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We establish the sharpness of a classical estimate of the size of an exceptional
set such that the maximum modulus of an entire function M(r, f) is equivalent to
the maximum of its real part A(r, f) or the maximum modulus of its real part R(r, f)
as r → +∞ outside of this set.

�.�. �ª áª¨¢, �.�. �¨«¥¢¨ç. � ¢¥«¨ç¨­¥ ¨áª«îç¨â¥«ì­®£® ¬­®¦¥áâ¢  ¢ â¥®-

à¥¬¥ �¨¬ ­  // � â¥¬ â¨ç­÷ �âã¤÷ù. { 1999. { �.12, ü 1. { C.31{36.

�áâ ­®¢«¥­  â®ç­®áâì ª« áá¨ç¥áª®© ®æ¥­ª¨ ¢¥«¨ç¨­ë ¨á«ªîç¨â¥«ì­®£® ¬­®-
¦¥áâ¢ , ¢­¥ ª®â®à®£® ¬ ªá¨¬ã¬ ¬®¤ã«ï æ¥«®© äã­ªæ¨¨ M(r, f) íª¢¨¢ «¥­â¥­
¯à¨ r → +∞ ¬ ªá¨¬ã¬ã ¥ñ ¤¥©áâ¢¨â¥«ì­®© ç áâ¨ A(r, f) ¨«¨ ¬ ªá¨¬ã¬ã ¬®¤ã«ï
¥ñ ¤¥©áâ¢¨â¥«ì­®© ç áâ¨ R(r, f).

�áâã¯

�¥å © f | æ÷«  äã­ªæ÷ï,M(r, f) = max{|f(z)| : |z| = r}|¬ ªá¨¬ã¬ ¬®¤ã«ï
æ÷õù äã­ªæ÷ù, A(r, f) = max{Re f(z) : |z| = r} | ¬ ªá¨¬ã¬ ùù ¤÷©á­®ù ç áâ¨­¨,
µ(r, f) = max{|f (n)(0)/n!|rn} | ¬ ªá¨¬ «ì­¨© ç«¥­ áâ¥¯¥­¥¢®£® à®§¢¨­¥­­ï f ,
  K(r, f) = rM ′(r, f)/M(r, f). �¥å ©, â ª®¦, H | ª« á ­¥¯¥à¥à¢­¨å, ¤®¤ â­¨å,
§à®áâ îç¨å ¤® +∞ ­  [1;+∞) äã­ªæ÷©.

�®¡à¥ ¢÷¤®¬® [1], é® á¯÷¢¢÷¤­®è¥­­ï, ïª÷ ®âà¨¬ãîâìáï ¬¥â®¤®¬ �÷¬ ­ {
� «÷à®­ , ¯¥à¥¢ ¦­® ¢¨ª®­ãîâìáï ¯à¨ r → +∞ §®¢­÷ ¤¥ïª®ù ¬­®¦¨­¨ E áª÷­-
ç¥­­®ù «®£ à¨ä¬÷ç­®ù ¬÷à¨, â®¡â® â ª®ù, é®∫

E∩[1;+∞)

dr

r
< +∞. (1)

�®ªà¥¬ , æ¥ áâ®áãõâìáï ­¥à÷¢­®áâ÷ �÷¬ ­ {� «÷à®­ 

M(r, f) < µ(r, f) ln1/2+ε µ(r, f), (2)

á¯÷¢¢÷¤­®è¥­­ï �÷¬ ­ 

A(r, f) ∼ M(r, f) (r → +∞) (3)
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â  á¯÷¢¢÷¤­®è¥­­ï �®à¥«ï
lnµ(r, f) ∼ lnM(r, f) (r → +∞). (4)

�.�. �áâà®¢áìª¨© ¢ ãá­÷© ¡¥á÷¤÷ § ¯¥àè¨¬ ÷§ á¯÷¢ ¢â®à÷¢ ¯®áâ ¢¨¢ ­ áâã¯­¥
§ ¯¨â ­­ï: ­ áª÷«ìª¨ â®ç­®î õ ®æ÷­ª  (1) ¬­®¦¨­¨ E, §®¢­÷ ïª®ù ¢¨ª®­ãõâìáï
­¥à÷¢­÷áâì (2)? � æì®¬ã §¢'ï§ªã æ÷ª ¢® ¡ã«® ¡ ¢¨§­ ç¨â¨ â ª®¦, ¤«ï ïª¨å
¬­®¦¨­ ¢¨£«ï¤ã E1 =

∪∞
n=1[an; bn] ÷á­ãîâì ε > 0 ÷ æ÷«  äã­ªæ÷ï f â ª÷, é®

E1 = {r : M(r, f) ≥ µ(r, f) ln1/2+ε µ(r, f)}. �à®§ã¬÷«®, é® ¯à¨à®¤­® à®§£«ï¤ â¨
®¡¨¤¢  ¯¨â ­­ï ÷ ¤«ï á¯÷¢¢÷¤­®è¥­ì (3) â  (4).

�® áâ®áãõâìáï á¯÷¢¢÷¤­®è¥­­ï (4), â® §  â¥®à¥¬®î �. �®­¤®­  [2] ¢®­® á¯à ¢-
¤¦ãõâìáï ¯à¨ r → +∞ §®¢­÷ ¤¥ïª®ù ¬­®¦¨­¨ E4(f) áª÷­ç¥­­®ù ¬÷à¨, â®¡â®∫
E4(f)∩[1;+∞) dr < +∞. �¥ áª« ¤­® [3], ¢¨ª®à¨áâ®¢ãîç¨ ¯®¤÷¡­÷ ïª ÷ ¢ [2] ¬÷à-

ªã¢ ­­ï, ¯®ª § â¨, é®
∫
E4(f)∩[1;+∞)

h(r)dr < +∞ ¤«ï ª®¦­®ù h ∈ H â ª®ù, é®
lnh(r) = O(ln r) (r → +∞).

�÷¤§­ ç¨¬® â ª®¦ ¤¥ïª÷ à¥§ã«ìâ â¨, ïª÷ ¢ª §ãîâì ­  â¥, é® ¢¨­ïâª®¢  ¬­®-
¦¨­  ã á¯÷¢¢÷¤­®è¥­­÷ (4) ( , ®â¦¥, ÷ ã á¯÷¢¢÷¤­®è¥­­÷ (2)) ¬®¦¥ ÷á­ã¢ â¨.
�®ªà¥¬ , ¢ [4] ­ ¢¥¤¥­® ¯®¡ã¤®¢ ­¨© �.�. �®«ì¤¡¥à£®¬ ¯à¨ª« ¤ æ÷«®ù äã­ªæ÷ù
g, ¤«ï ïª®ù limr→+∞ lnM(r, g)/lnµ(r, g) > 1. �à¨ª« ¤ äã­ªæ÷ù §  ­ «®£÷ç­®î
¢« áâ¨¢÷áâî, ïª æ¥ áâ¢¥à¤¦ãõâìáï ¢ [2], ­ ¢¥¤¥­® â ª®¦ ¢ [5, á.33]. � ©¡÷«ìè
§ £ «ì­¨© à¥§ã«ìâ â ã æì®¬ã ­ ¯àï¬ªã ®âà¨¬ «¨ �. �®ª£ àâ ÷ �. �. �âà ãá
[6]: ¤«ï ¤®¢÷«ì­®ù äã­ªæ÷ù ¤¢®å §¬÷­­¨å 	, ¢¨§­ ç¥­®ù ­  R2

+, ÷á­ãõ â ª  æ÷« 
äã­ªæ÷ï g, é® limr→+∞ M(r, g)/	(r, µ(r, g)) ≥ 1.

�ãâ ®âà¨¬ õ¬® ®áâ â®ç­ã ÷ ¡«¨§ìªã ¤® ®áâ â®ç­®ù ¢÷¤¯®¢÷¤÷ ­  § ¯¨â ­­ï
�.�. �áâà®¢áìª®£® ¢÷¤¯®¢÷¤­® ¤«ï á¯÷¢¢÷¤­®è¥­ì (3) â  (2).

�¥å © R(r, f) = max{|Re f(z)| : |z| = r},   �(f) def
== limr→+∞ M(r, f)/R(r, f).

�áª÷«ìª¨ R(r, f) ≥ A(r, f), â® ¢÷¤¯®¢÷¤ì ­  § ¯¨â ­­ï �.�. �áâà®¢áìª®£® é®¤®
á¯÷¢¢÷¤­®è¥­­ï (3) ¢¨¯«¨¢ õ § ­ áâã¯­®ù â¥®à¥¬¨.

�¥®à¥¬  1. �«ï ª®¦­®ù äã­ªæ÷ù h ∈ H ÷á­ãõ æ÷«  äã­ªæ÷ï f â ª , é® ¯à¨
¤¥ïª®¬ã ε > 0 ¤«ï ¬­®¦¨­¨ E = {r > 1 : M(r, f) > (1+ε)R(r, f)} ¢¨ª®­ãõâìáï
à÷¢­÷áâì

∫
E
r−1h(r)dr = +∞.

�¥®à¥¬ã 1 ®âà¨¬ õ¬® § ­ ¢¥¤¥­®ù ­¨¦ç¥ â¥®à¥¬¨ 2, § ïª®ù, áª®à¨áâ ¢è¨áì
¯à ¢¨«®¬ �®¯÷â «ï, ¬®¦­  §à®¡¨â¨ â ª®¦ ÷ â ª¨© ¢¨á­®¢®ª: ÷á­ãîâì âà ­á-
æ¥­¤¥­â­÷ æ÷«÷ äã­ªæ÷ù, «®£ à¨ä¬ ¬ ªá¨¬ã¬  ¬®¤ã«ï ïª¨å §à®áâ õ ïª § ¢£®¤­®
¯®¢÷«ì­®, ÷ ¤«ï ïª¨å ÷á­ãõ ¢¨­ïâª®¢  ¬­®¦¨­  ã á¯÷¢¢÷¤­®è¥­­÷ (3).

�¥®à¥¬  2. �«ï ª®¦­®ù äã­ªæ÷ù h ∈ H ÷á­ãõ æ÷«  äã­ªæ÷ï f â ª , é® �(f) >
1 ÷ K(r, f) ≤ h(r) (r ≥ r0).

�â®á®¢­® á¯÷¢¢÷¤­®è¥­­ï (2), â®, ïª æ¥ «¥£ª® ¯®ª § â¨ §   ­ «®£÷õî § ¤®-
¢¥¤¥­­ï¬ ­ ¢¥¤¥­®ù ­¨¦ç¥ â¥®à¥¬¨ 3, ¤«ï ª®¦­®ù h ∈ H, ¤«ï ïª®ù lnh(r) =
o(ln ln r) (r → +∞), ÷ ¤«ï ª®¦­®£® ε > 0 ¬ õ¬®

∫
E2(f)∩[1;+∞) h(r)/rdr < +∞, ¤¥

E2(f) | ¢¨­ïâª®¢  ¬­®¦¨­  ¢ (2).

�¥®à¥¬  3. �¥å © h ∈ H â ª , é® h(r) ≤ ln1/2 r (r > 2). �®¤÷ ¤«ï ª®¦­®£®
ε > 0 ­¥à÷¢­÷áâì

M(r, f) ≤ µ(r, f) ln1/2+ε µ(r, f) ln1/2 r

¢¨ª®­ãõâìáï ¤«ï ¢á÷å r ∈ [1;+∞)\E5(f), ¤¥ E5(f) â ª , é®∫
E5(f)∩[1;+∞)

r−1h(r)dr < +∞.

�¥®à¥¬ã 3, ¢§ £ «÷ ª ¦ãç¨, ­¥ ¬®¦­  ¯®ªà é¨â¨ ã ­ áâã¯­®¬ã á¥­á÷.
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�¥®à¥¬  4. �«ï ª®¦­®£® β > 0 ÷á­ãõ æ÷«  äã­ªæ÷ï f â ª , é® ¯à¨ ¤¥ïª®¬ã

ε > 0 ¤«ï ¬­®¦¨­¨ E5 = {r > 1 : M(r, f) > µ(r, f) ln1/2+ε µ(r, f)} ¢¨ª®­ãõâìáï
à÷¢­÷áâì ∫

E5(f)

r−1(ln r)β+1/2dr = +∞.

�®¯®¬÷¦­÷ à¥§ã«ìâ â¨

�®§£«ï­¥¬® à®§¢¨­¥­­ï ¤®¢÷«ì­®ù æ÷«®ù äã­ªæ÷ù f ã áâ¥¯¥­¥¢¨© àï¤: f(z) =∑∞
n=0 anz

λn , ¤¥ {λn} | áâà®£® §à®áâ îç  ¤® +∞ ¯®á«÷¤®¢­÷áâì ­¥¢÷¤'õ¬­¨å
æ÷«¨å ç¨á¥«, an ̸= 0 (n ≥ 0). �¥å © µ(r, f) = max{|an|rλn : n ≥ 0} | ¬ ª-

á¨¬ «ì­¨© ç«¥­ äã­ªæ÷ù f , G(r, f) =
∑∞

n=0 |an|rλn , cn = (|an|/|an+1|)
1

λn+1−λn ,
dn = cn/cn+1.

�®¡à¥ ¢÷¤®¬¨¬ õ â ª¥ â¢¥à¤¦¥­­ï (¤¨¢., ­ ¯à¨ª« ¤, [7]).

�¥¬  1. �ªé® cn ↗ +∞ (n → +∞), â® µ(r, f) = |an|rλn ¤«ï ¢á÷å r ∈ [cn−1; cn]
÷ µ(cn, f) = |an|cλn

n = |an+1|cλn+1
n .

�¥¬  2. �ªé® cn ↗ +∞ (n → +∞), dn → 0 (n → +∞), â®(
k−1∑
n=1

+
∞∑

n=k+2

)
|an|cλn

k = o(µ(ck, f)) (k → +∞).

�®¢¥¤¥­­ï. �¨ª®à¨áâ®¢ãîç¨ «¥¬ã 1, ®âà¨¬ãõ¬®:(k−1∑
n=1

+
∞∑

n=k+2

)
|an|cλn

k = µ(ck, f)
(k−1∑

n=1

|an|
|ak|

cλn−λk

k +
∞∑

n=k+2

|an|
|ak+1|

c
λn−λk+1

k

)
=

=µ(ck, f)
(k−1∑

n=1

|an|
|an+1|

|an+1|
|an+2|

. . .
|ak−1|
|ak|

cλn−λk

k +
∞∑

n=k+2

|an|
|an−1|

|an−1|
|an−2|

. . .
|ak+2|
|ak+1|

c
λn−λk+1

k

)
≤

≤ µ(ck, f)
(k−1∑

n=1

(ck−1

ck

)λk−λn

+
∞∑

n=k+2

( ck
ck+1

)λn−λk+1
)

≤

≤ µ(ck, f)
( dk−1

1− dk−1
+

dk
1− dk

)
= o(µ(ck, f)) (k → +∞). □

�¥¬  3. �ªé® ¢¨ª®­ãîâìáï ã¬®¢¨ «¥¬¨ 2 ÷ ÷á­ãõ â ª  áâ «  p, é® λn+1 ≤
pλn (n ≥ 0), â®

∞∑
n=k+2

λn|an|cλn

k = o(λkµ(ck, f)) (k → +∞).

�®¢¥¤¥­­ï. �áª÷«ìª¨ pdn < 1 (n ≥ n0), â® §­®¢ã ¦ ¢¨ª®à¨áâ ¢è¨ «¥¬ã 1,
®¤¥à¦ãõ¬®:

∞∑
n=k+2

λn|an|cλn

k = λk+1µ(ck, f)
∞∑

n=k+2

pλn−λk+1

(
ck

ck+1

)λn−λk+1

≤

≤ λkµ(ck, f)
p2dk

1− pdk
= o(λkµ(ck, f)) (k → +∞). □
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�¥¬  4. �ªé® ¢¨ª®­ãîâìáï ã¬®¢¨ «¥¬¨ 3, â® ¤«ï ¤®¢÷«ì­®£® r ∈ [ck; ck+1)
¬ õ¬® rG′(r, f)/G(r, f) ≤ p(p+ 2)λk (k ≥ k1).

�®¢¥¤¥­­ï. �¯à ¢¤÷, ¯à¨ k ≥ k1, §  «¥¬ ¬¨ 2 ÷ 3,

ck
G′(ck, f)
G(ck, f)

≤ (2λk + λk+1)µ(ck, f)
µ(ck, f)

≤ (p+ 2)λk.

�áª÷«ìª¨ rG′(r, f)/G(r, f) §à®áâ õ § à®áâ®¬ r, â® ¤«ï r ∈ [ck, ck+1) ¬ õ¬®:

r
G′(r, f)
G(r, f)

≤ (p+ 2)λk+1 ≤ p(p+ 2)λk (k ≥ k1). □

�¥¬  5 ([8]). �¥å © C(r, f) = r(lnG(r, f))′,   D2(r, f) = rC ′(r, f). �«ï ¤®-
¢÷«ì­®ù æ÷«®ù äã­ªæ÷ù f ¢¨ª®­ãõâìáï ­¥à÷¢­÷áâì

G(r, f) < µ(r, f)
(
3
√
3D(r) +

3
2

)
(r > 0).

�®¢¥¤¥­­ï â¥®à¥¬

�®¢¥¤¥­­ï â¥®à¥¬¨ 2. �ª §¢¨ç­® [9], äã­ªæ÷î l ∈ H ­ §¨¢ õ¬® ¯®¢÷«ì­® §à®á-
â îç®î, ïªé® l(3r)/l(r) → 1 (r → +∞). �¥¢ ¦ª® ¯®ª § â¨, é® ¤«ï ª®¦­®ù
äã­ªæ÷ù h ∈ H ÷á­ãõ ¯®¢÷«ì­® §à®áâ îç  äã­ªæ÷ï l ∈ H â ª , é® l(r) ≤ h(r)
(r ≥ r0).

� §¢'ï§ªã § æ¨¬ ¬®¦¥¬® ¢¢ ¦ â¨, ­¥ §¬¥­èãîç¨ § £ «ì­®áâ÷, é® h(r) =
15l(r) (r ≥ 1), ¤¥ l | ¯®¢÷«ì­® §à®áâ îç  ¤® +∞ äã­ªæ÷ï â ª , é® l(1) = 1 ÷
l(r) ≤ ln ln r (r ≥ e2).

�¥å © λn = 3n, cn = L(λn), ¤¥ L | ®¡¥à­¥­  ¤® l äã­ªæ÷ï,   dn = cn/cn+1

(n ≥ 0). �¥£ª® ¡ ç¨â¨, é® c0 = 1 ÷ cn ≥ exp(exp(λn)) (n ≥ 1). �«¥¬¥­â à­®
â ª®¦ ¯®ª §ãõâìáï, é® L(x)/L(3x) → 0 (x → +∞),   â®¬ã dn → 0 (n → +∞).

�®§£«ï­¥¬® ¯®á«÷¤®¢­÷áâì bn, ¢¨§­ ç¥­ã â ª: 1) b1 = 1; 2) bn+1 = (cλ1−λ0
0 cλ2−λ1

1 . . .

c
λn+1−λn
n )−1 (n ≥ 0). �áª÷«ìª¨ bn+1 ≤ c

−2λn+1/3
n , â® b

1/λn
n → 0 (n → +∞), â®¡â®

äã­ªæ÷ï f(z) =
∞∑

n=0
ibnz

λn õ æ÷«®î. �ª®à¨áâ ¢è¨áì «¥¬®î 2, ¡ ç¨¬®, é®

M(ck, f) ∼ 2µ(ck, f) (n → +∞). (6)

� ÷­è®£® ¡®ªã, § æ÷õù ¦ «¥¬¨ ¢¨¯«¨¢ õ, é®

R(ck, f) = µ(ck, f) max
φ∈[0;2π)

| sin(λkφ) + sin(λk+1φ)|+ o(µ(ck, f)) =

= µ(ck, f) max
t∈[0;2π)

| sin t+ sin 3t|+ o(µ(ck, f)) =
8

3
√
3
µ(ck, f) + o(µ(ck, f)) (k → +∞).

�¢÷¤á¨ ÷ § (6) ¢¨¯«¨¢ õ, é® �(f) > 1.
�áª÷«ìª¨ M(r, f) = G(r, f) (r ≥ 0), â® §  «¥¬®î 4 ¤«ï ¤®¢÷«ì­®£® r ∈

[ck; ck+1) ¯à¨ k ≥ k1 ®âà¨¬ãõ¬® K(r, f) ≤ 15λk = 15l(ck) ≤ 15l(r) = h(r).
�â¦¥, ¤«ï ¢á÷å r ≥ r0 ¢¨ª®­ãõâìáï ­¥à÷¢­÷áâì K(r, f) ≤ h(r), é® © ¢¨¬ £ «®áì.
□
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�®¢¥¤¥­­ï â¥®à¥¬¨ 1. �¥å © f | äã­ªæ÷ï, ¯®¡ã¤®¢ ­  ¯à¨ ¤®¢¥¤¥­­÷ â¥®à¥¬¨
2,   ε ÷ δ | â ª÷ ç¨á« , é® 0 < ε < δ < �(f) − 1. �®§£«ï­¥¬® ¬­®¦¨­ã
E = {r > 1 : M(r, f) > (1 + ε)R(r, f)}. �®­  ¢÷¤ªà¨â  ÷ â®¬ã õ ®¡'õ¤­ ­­ï¬
§«÷ç¥­®ù ª÷«ìª®áâ÷ ÷­â¥à¢ «÷¢, ïª÷ ¯®¯ à­® ­¥ ¯¥à¥â¨­ îâìáï. �â¦¥, ïª «¥£ª®
¡ ç¨â¨, ÷á­ãîâì ¯®á«÷¤®¢­®áâ÷ {xn} ÷ {yn} ¤÷©á­¨å ç¨á¥« â ª÷, é®: 1) (xn; yn) ⊂
E (n ≥ 0); 2) xn < yn < xn+1 (n ≥ 0); 3) xn → +∞ (n → +∞); 4) M(xn, f) =
(1 + ε)R(xn, f) (n ≥ 0); 5) M(yn, f) = (1 + ε)R(yn, f) (n ≥ 0); 6) ­  ÷­â¥à¢ «÷
(xn; yn) ÷á­ãõ â®çª  tn, ¢ ïª÷©

M(tn, f) = (1 + δ)R(tn, f) (n ≥ 0). (7)

�®¢¥¤¥¬®, é®
lim

n→+∞
(lnM(yn, f)− lnM(xn, f)) > 0. (8)

�¯à ¢¤÷, ïªé® lnM(yn, f) − lnM(xn, f) ≤ K (n ≥ n(K)) ¤«ï ª®¦­®£® K > 0,
â®

lnM(tn, f) ≤ lnM(yn, f) ≤ K + lnM(xn, f) = K + ln(1 + ε) + lnR(xn, f) ≤
≤ K + ln(1 + ε) + lnR(tn, f) < ln(1 + δ) + lnR(tn, f) (n ≥ n(K)),

ïª â÷«ìª¨ K < ln(1 + δ)− ln(1 + ε),   æ¥ áã¯¥à¥ç¨âì á¯÷¢¢÷¤­®è¥­­î (7).
�â¦¥, á¯÷¢¢÷¤­®è¥­­ï (8) õ ¯à ¢¨«ì­¨¬. �®¬ã

∫∪∞
n=0

(xn;yn)
d(lnM(r, f)) =

+∞. �áª÷«ìª¨
∪∞

n=0(xn; yn) ⊂ E, â®∫
E

K(r, f)
r

dr ≥
∫∪∞

n=0
(xn;yn)

d(lnM(r, f)) = +∞.

� «¨è¨«®áì ¯à¨£ ¤ â¨, é® K(r, f) ≤ h(r) (r ≥ r0). □
�®¢¥¤¥­­ï â¥®à¥¬¨ 3. �¢ ¦ õ¬®, é® f | âà ­áæ¥­¤¥­â­  æ÷«  äã­ªæ÷ï, â®¡â®

ln r = o(lnG(r, f)) (r → +∞). (9)

�¥å © r0 = min{r ≥ 1 : ln lnG(r, f) ≥ 1, lnC(r, f) ≥ 1},   E6(f) = {r ≥
r0 : C(r, f) > h(r) lnG(r, f) ln1+ε/2 lnG(r, f)}, E7(f) = {r ≥ r0 : D2(r, f) >

h(r)C(r, f) ln1+ε/2 C(r, f)}. �®¤÷∫
E6(f)

h(r)
r

dr <

∫
E6(f)

(lnG(r, f))′dr

lnG(r, f) ln1+ε/2 lnG(r, f)
≤
∫ ∞

1

dy

y1+ε/2
< +∞,∫

E7(f)

h(r)
r

dr <

∫
E7(f)

C ′(r, f)dr

C(r, f) ln1+ε/2 C(r, f)
≤
∫ ∞

1

dt

t1+ε/2
< +∞,

¯à¨ç®¬ã, ¢¨ª®à¨áâ ¢è¨ «¥¬ã 5 ÷ á¯÷¢¢÷¤­®è¥­­ï (9), §®¢­÷ ®¡'õ¤­ ­­ï æ¨å ¤¢®å
¬­®¦¨­ ¯à¨ r ≥ r1 ®âà¨¬ãõ¬®: G(r, f)<µ(r, f)h(r) ln1/2G(r, f) ln1+3ε/4 lnG(r, f),
lnG(r, f) < 2 lnµ(r, f). �¢÷¤á¨ ¢¨¯«¨¢ õ, é®G(r, f) < µ(r, f) ln1/2+ε µ(r, f) ln1/2 r
§®¢­÷ ¬­®¦¨­¨ E5(f) = E6(f) ∪ E7(f) ∪ [1; r2), é® © ¢¨¬ £ «®áì. □
�®¢¥¤¥­­ï â¥®à¥¬¨ 4. �áª÷«ìª¨ β1 = β + 1/2 > 1/2, â® ¬®¦­  ¢¨¡à â¨ ε > 0
÷ δ > 0 â ª, é®¡ β1δ = (1 + δ)(1/2 + ε). �¨§­ ç¨¬® λ1 = 1, λn =

[
exp(λδ

n−1)
]
,
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Aλn = λ−λn
n , β2 = β1δ, pn = 2

[
λβ2
n

]
, �n = 1

npn
. �«ï 0 ≤ k ≤ pn − 1 ¯®ª« ¤¥¬®

Ak+λn = Aλn exp(−kκn+1), ¤¥

κn+1 =
lnAλn

− lnAλn+1

λn+1 − λn
∼ lnλn+1 (n → +∞).

�÷¤§­ ç¨¬®, é® κn ↑ +∞, κn = o(κn+1), λn = o(λn+1), lnλn = o(lnλn+1)
(n → +∞).

�«ï æ÷«®ù äã­ªæ÷ù f(z) =
∑∞

n=1Aλnz
λn , ®áª÷«ìª¨ κn ↑ +∞, â® µ(r, f) =

Aλnr
λn ¯à¨ r ∈ [eκn ; eκn+1 ]. �«¥¬¥­â à­® â ª®¦ ¯¥à¥¢÷àïõâìáï, é® ¤«ï æ÷-

«®ù äã­ªæ÷ù F (z) =
∑∞

n=1

∑pn−1
k=0 Ak+λnz

k+λn ¬ õ¬® µ(r, F ) = µ(r, f) ¯à¨ r ∈
[eκn ; eκn+1 ]. �à÷¬ â®£®, Ak+λnr

k+λn = µ(r, f)e−k(κn+1−ln r) ¤«ï 0 ≤ k < pn.

�â¦¥, ¤«ï r ∈
[
eκn+1−�n ; eκn+1

] def
== Ẽn ¯à¨ n → +∞ ®âà¨¬ãõ¬®

F (r) ≥
pn−1∑
k=0

Ak+λnr
k+λn ≥ µ(r, f)

pn−1∑
k=0

e−k�n = µ(r, f)
1− e−�npn

1− e−�n
=

= µ(r, F )(1 + o(1))pn = 2µ(r, F )(1 + o(1))λβ1δ
n .

� ã¢ ¦¨¬®, é® lnµ (eκn+1 , F ) = −λn lnλn+κn+1λn ∼ λ1+δ
n (n → +∞),   â®¬ã

¤«ï r ∈ Ẽ =
∪∞

n=1 Ẽn ¯à¨ r → +∞ ®âà¨¬ãõ¬® F (r) ≥ 2(1+o(1))µ(r, F ) (lnµ(r, F ))β1δ/(1+δ).
� «¨è¨«®áì ¯à¨£ ¤ â¨, é® β1δ/(1+ δ) = 1/2+ε, ε > 0,   â ª®¦ § ã¢ ¦¨â¨, é®∫

E5(F )

lnβ1 r
r

dr ≥
∫
Ẽ

lnβ1 r
r

dr =
∞∑

n=1

∫ κn+1

κn+1−�n

xβ1dx.

�áª÷«ìª¨ ∫ κn+1

κn+1−�n

xβ1dx ∼ κβ1
n+1�n ∼ 1

2n
(n → +∞),

â® â¥®à¥¬ã 4 ¤®¢¥¤¥­®. □
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