£® i = 1, ..., n ¯®ª« ¤¥¬®

hi = g◦d−1n ·χ�n+
∑∞

k=1 φk ·(fk ◦qni ). �áªi«ìª¨ ¯®á«i¤®¢­iáâì ¢i¤ªà¨â¨å ¬­®¦¨­
Hk = Gk−1 \Gk+2 ¯®ªà¨¢ õ ¢i¤ªà¨âã ¬­®¦¨­ã H = Xn \�n i õ «®ª «ì­® áªi­-
ç¥­­®î ¢ H, §¢ã¦¥­­ï hi|H =

∑∞
k=1 φk|H ·(fk ◦qni )|H , äã­ªæiù hki = φk ·(fk ◦qni )

­ ài§­® ­¥¯¥à¥à¢­i i supphki ⊆ Hk, â® i äã­ªæiï hi ­ ài§­® ­¥¯¥à¥à¢­  ¢ ª®¦­i©
â®çæi ¬­®¦¨­¨ H. �ài¬ â®£®, hi|�n

= g ◦ d−1n , ¡® φk|�n
= 0 ¤«ï ª®¦­®£® k.

�¥à¥ª®­ õ¬®áì â¥¯¥à, é® ª®¦­  äã­ªæiï hi ­¥¯¥à¥à¢­  ¢i¤­®á­® i-â®ù §¬i­­®ù
¢ ª®¦­i© â®çæi ¤i £®­ «i �n. �¥å © p0 = dn(x0) ∈ �n i ε > 0. �¨¡¥à¥¬® â ª¨©
­®¬¥à k0, é® |gk(x0) − g(x0)| ≤ ε ¤«ï ¢áiå k ≥ k0. �áªi«ìª¨ ¬­®¦¨­  Gk0+1

¢i¤ªà¨â  i p0 ∈ Gk0+1, â® iá­ãõ â ª¨© ®ªi« U â®çª¨ x0 ¢ X, é® Un ⊆ Gk0+1.
�¥å © Ui = {(x1, ..., xn) ∈ Xn:xi ∈ U i xj = x0 ¯à¨ j ̸= i}. �®§£«ï­¥¬® â®çªã
p ∈ Ui \ {p0} i ¯®ª ¦¥¬®, é® |hi(p) − hi(p0)| ≤ ε. �®-¯¥àè¥, § §­ ç¨¬®, é®
qni (p) = dn−1(x0), ®â¦¥, (fk ◦ qni )(p) = fk(q

n
i (p)) = fk(dn−1(x0)) = gk(x0) §£i¤­®

§ ¢¨¡®à®¬ äã­ªæi© fk. � «i, ¯à¨ k < k0 ¬ õ¬®, é® suppφk

∩
Gk0+1 = ∅, i

φk(p) = 0 ¯à¨ k < k0,  ¤¦¥ p ∈ Ui ⊆ Un ⊆ Gk0+1. �®¬ã

|hi(p)− hi(p0)| = |
∞∑
k=1

φk(p)gk(x0)− g(x0)| = |
∞∑
k=1

φk(p)(gk(x0)− g(x0))| =

= |
∑
k≥k0

φk(p)(gk(x0)− g(x0))| ≤
∑
k≥k0

φk(p)|gk(x0)− g(x0)| ≤ ε
∑
k≥k0

φk(p) ≤ ε,

®áª÷«ìª¨
∑∞

k=1 φk(p) = 1,  ¤¦¥ p ∈ Xn \ �n, i, ªài¬ â®£®, äã­ªæiù φk

­¥¢i¤'õ¬­i.
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�®§£«ï­¥¬® äã­ªæiù ψi § «¥¬¨ 3 i ¯®ª« ¤¥¬® f = g◦d−1n ·χ�n+
∑n

i=1 ψihi. �à®-
§ã¬i«®, é® f ­ ài§­® ­¥¯¥à¥à¢­  ­  Xn \�n ïª áªi­ç¥­­  áã¬  â ª¨å äã­ªæi©
i g õ ¤i £®­ ««î f . �®ª ¦¥¬®, é® f ­ ài§­® ­¥¯¥à¥à¢­  ¢ ª®¦­i© â®çæi ¤i £®-
­ «i �n. �«ï â®£®, é®¡ §'ïáã¢ â¨, é® f ­¥¯¥à¥à¢­  ¢i¤­®á­® i-â®ù §¬i­­®ù ­ 
�n, ¤®á¨âì ¯®ª § â¨, é® §¢ã¦¥­­ï f|Dn

i

­¥¯¥à¥à¢­¥ ¢i¤­®á­® i-â®ù §¬i­­®ù. �«¥

ª®«¨ x ∈ Dn
i \�n, â® ψj(x) = 0 ¯à¨ j ̸= i,   ψi(x) = 1, ®â¦¥, f(x) = hi(x),   ¯à¨

x ∈ �n ¬ õ¬®, é® f(x) = g(d−1n (x)) = hi(x). � ª¨¬ ç¨­®¬, f|Dn
i

= hi|Dn
i

,   § 

¯®¡ã¤®¢®î äã­ªæiï hi ­¥¯¥à¥à¢­  ¢i¤­®á­® i-â®ù §¬i­­®ù, ®â¦¥, i f ­¥¯¥à¥à¢­ 
¢i¤­®á­® i-â®ù §¬i­­®ù, i â¨¬ á ¬¨¬ â¥®à¥¬ã ¤®¢¥¤¥­®. □
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