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O.Ya. Mylyo, O.G. Storozh. Maximal accretiveness and maximal nonnegativeness

conditions for a class of �nite-dimensional perturbations of a positively de�ned op-

erator, Matematychni Studii, 12(1999) 90{100.

Using methods of expansion theory in the terms of abstract boundary conditions
criteria of maximal accretiveness and maximal nonnegativeness of investigated oper-
ators are established. In a special case the conditions of coercitivity for considered
operators are obtained and corresponding energetic spaces are constructed. In this
way the solvability of a certain variational problem is proved.

�.�. �¨«ì®, �.�. �â®à®¦. �á«®¢¨ï ¬ ªá¨¬ «ì­®©  ªªà¥â¨¢­®áâ¨ ¨ ¬ ªá¨-

¬ «ì­®© ­¥®âà¨æ â¥«ì­®áâ¨ ®¤­®£® ª« áá  ª®­¥ç­®¬¥à­ëå ¢®§¬ãé¥­¨© ¯®«®-

¦¨â¥«ì­® ®¯à¥¤¥«¥­­®£® ®¯¥à â®à  // � â¥¬ â¨ç­÷ �âã¤÷ù. { 1999. { �.12, ü 1.
{ C.90{100.

�à¨¬¥­ïï ¬¥â®¤ë â¥®à¨¨ à áè¨à¥­¨© ¢ â¥à¬¨­ å  ¡áâà ªâ­ëå ªà ¥¢ëå ãá«®-
¢¨© ãáâ ­®¢«¥­ë ªà¨â¥à¨¨ ¬ ªá¨¬ «ì­®©  ªªà¥â¨¢­®áâ¨ ¨ ¬ ªá¨¬ «ì­®© ­¥®â-
à¨æ â¥«ì­®áâ¨ ¨áá«¥¤ã¥¬ëå ®¯¥à â®à®¢. � ®¤­®¬ ç áâ­®¬ á«ãç ¥ ¯®«ãç¥­ë
ãá«®¢¨ï ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ à áá¬ âà¨¢ ¥¬ëå ®¯¥à â®à®¢ ¨ ¯®áâà®-
¥­ë á®®â¢¥âáâ¢ãîé¨¥ í­¥à£¥â¨ç¥áª¨¥ ¯à®áâà ­áâ¢ . �¥¬ á ¬ë¬ ¤®ª § ­  à §-
à¥è¨¬®áâì ­¥ª®â®à®© ¢ à¨ æ¨®­­®© § ¤ ç¨.

�à®âï£®¬ ®áâ ­­÷å à®ª÷¢ ã¢ £ã ¡ £ âì®å ¬ â¥¬ â¨ª÷¢ ¯à¨¢¥àâ «¨ ¤¨ä¥à¥­-
æ÷ «ì­÷ ®¯¥à â®à¨ § à÷§­®£® à®¤ã ­¥ª« á¨ç­¨¬¨ (­ ¯à¨ª« ¤, ÷­â¥£à «ì­¨¬¨,
¡ £ â®â®çª®¢¨¬¨ ÷ â. ¯.) ªà ©®¢¨¬¨ ã¬®¢ ¬¨. �à¨ æì®¬ã ¡ã¤ã¢ «¨áï ¢÷¤¯®-
¢÷¤­÷ â¥®à¥â¨ª®-äã­ªæ÷®­ «ì­÷ ¬®¤¥«÷. �¤­  § â ª¨å ¬®¤¥«¥© § ¯à®¯®­®¢ ­ 
¢ [6, 8]. �¤­ ª ¢ æ¨å à®¡®â å à®§£«ï¤ îâìáï «¨è¥ ®¯¥à â®à¨, ¢¨§­ ç¥­÷ ­ 
£« ¤ª¨å ¥«¥¬¥­â å, â®¡â® â ª¨å, ïª÷ ã ¢¨¯ ¤ªã ¤¨ä¥à¥­æ÷ «ì­¨å ®¯¥à â®à÷¢ ­¥
¢¨å®¤ïâì §  ¬¥¦÷ ®¡« áâ÷ ¢¨§­ ç¥­­ï ¢÷¤¯®¢÷¤­®£® ¬ ªá¨¬ «ì­®£® ®¯¥à â®à .

� ¯à æïå  ¢â®à÷¢ [1, 2] ¤®á«÷¤¦¥­® ®¤¨­ ª« á §¡ãà¥­ì ¤®¤ â­® ¢¨§­ ç¥­®£®
®¯¥à â®à , ïª÷ (§¡ãà¥­­ï) ¬®¦ãâì ¡ãâ¨ ¢¨§­ ç¥­÷ © ­  ­¥£« ¤ª¨å ¥«¥¬¥­â å.
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�®ªà¥¬ , ¢áâ ­®¢«¥­® ã¬®¢¨ á ¬®á¯àï¦¥­®áâ÷ â  ¬ ªá¨¬ «ì­®ù ¤¨á¨¯ â¨¢­®áâ÷
à®§£«ï¤ã¢ ­¨å ®¯¥à â®à÷¢.

�ï áâ ââï õ ¯à®¤®¢¦¥­­ï¬ §£ ¤ ­¨å ¯à æì. øù ¬¥â®î õ ¢áâ ­®¢«¥­­ï ªà¨-
â¥à÷ù¢ ¬ ªá¨¬ «ì­®ù ­¥¢÷¤'õ¬­®áâ÷ â  ¬ ªá¨¬ «ì­®ù  ªà¥â¨¢­®áâ÷ ®¯¥à â®à÷¢,
¯à® ïª÷ ©è«  ¬®¢  ¢ [1, 2], §®ªà¥¬ , ®âà¨¬ ­­ï ®¯¨áã ¬ ªá¨¬ «ì­®  ªà¥â¨¢­¨å
à®§è¨à¥­ì ¤®¤ â­® ¢¨§­ ç¥­®£® ®¯¥à â®à  § áª÷­ç¥­­¨¬¨ ¤¥ä¥ªâ­¨¬¨ ç¨á« -
¬¨.

� æ÷© à®¡®â÷, ïª ÷ ¢ áâ ââïå [1, 2], ¢¨ª®à¨áâ®¢ãîâìáï â ª÷ ¯®§­ ç¥­­ï: D(T ),
R(T ), kerT | ¢÷¤¯®¢÷¤­® ®¡« áâì ¢¨§­ ç¥­­ï, ®¡« áâì §­ ç¥­ì ÷ ï¤à® ®¯¥à â®à 
T ; B(X,Y ) | áãªã¯­iáâì «i­i©­¨å ­¥¯¥à¥à¢­¨å ®¯¥à â®ài¢ �:X → Y â ª¨å,
é® D(A) = X; B(X) = B(X,X); A|E | §¢ã¦¥­­ï ®¯¥à â®à  A ­  ¬­®¦¨­ã E.
�ªé® Ai:X → Yi (i = 1, . . . , n) | «i­i©­i ®¯¥à â®à¨, â® § ¯¨á A = A1⊕· · ·⊕An

®§­ ç õ, é® Ax = (A1x, . . . , Anx).
�®«ì ¢¨åi¤­®£® ®¡'õªâ  ¢i¤i£à õ ¤®¤ â­® ¢¨§­ ç¥­¨© ®¯¥à â®à L0 ∈ C(H) §

i­¤¥ªá®¬ ¤¥ä¥ªâã (m;m) (0 < m < ∞), ¤¥ H | £÷«ì¡¥àâ÷¢ ¯à®áâ÷à §÷ áª -
«ïà­¨¬ ¤®¡ãâª®¬ (·|·),   C(H) | ª« á «÷­÷©­¨å § ¬ª­¥­¨å ®¯¥à â®à÷¢ ã æì®-
¬ã ¯à®áâ®à÷ §÷ é÷«ì­®î ®¡« áâî ¢¨§­ ç¥­­ï. �¥à¥§ LF ¯®§­ ç õ¬® ¦®àáâª¥
(äà÷¤à÷åá÷¢áìª¥) à®§è¨à¥­­ï ®¯¥à â®à  L0,   ç¥à¥§ He â  (·|·)e | ©®£® ¥­¥à£¥-
â¨ç­¨© ¯à®áâià â  ¥­¥à£¥â¨ç­¨© áª «ïà­¨© ¤®¡ãâ®ª ¤¨¢. [3, 4]. �÷¤ P à®§ã¬÷õ¬®
¯à®¥ªâ®à D(L∗

0) → D(LF ) ¯ à «¥«ì­® ¤® kerL∗
0,   ¯÷¤ D[T ], ¤¥ T ∈ C(H), |

£÷«ì¡¥àâ÷¢ ¯à®áâ÷à D(T ) §÷ áª «ïà­¨¬ ¤®¡ãâª®¬ (y|z)T = (y|z) + (Ty|Tz). �ª-
é® G ∈ B(He,H), â® ®¯¥à â®à G0 ¢¨§­ ç õ¬® § ã¬®¢¨: (∀ u ∈ He) (∀h ∈ H)
(Gu|h)H = (u|G0h)e. � «÷, ­¥å © (H,�1,�2) | ¯®§¨â¨¢­¨© ¯à®áâ÷à £à ­¨ç­¨å
§­ ç¥­ì (���) ®¯¥à â®à  L0, é® ¢÷¤¯®¢÷¤ õ à®§è¨à¥­­î LF (¤¨¢. [4, 5]),

	 ∈ B(He,H), R(	0) ∩D(LF ) = {0}; � ∈ B(H,H);

χ = 	P +�, χ0
def
= (χ|He)

0 = 	0 +�0 = 	0 + L−1
F �∗;

Ci, Aij ∈ B(H), 	i = Ci	, �i = Ci�, χi = Ciχ (i, j = 1, 2);

A =

(
A11 A12

A21 A22

)
, X =

(
0 1H
0 0

)
, (1)

P (P2) | ®àâ®¯à®¥ªâ®à § H ⊕ H ­  H ⊕ R(χ) (­  H ⊕ R(χ2) ), Pχ(Pχ2 , P	)
| ®àâ®¯à®¥ªâ®à § H ­  R(χ) (­  R(χ2), ­  R(	)), U = U1 ⊕ U2 = A�, ¤¥
� = �1 ⊕ �2.

�¨¦ç¥ áªà÷§ì ¯à¨¯ãáª õâìáï, é® ÷á­ãõ ¡÷õªæ÷ï A ∈ B(H ⊕H) â ª , é® A =
P2A (â®¡â®, §£÷¤­® § â¥à¬÷­®«®£÷õî, § ¯à®¯®­®¢ ­®î ¢ [1, 2], (U1, U2) ∈ χ2).
�®ª« ¤¥¬® U = U1⊕U2 = A� ÷ ¯®§­ ç¨¬® ç¥à¥§ ~U1, ~U2 ∈ B(D[L∗

0],H) ®¯¥à â®à¨,
ïª÷ ®¤­®§­ ç­® (¤¨¢. [6]) ¢¨§­ ç îâìáï ã¬®¢®î:

∀ y, z ∈ D(L∗
0) (L∗

0y|z)− (y|L∗
0z) = (U1y| ~U2z)H − (U2y| ~U1z).

� «÷ ¢¢ ¦ õ¬® é® ®¯¥à â®à¨ �, U , U , ~U def
= ~U1 ⊕ ~U2, �i, Ui, Ui, ~Ui (i = 1, 2)

¯à®¤®¢¦¥­÷ §  «÷­÷©­÷áâî ­ã«¥¬ ­  R(	0).

�¨§­ ç¨¬® ®¯¥à â®à �3:Dmax
def
= D(L∗

0)
.
+R(	0) → R(	) ¢¨å®¤ïç¨ § ã¬®¢¨:

�3y = h ⇔ y + 	0h ∈ D(L∗
0),   ®¯¥à â®à¨ Lmax â  Lmin | §  ¤®¯®¬®£®î

á¯÷¢¢÷¤­®è¥­ì

D(Lmax) = Dmax,∀y ∈ Dmax Lmaxy = L∗
0(y +	0�3y), (2)
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D(Lmin) = {y ∈ D(L0) : 	y = 0}, Lmin ⊂ L0. (3)

1◦. � £ ¤ õ¬® (¤¨¢. [5, 7]), é® ®¯¥à â®à T ­ §¨¢ õâìáï θ- ªà¥â¨¢­¨¬
(
−π

2 ≤
θ ≤ π

2

)
, ïªé® ∀ y ∈ D(T ), arg(Ty|y) ∈

[
θ− π

2 , θ+
π
2

]
÷ ¬ ªá¨¬ «ì­®  ªà¥â¨¢­¨¬,

ïªé®, ªà÷¬ æì®£®, ¢÷­ ­¥ ¬ õ θ- ªà¥â¨¢­¨å à®§è¨à¥­ì. �ªà¥â¨¢­¨¬ ®¯¥à â®à®¬
­ §¨¢ õâìáï 0- ªà¥â¨¢­¨© ®¯¥à â®à.

�¥â®î æì®£® ¯ã­ªâã õ ¢áâ ­®¢«¥­­ï ã¬®¢ ¬ ªá¨¬ «ì­®ù θ- ªà¥â¨¢­®áâ÷ â 
¬ ªá¨¬ «ì­®ù ­¥¢÷¤'õ¬­®áâ÷ ®¯¥à â®à  T â ª®£®, é®

D(T ) = {y ∈ Dmax : y + χ02U2y ∈ D(L∗
0), U1y = χ1y} =

= {y ∈ D(Lmax) : U1y −	1Py = �1y,�3y = P	C
∗
2Uy},

(4)

∀ y ∈ D(T ) Ty = L∗
0(y + χ02U2y) = Lmaxy +�∗

2U2y. (5)

� ¢¨¯ ¤ªã ¤¨ä¥à¥­æ÷ «ì­¨å ®¯¥à â®à÷¢ ã¬®¢¨ (4) | æ¥ ­¥ª« á¨ç­÷ ªà ©®¢÷
ã¬®¢¨ (­ ¯à¨ª« ¤, ¡ £ â®â®çª®¢÷  ¡® ÷­â¥£à «ì­÷). �¡áâà ªâ­÷  ­ «®£¨ ®¯¥-
à â®à÷¢ § â ª¨¬¨ ã¬®¢ ¬¨ à®§£«ï¤ «¨áì ã ¡ £ âì®å ¯à æïå, ¤¨¢., ­ ¯à¨ª« ¤,
[8{10] â  æ¨â®¢ ­ã â ¬ «÷â¥à âãàã. �÷¤§­ ç¨¬® â ª®¦, é® § ¤ ç , ¯®áâ ¢«¥­ 
¢¨é¥, à®§¢'ï§ ­  ¢ [11] ¤«ï ¢¨¯ ¤ªã, ª®«¨ 	 = 0, ¢ [12, 13] | ¤«ï ¢¨¯ ¤ªã ª®«¨
θ = 0, C1 = 0  ¡® θ = 0, C2 = 0 ÷ é® ¯®¤÷¡­÷ § ¤ ç÷ ¤®á«÷¤¦¥­® ¢ [14{16].

� à¥§ã«ìâ â÷¢, ¢¨ª« ¤¥­¨å ¢ [8, 9], ¢¨¯«¨¢ õ, é® T ∈ C(H), â®¬ã (¤¨¢. [17,
18]) ©®£® ¬ ªá¨¬ «ì­  θ- ªà¥â¨¢­÷áâì (¬ ªá¨¬ «ì­  ­¥¢÷¤'õ¬­÷áâì) à÷¢­®á¨«ì­ 
¬ ªá¨¬ «ì­÷© (−θ)- ªà¥â¨¢­®áâ÷ (¬ ªá¨¬ «ì­÷© ­¥¢÷¤'õ¬­®áâ÷) ®¯¥à â®à  T ∗.

�®§£«ï­¥¬® ¤¥ïª÷ ¢« áâ¨¢®áâ÷ æì®£® ®¯¥à â®à . �ª ¢¨¤­® § â¥®à¥¬¨ 2 (¯à®
¢¨£«ï¤ á¯àï¦¥­®£® ®¯¥à â®à ) [1],

D(T ∗) = {z ∈ Dmax : z + χ01 ~U2z ∈ D(L∗
0), ~U1z = χ2z} =

= {z ∈ D(Lmax) : ~U1z −	2Pz = �2z,�3z = P	C
∗
1
~U2z},

(6)

∀ z ∈ D(T ∗) T ∗z = L∗
0(z + χ01 ~U2z) = Lmaxz +	∗

1
~U2z.

�¥§¯®á¥à¥¤­ì® § (6) ÷ «¥¬¨ 2 [2] ¢¨¯«¨¢ õ, é®

{( ~U2z,−χz) : z ∈ D(T ∗)} = H⊕R(χ). (7)

�«ï ¡ã¤ì-ïª®£® h = (h1, h2) ∈ H ⊕R(χ) ¯®ª« ¤¥¬®:

Dh = {z ∈ Dmax : z + χ01h1 ∈ D(L∗
0),�1z = −(A∗

12h1 +A∗
22C2h2),

�2z = A∗
11h1 +A∗

21C2h2, χz = −h2}
(8)

÷ ¢¨§­ ç¨¬® ®¯¥à â®à J ∈ B(H⊕H) ã ­ áâã¯­¨© á¯®á÷¡:

∀h = (h1, h2) Jh = (ih2,−ih1).
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�¥¬  1. �«¥¬¥­â z ∈ Dmax ­ «¥¦¨âì ¤® D(T ∗) â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨

¤«ï ¤¥ïª®£® h = (h1, h2) ∈ H ⊕R(χ) z ∈ Dh. �à¨ æì®¬ã h1 = ~U2z.

�®¢¥¤¥­­ï. �¥å © z ∈ D(T ∗), h1 = ~U2z, h2 = −χz, h = (h1, h2). � à¥§ã«ìâ â÷¢,
¢¨ª« ¤¥­¨å ¢ [6], ¢¨¯«¨¢ õ, é® � = JA∗J ~U . �à å®¢ãîç¨ (6), ®âà¨¬ãõ¬®:

�z =

(
0 −1H
1H 0

)
A∗

(
1H 0
0 C2

)
h, (9)

â®¡â® z ∈ Dh.
� ¢¯ ª¨, ­¥å © z ∈ Dh. �®¤÷ §à®§ã¬÷«®, é® á¯à ¢¥¤«¨¢  à÷¢­÷áâì (9), ïª 

¥ª¢÷¢ «¥­â­  â ª÷©:
~Uz = i ~AJA∗

(
1H 0
0 C2

)
h,

¤¥ ~A ∈ B(H ⊕ H) ¢¨§­ ç õâìáï § ã¬®¢¨: ~U = ~A�. �÷¤®¬® [6], é® AJ ~A∗ = J ,
â®¬ã ~U1z = −C2h2, ~U2z = h1. �«ï § ¢¥àè¥­­ï ¤®¢¥¤¥­­ï ¤®á¨âì ¢¨ª®à¨áâ â¨
âà¥âî § à÷¢­®áâ¥©, ïª¨¬¨ ¢¨§­ ç õâìáï ¬­®£®¢¨¤ Dh (¤¨¢. (8)). □

�¥à¥¤ â¨¬, ïª ¯¥à¥å®¤¨â¨ ¤® ä®à¬ã«î¢ ­­ï ®á­®¢­¨å à¥§ã«ìâ â÷¢, ¯®ª« -

¤¥¬® Z
def
= (�1L

−1
F )∗, ­ £ ¤ õ¬®, é® (¤¨¢. [4{6, 11])

∀ y ∈ D(L∗
0) Py = y − Z�2y, (10)

∀u, v ∈ D(L∗
0) (L∗

0u|v) = (LFPu|Pv) + (�1u|�2v)H, (11)

÷ ¢¢¥¤¥¬® â ª÷ ¯®§­ ç¥­­ï:

Y1=P

[
−
(
1H 0
0 C∗

2

)
AXA∗

(
1H 0
0 C2

)
+

(
1H 0
0 C∗

1

)
X∗

(
1H 0
0 C1

)]
P,

Y2=P

[
2Re

(
χ1ZA∗

11 χ1ZA∗
21C2

0 0

)
−
(
χ1χ

0
1 0

0 0

)]
P.

�¥¬  2. �¥å © h ∈ H ⊕R(χ) . �®¤÷

∀ z ∈ Dh (T ∗z|z) = (LF (z+χ01 ~U2z−Z�2z)|z+χ01 ~U2z−Z�2z)+(Y1h|h)H⊕H+(Y2h|h).

�®¢¥¤¥­­ï. �¥å © z ∈ Dh ,   u
def
= z + χ01

~U2z. � (11) ¢¨¯«¨¢ õ, é®

(T ∗z|z) = (LFPu|Pu) + (�1u|�2u)H − (L∗
0u|L−1

F �∗
1
~U2z)− (L∗

0u|	0
1
~U2z).

�¨å®¤ïç¨ §¢÷¤á¨ ÷ § â¥®à¥¬¨ 1 [1] ( ¡áâà ªâ­¨©  ­ «®£ ä®à¬ã«¨ � £à ­¦ ),
¡ ç¨¬®, é®

(T ∗z|z) = (LFPu|Pu) + (�1u|�2u)H − (Pu|�∗
1
~U2z)− (u|Lmax	

0
1
~U2z)−

−(�1u|�2	0
1
~U2z)H + (�2u|�1	0

1
~U2z)H − (�3u|	P	0

1
~U2z)H + (	Pu|�3	0C∗

1
~U2z)H.

�®¬ã, ¡¥àãç¨ ¤® ã¢ £¨ (10) ÷ «¥¬ã 2.3 [13] kerLmax = kerL∗
0

·
+ R(	0), à®¡¨¬®

â ª¨© ¢¨á­®¢®ª:

(T ∗z|z) = (LFPu|Pu) + (�1u|�2u)H − (χ1u| ~U2z)H + (�1Z�2u| ~U2z)H.
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�«¥ 	1PZ = 0, â®¡â®
�1Z = χ1Z. (12)

� «÷, ïª ¯®ª §ãõ à÷¢­÷áâì (10),

Pu = z + χ01 ~U2z − Z�2z. (13)

�à÷¬ æì®£®, ïª «¥£ª® ¡ ç¨â¨,

�1u = �1z + (χ1Z)
∗ ~U2z, (14)

�2u = �2z, (15)

χ1u = χ1z + (χ1χ
0
1) ~U2z. (16)

�à å®¢ãîç¨ (12){(16), ¯¥à¥ª®­ãõ¬®áï ¢ á¯à ¢¥¤«¨¢®áâ÷ à÷¢­®áâ÷

(T ∗z|z) = (LF (z + χ01 ~U2z − Z�2z)|z + χ01 ~U2z − Z�2z) + (�1z|�2z)H+

+( ~U2z|(χ1Z)�2z)H − (χ1z| ~U2z)H − ((χ1χ
0
1) ~U2z| ~U2z) + ((χ1Z)�2z| ~U2z)H.

�«¥ (¤¨¢. (1), (8), (9) ÷ «¥¬ã 1) ∀ z ∈ Dh

(�1z|�2z)H = −
((

1H 0
0 C∗

2

)
AXA∗

(
1H 0
0 C2

)
h
∣∣∣h)

H⊕H
,

−(χ1z| ~U2z) =
((

1H 0
0 C∗

1

)
X

(
1H 0
0 C1

)
h
∣∣∣h)

H⊕H
,

((χ1χ
0
1) ~U2z| ~U2z)H =

((
χ1χ

0
1 0

0 0

)
h
∣∣∣h)

H⊕H
,

((χ1Z)�2z| ~U2z) + ( ~U2z|(χ1Z)�2z)H =((
C1(χZ)A∗

11 +A11(χZ)∗C∗
1 C1(χZ)A∗

12C2

C∗
2A21(χZ)C∗

1 0

)
h
∣∣∣h)

H⊕H
. □

�¨§­ ç¨¬® ®¯¥à â®à¨ F, F0 ∈ B(H⊕R(χ), R(χ)) §  ¤®¯®¬®£®î á¯÷¢¢÷¤­®è¥­ì

Fh = χZA∗
11h1 + (1H + χZA∗

21C2)h2, F0h = −χχ01h1, (h = (h1, h2)). (17)

�¥¬  3. �¥å © P̂z
def
= z + χ01

~U2z − Z�2z,

Rh
def
= {u ∈ D(LF ) : �1u = −(A∗

12h1 +A∗
22C2h2) + χ1Zh1, χu = −(F + F0)h}.

�®¤÷ P̂Dh = Rh.

�®¢¥¤¥­­ï. �à¨¯ãáâ¨¬®, é® z ∈ Dh . �ª ¯®ª §ãîâì ¡¥§¯®á¥à¥¤­÷ ®¡ç¨á«¥­­ï,
�2P̂z = 0, �1P̂z = −(A∗

12h1 + A∗
22C2h2) + (χ1z)∗h1, χP̂z = −(F + F0)h (¤¨¢.

«¥¬ã 1, (8), (17)), â®¬ã P̂Dh ⊂ Rh.
� ¢¯ ª¨, ­¥å © u ∈ Rh,   v = u+ z−P̂z ¤¥ z | ¤®¢÷«ì­¨© ¥«¥¬¥­â § Dh. �ª

«¥£ª® ¡ ç¨â¨, �1v = �1z, �2v = �2z, χv = −h2 = χz. �â¦¥, v ∈ Dh, §®ªà¥¬ ,
~U2v = h1 = ~U2z. �à÷¬ æì®£®, P̂v = u, â ª é® Rh ⊂ P̂Dh. □
�¢¥¤¥¬® â ª÷ ¯®§­ ç¥­­ï:

Y = −P

[(
1H 0
0 C∗

2

)
AXA∗

(
1H 0
0 C2

)
+

(
1H 0
0 C∗

1

)
X∗

(
1H 0
0 C1

)]
P,

F = PF ∗(χχ0)−1FP, F̂ = P (F + F0)
∗(χχ0)−1(F + F0)P,

¤¥ F, F0 â ª÷ ïª ¢ (17),   χχ0 âà ªâãõâìáï ïª ¢÷¤®¡à ¦¥­­ï R(χ) → R(χ).
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�¥¬  4. Y1 + Y2 + F̂ = Y + F .

�¯à ¢¥¤«¨¢÷áâì æ÷õù «¥¬¨ ¯¥à¥¢÷àïõâìáï §  ¤®¯®¬®£®î ¥«¥¬¥­â à­¨å ®¡ç¨á-
«¥­ì.

�¥®à¥¬  1. �¯¥à â®à T ¢¨§­ ç¥­¨© §£÷¤­® § (4), (5), ¬ ªá¨¬ «ì­® θ- ªà¥â¨¢­¨©
(¢÷¤¯®¢÷¤­®  ªá¨¬ «ì­® ­¥¢÷¤'õ¬­¨©) â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ cos θ·F+Re(eiθY) ≥
0 (¢÷¤¯®¢÷¤­® F + Y ≥ 0).

�®¢¥¤¥­­ï. � «¥¬¨ 1 ÷ § (7) ¢¨¯«¨¢ õ, é® D(T ∗) =
∪

h Dh, ¤¥ ®¡'õ¤­ ­­ï ¡¥-
à¥âìáï ¯® ¢á÷å h ∈ H ⊕R(χ) ,   § «¥¬¨ 3 ÷ § à÷¢­®áâ÷

{u ∈ D(LF ) : χu = a,�1u = b} = {u ∈ He : χu = b},

¤¥ § ¬¨ª ­­ï ¡¥à¥âìáï §  ­®à¬®î ¯à®áâ®àãHe (¤¨¢. [11{13]), é® infz∈Dh
(LF P̂z|P̂z) =

(F̂h|h)H⊕H. �®¬ã, §  «¥¬ ¬¨ 2 â  4, T ∗ õ (−θ)- ªà¥â¨¢­¨¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®-
«¨
∀h ∈ H ⊕R(χ)

infz∈Dh
Re{eiθ[(LF P̂z|P̂z)+((Y1+Y2)h|h)H⊕H]} = ((cos θ ·F+Re(eiθY))h|h) ≥ 0.

�®¤÷¡­® ¤®¢®¤¨âìáï â¢¥à¤¦¥­­ï é®¤® ­¥¢÷¤'õ¬­®áâ÷ ®¯¥à â®à  T ∗. �«ï § -
¢¥àè¥­­ï ¤®¢¥¤¥­­ï ¤®á¨âì ¢¨ª®à¨áâ â¨ æ¨â®¢ ­÷ ¢¨é¥ à¥§ã«ìâ â¨ ¯à æì [8, 9 17, 18],
§®ªà¥¬ , â¥®à¥¬ã 8.2 [9] (¯à® ÷­¤¥ªá á¯®à÷¤­¥­¨å ®¯¥à â®à÷¢).

� áâ®á®¢ãîç¨ ¢÷¤®¬¥ (¤¨¢. [19]) ã§ £ «ì­¥­­ï ªà¨â¥à÷î �¨«ì¢¥áâà : ïªé®

Bij ∈ B(H) (i, j = 1, 2) B = (Bij)2i,j=1, ¯à¨ç®¬ã B = B∗, B22>>0, â® B ≥ 0 â®¤÷

÷ â÷«ìª¨ â®¤÷, ª®«¨ B11 ≥ B12B
−1
22 B21, â  ¢¨å®¤ïç¨ § â¥®à¥¬¨ 1, ¯à¨å®¤¨¬® ¤®

­ áâã¯­®£® ­ á«÷¤ªã.

� á«÷¤®ª 1. �¥å ©

A11, A12 ∈ B(H),	 ∈ B(He,H),� ∈ B(H,H) (18)

χ = 	P +�, A1(h1, h2) = A11h1 +A12h2 (h1, h2 ∈ H), (19)

¯à¨ æì®¬ã
R(	0) ∩D(LF ) = {0}, R(A1) = H. (20)

�¯¥à â®à T , ¢¨§­ ç¥­¨© §  ¤®¯®¬®£®î á¯÷¢¢÷¤­®è¥­ì

D(T ) = {y ∈ D(L∗
0) : A11�1y +A12�2y = χy}, T ⊂ L∗

0,

¬ ªá¨¬ «ì­®  ªà¥â¨¢­¨© â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨

4Re[A11(χZ −A12)
∗] ≥ χχ0. (21)

� ã¢ ¦¨¬®, é®, ïª ¯®ª § ­® ¢ [12, 13], ¡ã¤ì-ïª¥ ¬ ªá¨¬ «ì­®  ªà¥â¨¢­¥ §¢ã-
¦¥­­ï T ®¯¥à â®à  L∗

0 § ¤®¢®«ì­ïõ ã¬®¢¨ ­ á«÷¤ªã 1, â®¬ã § ¤ ç  ¯à® ®¯¨á
¬ ªá¨¬ «ì­®  ªà¥â¨¢­¨å à®§è¨à¥­ì ®¯¥à â®à  L0 §¢®¤¨âìáï ¤® § ¤ ç÷ ¯à® ¯®-
¡ã¤®¢ã ®¯¥à â®à  T ∗, à®§¢'ï§ ­÷© ¢ [1]. �®¬ã c¯à ¢¥¤«¨¢÷ ­ áâã¯­÷ ­ á«÷¤ª¨.
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� á«÷¤®ª 2. �«ï â®£® é®¡ S ∈ C(H) ¡ã¢ ¬ ªá¨¬ «ì­®  ªà¥â¨¢­¨¬ à®§è¨-
à¥­­ï¬ ®¯¥à â®à  L0, ­¥®¡å÷¤­® ÷ ¤®áâ â­ì®, é®¡ ÷á­ã¢ «¨ ®¯¥à â®à¨ A11,
A12, 	, �, χ, A1, ïª÷ § ¤®¢®«ì­ïîâì ã¬®¢¨ (18){(21) ÷ â ª÷, é®

D(S) = {z ∈ D(L∗
0) +R(χ0)|∃h1 ∈ H : z + χ0h1 ∈ D(L∗

0),�1z = −A∗
12h1,�2z = A∗

11h1},
∀z ∈ D(S) Sz = L∗

0(z + χ0h1).

� á«÷¤®ª 3. �¯¥à â®à S ∈ C(H) õ ¬ ªá¨¬ «ì­®  ªà¥â¨¢­¨¬ à®§è¨à¥­­ï¬
®¯¥à â®à  L0 â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ÷á­ãîâì Aij ∈ B(H) (i, j = 1, 2), 	 ∈
B(He,H), � ∈ B(H,H) (   ®â¦¥ © χ

def
= 	P +�, A

def
= (Aij)2i,j=1 ) â ª÷, é®

R(A) = H⊕R(χ), R(	0)∩D(LF ) = {0}, P
[
F ∗(χχ0)−1F−1

2
A

(
0 1H
1H 0

)
A∗

]
≥ 0,

(¤¥ F (h1, h2) = (χZ)A∗
11h1 + (1H + (χZ)A∗

21)h2, P | oàâ®¯à®¥ªâ®à H ⊕ H →
H⊕R(χ)),

D(S) = {z ∈ D(L∗
0) +R(χ0) : z + χ0(A21�1z +A22�2z) ∈ D(L∗

0),

A11�1z +A12�2z = 0},
∀z ∈ D(S) Sz = L∗

0(z + χ0(A21�1z +A22�2z)).

2◦. �¥å © B = B∗ ∈ B(H),

D(L̂B) = {y ∈ D(L∗
0) +R(χ0) : y + χ0�2y ∈ D(L∗

0),�1y −B�2y = χy},
∀y ∈ D(L̂B) L̂By = L∗

0(y + χ0�2y).

� æì®¬ã ¯ã­ªâ÷ ¢áâ ­®¢«¥­® ªà¨â¥à÷© ¤®¤ â­®ù ¢¨§­ ç¥­®áâ÷ ®¯¥à â®à  L̂B ,
¯®¡ã¤®¢ ­® ©®£® ¥­¥à£¥â¨ç­¨© ¯à®áâ÷à ÷, ­  ®á­®¢÷ æì®£®, ¤®¢¥¤¥­® à®§¢'ï§­÷áâì
¯¥¢­®£® ª« áã ¢ à÷ æ÷©­¨å § ¤ ç. �÷¤§­ ç¨¬®, é® L̂B ¬®¦­  ÷­â¥à¯à¥âã¢ â¨

ïª §¡ãà¥­­ï (÷§ §¬÷­®î ®¡« áâ÷ ¢¨§­ ç¥­­ï) ®¯¥à â®à  LB
def
= L∗

0| ker(�1−B�2),
ïª¨© õ  ¡áâà ªâ­¨¬  ­ «®£®¬ ®¯¥à â®à  § ¤ ç÷ â¨¯ã âà¥âì®ù ªà ©®¢®ù, à®§£«ï-
­ãâ®ù ¢ [4].

�¢¥¤¥¬® ¢ à®§£«ï¤ ®¯¥à â®à L̂0 ⊂ L̂B â ª¨©, é®

D(L̂0) = {y ∈ D(LB) : �2y = 0} = {y ∈ D(LF ) : �1y = χy}. (22)

�¥¬  5.
D(L̂∗

0) = {z ∈ D(L∗
0) +R(χ0) : z + χ0�2z ∈ D(L∗

0)},
∀ z ∈ D(L̂∗

0) L̂∗
0z = L∗

0(z + χ0�2z).

�®¢¥¤¥­­ï. �¥å © Lmax â  Lmin â ª÷, ïª ¢ (2), (3), �4 = 	P. �à®§ã¬÷«®, é®
L̂0 ⊂ Lmax ÷ D(L̂0) = {y ∈ D(Lmax) : �3y = 0,�2y = 0,�1y − �4y = �y}.
�®ªà¥¬ , L̂0 á¯®à÷¤­¥­¨© § ¯ à®î (Lmax, Lmin) ¢ á¥­á÷ [8,9], â ª é® D(L̂∗

0) ⊂
D(Lmax). � â¥®à¥¬¨ 1 [1] ¢¨¯«¨¢ õ, é®

∀ y ∈ D(L̂0), ∀ z ∈ D(Lmax) (L̂0y|z) = (y|Lmaxz+�∗�2z)+(�4y|P	�2z−�3z)H.
(23)

�¢¥¤¥¬® â¨¬ç á®¢® ¢ à®§£«ï¤ ®¯¥à â®à S, ¢¨§­ ç¥­¨© §  ¤®¯®¬®£®î á¯÷¢¢÷¤­®-
è¥­ì D(S) = {z ∈ D(Lmax) : �3z = P	�2z}, ∀ z ∈ D(S) Sz = Lmaxz + �∗�2z.
�ª ¢¨¤­® § (23), S ⊂ L̂∗

0. �¨ª®à¨áâ®¢ãîç¨ â¥®à¥¬ã ¯à® ÷­¤¥ªá á¯®à÷¤­¥­¨å
®¯¥à â®à÷¢ (â¥®à¥¬  8.2 [9]), ¡ ç¨¬®, é® L̂∗

0 = S. □
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�¥¬  6. (H,�1 − χ,�2) | ��� ®¯¥à â®à  L̂0.

�®¢¥¤¥­­ï. � â¥®à¥¬¨ 1 [1] â  «¥¬¨ 4.8.7 [6] ¢¨¯«¨¢ õ, é® R((�1 − χ) ⊕ �2) =
H⊕H. �à÷¬ æì®£®, ïª ¢¨¤­® § «¥¬¨ 5,

∀ y, z ∈ D(L̂∗
0) (L̂∗

0y|z)− (y|L̂∗
0z) = (�1y − χy|�2z)H − (�2y|�1z − χz)H. □

�®§­ ç¨¬® ç¥à¥§ M(λ) äã­ªæ÷î �¥©«ï ®¯¥à â®à  L0, é® ¢÷¤¯®¢÷¤ õ ���
(H,�1,�2) (®§­ ç¥­­ï ¤¨¢. [20]) ÷ ¯®ª« ¤¥¬®: Lλ = (LF −λ1H)−1, Zλ = (�1Lλ)∗

(λ ≤ 0).
�÷¤®¬® [6, 16, 20, 21, 22], é® M(λ) = �1Zλ,

lim
λ→−∞

M(λ)−1 = 0, M(0) = 0, (24)

�2Zλ = 1H, (25)

y = Zλa ⇐⇒ L∗
0y = λy,�2y = a. (26)

�¥¬  7. �«ï ¡ã¤ì-ïª®£® λ ≤ 0

(χLλ)
∗ = (λLλ + 1H)χ

0, (27)

�1(χLλ)
∗ = (χZλ)

∗ = λZ∗
λχ

0 + (χZ)∗. (28)

�¯à ¢¥¤«¨¢÷áâì æ¨å á¯÷¢¢÷¤­®è¥­ì ¯¥à¥¢÷àïõâìáï §  ¤®¯®¬®£®î ¯àï¬¨å ®¡-
ç¨á«¥­ì, ¯à¨ æì®¬ã á«÷¤ ¢¨ª®à¨áâ â¨ (26).

�¢¥¤¥¬® â ª÷ ¯®§­ ç¥­­ï:

~B = 2Re(χZ)− χχ0, �̂1 = (�1 − χ) + ~B�2,

~M(λ) = ~B − 2Re(χZλ) + χ(χLλ)
∗, B̂ = B + ~B.

(29)

�¥¬  8. (H, �̂1,�2) | ¯®§¨â¨¢­¨© ��� ®¯¥à â®à  L̂0 , äã­ªæ÷ï �¥©«ï M̂(λ)
ïª®£® ¬ õ â ª¨© ¢¨£«ï¤:

M̂(λ) = M(λ) + ~M(λ). (30)

�®¢¥¤¥­­ï. �áª÷«ìª¨, §  «¥¬®î 6, (H,�1 − χ,�2) | ��� ®¯¥à â®à  L̂0,   ~B =
~B∗, â® (H, �̂1,�2) | ��� ®¯¥à â®à  L̂0.
� «÷, ïª ¡ã«® ¢ª § ­® ¢¨é¥, M̂(λ) = �̂1Ẑλ , ¤¥ Ẑλa (a ∈ H) | à®§¢'ï§®ª

§ ¤ ç÷
L̂∗
0y = λy, �2y = a (31)

(¯®à. § (26)). �¨å®¤ïç¨ § «¥¬¨ 5, (27) â  (31), ¯¥à¥ª®­ãõ¬®áì, é®

Ẑλ = Zλ − (χLλ)
∗ (λ ≤ 0). (32)

�®¬ã (¤¨¢. (25), (28)) M̂(λ) = [(�1 − χ) + ~B�2][Zλ − (χLλ)∗] = M(λ) + ~M(λ),
â®¡â® á¯à ¢¤¦ãõâìáï (30).

� à¥èâ÷, § (24), (27), (29), (30) ¢¨¯«¨¢ õ, é® M̂(0) = 0, â®¡â® (¤¨¢. [20])
(H, �̂1,�2) | ¯®§¨â¨¢­¨© ��� ®¯¥à â®à  L0 ¢ á¥­á÷ [4, 5]. □
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�¥¬  9. LF õ ¦®àáâª¨¬ à®§è¨à¥­­ï¬ ®¯¥à â®à  L̂0.

�®¢¥¤¥­­ï. � (22) ÷ «¥¬¨ 4.8.7 [6] ¢¨¯«¨¢ õ, é®

D(L̂0) =
∪

a∈R(χ)
{y ∈ D(LF ) : �1y = a, χy = a}.

�¨å®¤ïç¨ §¢÷¤á¨ ÷ ¯®¢â®àîîç¨ ¬÷àªã¢ ­­ï, ­ ¢¥¤¥­÷ ­  ¯®ç âªã ¤®¢¥¤¥­­ï
â¥®à¥¬¨ 1, à®¡¨¬® â ª¨© ¢¨á­®¢®ª: ¥­¥à£¥â¨ç­¨© ¯à®áâ÷à ®¯¥à â®à  L̂0 | æ¥
He. �à÷¬ æì®£®, § «¥¬¨ 5 §à®§ã¬÷«®, é® D(L̂∗

0) ∩ He = D(LF ), â®¬ã LF |
¦®àáâª¥ à®§è¨à¥­­ï ®¯¥à â®à  L̂0. □

� á«÷¤®ª 4. �¯¥à â®à L̂B ¤®¤ â­® ¢¨§­ ç¥­¨© â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨

B̂>>0.

�®¢¥¤¥­­ï. �ª «¥£ª® ¡ ç¨â¨,

D(L̂B) = {y ∈ D(L̂∗
0) : �̂1y = B̂�2y}, L̂B ⊂ L̂∗

0. (33)

�®¬ã á¯à ¢¥¤«¨¢÷áâì ­ á«÷¤ªã ¢¨¯«¨¢ õ § à¥§ã«ìâ â÷¢, ¢¨ª« ¤¥­¨å ¢ [4, 5, 7],  
â ª®¦ § «¥¬ 8 â  9. □

� ã¢ ¦¥­­ï 1. �¥£ª® ¡ ç¨â¨, é®

He

.
+ kerL∗

0 = He

.
+ ker L̂∗

0. (34)

�¥ ¢¨¯«¨¢ õ § â®£®, é® æï à÷¢­÷áâì ¥ª¢÷¢ «¥­â­  à÷¢­®áâ÷He

.
+R(Z) = He

.
+R(Ẑ)

, ¤¥ Ẑ
def
= Ẑ0 ÷ á¯÷¢¢÷¤­®è¥­­ï Ẑ = Z−χ0, ïª¥ ®âà¨¬ õ¬® ¯®ª« ¢è¨ ¢ (27), (32)

λ = 0.

� ã¢ ¦¥­­ï 2. �÷¤®¬® [23, â¥®à¥¬  1], é® ®¯¥à â®à¨ P â  �2 ¤®¯ãáª îâì ­¥¯¥-
à¥à¢­÷ ¯à®¤®¢¦¥­­ï ¤® ¢÷¤®¡à ¦¥­ì He

.
+ kerL∗

0 → He â  He

.
+ kerL∗

0 → H
¢÷¤¯®¢÷¤­® (æ÷ ¯à®¤®¢¦¥­­ï â ª®¦ ¯®§­ ç â¨¬¥¬® ç¥à¥§ P â  �2). �à¨ æì®¬ã

∀u ∈ He

.
+ kerL∗

0 Pu = u− Z�2u. (35)

� áâ®á®¢ãîç¨ æ¥© à¥§ã«ìâ â ¤® ®¯¥à â®à  L̂0 (§ ¬÷áâì L0) à®¡¨¬® ¢¨á­®¢®ª,
é®

∀u ∈ He

.
+ ker L̂∗

0 P̂u = u− Ẑ�2u, (36)

¤¥ P̂ | ­¥¯¥à¥à¢­¥ ¯à®¤®¢¦¥­­ï ¯à®¥ªâ®à  D(L∗
0) → D(LF ) ¤® ¯à®¥ªâ®à 

He

.
+ ker L̂∗

0 → He ¯ à «¥«ì­® ker L̂∗
0.

� «÷, ¯®ª« ¤¥¬® ∀u, v ∈ He

.
+ kerL∗

0

πB(u, v)
def
= (Pu|Pv)e + (B�2u|�2v)H. (37)

� [23] ¤®¢¥¤¥­®, é® ïªé® B>>0 , â® He

.
+ kerL∗

0 | ¥­¥à£¥â¨ç­¨© ¯à®áâ÷à ®¯¥-
à â®à  LB = L∗

0| ker(�1 − B�2),   πB | ¢÷¤¯®¢÷¤­¨© ¥­¥à£¥â¨ç­¨© áª «ïà­¨©
¤®¡ãâ®ª (¤¨¢. â ª®¦ [24, 25]).
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�¥®à¥¬  2. �¥å © B̂>>0 ,   ĤB â  π̂B | ¢÷¤¯®¢÷¤­® ¥­¥à£¥â¨ç­¨© ¯à®áâ÷à

â  ¥­¥à£¥â¨ç­¨© áª «ïà­¨© ¤®¡ãâ®ª ®¯¥à â®à  L̂B. �¯à ¢¥¤«¨¢÷ á¯÷¢¢÷¤­®-
è¥­­ï:

ĤB = He

.
+ kerL∗

0, (38)

∀u, v ∈ ĤB π̂B(u, v) = πB(u, v) + (χu|�2v)H + (�2u|χv)H.

�®¢¥¤¥­­ï. �à å®¢ãîç¨ (33), ¡ ç¨¬®, é® á¯à ¢¥¤«¨¢÷áâì à÷¢­®áâ÷ (38) ¢¨¯«¨-
¢ õ § (34) ÷ à¥§ã«ìâ â÷¢, æ¨â®¢ ­¨å ¢ § ã¢ ¦¥­­÷ 2. � æ¨å ¦¥ à¥§ã«ìâ â÷¢, § -
áâ®á®¢ ­¨å ¤® ®¯¥à â®à  L̂0 (§ ¬÷áâì L0), § «¥¬ 8, 9, à÷¢­®áâ¥© (35){(37) ÷ â®£®
ä ªâã, é® He õ ¥­¥à£¥â¨ç­¨¬ ¯à®áâ®à®¬ ®¯¥à â®à  L̂0 (¤¨¢. ¤®¢¥¤¥­­ï «¥¬¨
9), ¢¨¯«¨¢ õ, é®

∀u, v ∈ ĤB π̂B(u, v) = (P̂u|P̂v)e + (B̂�2u|�2v)H =

= (Pu+ χ0�2u|Pv + χ0�2v)e + (B̂�2u|�2v)H =

= (Pu|Pv)e + (χu|�2v)H − ((χZ)�2u|�2v)H + (�2u|χv)H−

−(�2u|(χZ)�2v)H + ((χχ0)�2u|�2v)H + (B̂�2u|�2v)H =

= πB(u, v) + (χu|�2v)H + (�2u|χv)H □

� á«÷¤®ª 5. �ªé® B̂>>0, â® ∀f ∈ H ¢ à÷ æ÷©­  § ¤ ç 

π̂B(u, u)− 2Re(f |u) → min, u ∈ He

.
+ kerL∗

0,

¬ õ õ¤¨­¨© à®§¢'ï§®ª u0 = L̂−1
B f .

�¯à ¢¥¤«¨¢÷áâì æì®£® â¢¥à¤¦¥­­ï ¢¨¯«¨¢ õ § â¥®à¥¬¨ ¯à® ¬÷­÷¬ã¬ ª¢ ¤à -
â¨ç­®£® äã­ªæ÷®­ «ã [3].
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