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A result of the author (MR 90a:20135) on an isomorphism between partial and


lassi
al 
ohomologies of a semigroup with a 
anoni
 root is generalized. As an

appli
ation, the 
ohomology is 
al
ulated for the 
ase when a semigroup is de�ned

by a single relation of the form aP = Q or Pa = Q, where the words P and Q don't


ontain the letter a.
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Partial 
ohomologies are used, in parti
ular, for 
al
ulating the 
lassi
 semigroup


ohomology of Eilenberg-M
Lane (further we shall 
all it EM-
ohomology). Exam-

ples of su
h using were shown in [7℄ and [8℄ as a 
onsequen
e of results obtained

there. In this arti
le we generalize Theorem 3.2 from [7℄ whi
h allows us to des
ribe

EM-
ohomology for a more wide 
lass of semigroups.

1. Prelminaries

In this se
tion ne
essary properties of 
otriple [2, 3℄ and partial [7, 8℄ 
ohomolo-

gies are given for the 
onvenien
e of reading.

In the sequel the notation S = 〈X |R〉 means that the semigroup S is generated

by the set X with the de�ning relation set R. We write S = 〈X〉 if the type of R
is not important at this moment.

Let S be a semigroup. A subset X ⊂ S is 
alled a root of S if S = 〈X |R〉, where
all relations from R are of the form xy = z for some x, y, z ∈ X . E. g., for every

presentation

S = 〈a
1

, . . . , am|P1 = Q
1

, . . . , Pn = Qn〉

the subset 
onsisting of all generators a
1

, . . . , am and all subwords of the words Pi
and Qi (1 ≤ i ≤ n) is a root (it is easy to see that every root 
an be obtained in

su
h a way).
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8 B.V. NOVIKOV

Now we pass to the de�nition of partial 
ohomologies.

Let X be a root of a semigroup S, A a (left) S-module. We denote by Xn the

set of all n-tuples (x
1

, . . . , xn) su
h that xixi+1 · . . . · xj ∈ X for all i, j, 1 ≤ i ≤
j ≤ n. A map f :Xn → A is 
alled a partial n-dimensional 
o
hain of X , or an

X-
o
hain, with values in A. The n-dimensional X-
o
hains form an Abelian group

Cn(S,X,A). We set C0

(S,X,A) = A and if Xn = ∅ then Cn(S,X,A) = 0.

A 
oboundary operator ∂n:Cn(S,X,A) → Cn+1(S,X,A) is given in the usual

way: ∂0a(x) = xa− a and for n ≥ 1,

∂nf(x
1

, ..., xn+1) = x
1

f(x
2

, ..., xn+1) +

n
∑

i=1

(−1)if(x
1

, ..., xixi+1, ..., xn+1)+

+(−1)n+1f(x
1

, ..., xn). (1)

It 
an be 
he
ked straightforward that ∂n+1∂n = 0.

The quotient group Ker ∂n/Im∂n−1 is 
alled the n-dimensional X-
ohomology

group and is denoted by Hn
(S,X,A). The X-
o
y
les and X-
oboundaries are

de�ned and denoted analogously.

The embedding X → S indu
es a homomorphism θnX:H
n
(S,A)−→Hn

(S,X,A).
It was shown in [7℄ that θnX turned out to be an isomorphism for n < 2 and a

monomorphism for n = 2. Besides, the map �:Z1

(S,A) −→ Z1

(S,X,A), indu
ed
by X → S is a monomorphism too.

Generally speaking, partial 
ohomology is not a derived fun
tor. However, it

allows a presentation as a 
otriple one whi
h allows us to obtain an additional

information about homomorphisms θnX .
Previously we 
ite some information about 
otriple (
o)homology [2, 3℄. We fol-

low [3℄ as to de�nitions and notations, but as against [3℄ we 
hoose the 
ontravariant

version, whi
h is ne
essary for 
onstru
tion of 
ohomology.

Further on IC denotes the identity fun
tor of a given 
ategory CC and ιG denotes

the identity natural transformation of a fun
tor G (we shall delete the subs
ript at

ι if it is 
lear what fun
tor is 
onsidered).
Let C be a 
ategory, (G, ε, δ) be a 
otriple on C, i. e. G:C −→ C is an endofun
tor,

ε:G −→ IC and δ:G −→ G2 are natural transformations satisfying the equations

δ · εG = δ · Gε = ιG2 , δ · δG = δ · Gδ.

Then it is possible to 
onstru
t an augmented simpli
ial obje
t G∗X (
alled a

standard resolution of X with respe
t to G) for every obje
t X ∈ C:

X GXoo G2Xoo
oo G3X

oo
oo
oo . . . .

Here n arrows from GnX to Gn−1X denote the morphisms 
orresponding to the

natural transformations ε
(n−1)
i = GiεGn−i−1:Gn −→ Gn−1, 0 ≤ i ≤ n− 1.

If A is an Abelian 
ategory, K:C −→ A a 
ontravariant fun
tor, we 
an 
onstru
t

a 
hain 
omplex

0 −→ KGX
d1

−→KG2X
d2

−→ . . . ,

where dn =

∑

i≤n−1(−1)
iKε

(n)
i (X). Its 
ohomology is denoted by Hn

(X,K)G and


alled the 
otriple one, or the Barr-Be
k 
ohomology.
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Cotriple theory deals with 
hain 
omplexes of fun
tors in whi
h natural transfor-

mations are used as boundary operators. For example, instead of (2) one must


onsider the 
omplex

0 −→ KG −→ KG2 −→ . . .

with the natural transformations of the form

∑

i≤n−1(−1)
iKε

(n)
i . In general, let

Ln:C → A (n ≥ −1) be 
ontravariant fun
tors into an Abelian 
ategory A and

δn:Ln −→ Ln+1 be natural transformations su
h that δn+1δn = 0. Then the

sequen
e

0 −→ L−1
δ−1

−→L
0

δ0

−→L
1

δ1

−→ . . . (3)

is a 
hain 
omplex of fun
tors. The 
ohomology of 
omplex (3) are denoted by

Hn
(L∗ ).

Complex (3) is 
alled G-representable, if there are natural transformations τn:
LnG → Ln su
h that τn · Lnε = ιLn

. Complex (3) is 
alled G-
ontra
tible if the


omplex {LnG}n≥−1 has a (natural) 
ontra
ting homotopy σn:LnG −→ Ln−1G
(the latter means that σ0δ−1G = ι and δn−1Gσn + σn+1δnG = ι).

Further on we need a result about the 
omparison of 
ohomologies whi
h is a

spe
ial 
ase of Proposition 11.2 from [3℄:

Theorem 1.1. Suppose that 
omplex (3) is G-representable and its 
ohomology is

Hn
(LnGX) =

{

L∗GX, if n = 0,

0, if n > 0

(4)

for every X ∈ C. Then Hn
(L∗ )

∼
=

Hn
( ,L−1)G for all n ≥ 0.

A 
ategory PSem was 
onstru
ted in [8℄ to present partial 
ohomology by 
otriple

one. Its obje
ts were all pairs (S,X) where X ⊆ S and a morphism α: (S,X) −→
(T, Y ) was de�ned as a semigroup homomorphism α:S −→ T with α(X) ⊆ Y . An

obje
t (S,X) of PSem will be denoted by S too if it doesn't lead to a 
onfusion. For

a �xed obje
t S from PSem the notation PSem ↓ S is used for the 
omma-
ategory:

its obje
ts are morphisms T −→ S of PSem and its morphisms are 
ommutative

diagrams of the form

T

��
❅

❅

❅

❅

❅

❅

❅

❅

// U

��

S

Let X ⊆ S, X be the set of symbols of the form x whi
h are in 1-1 
orre-

sponden
e with elements x ∈ X , FX be a free semigroup generated by X and

~X = {x
1

. . . xn | (x1, . . . , xn) ∈ Xn} (Xn has been de�ned above). In parti
ular,

X ⊆ ~X . It is easy seen that the mapping G: (S,X) −→ (FX , ~X) gives an endofun
-

tor of PSem. We de�ne natural transformations δ:G −→ G2 and ε:G −→ IPSem by

the formulae: δ(S):x −→ x, ε(S):x −→ x (x ∈ X). Then (G, ε, δ) is a 
otriple in

PSem whi
h indu
es the 
otriple (G, ε, δ) in PSem ↓ S.
Let (S,X) ∈ PSem. For every S-module A and every obje
t α: (T, Y ) −→ (S,X)

from PSem ↓ S, we denote by Der((T, Y ) → (S,X), A) (or Der(T, Y, A) for brevity)
the set of maps f :Y −→ A su
h that f(xy) = α(x)f(y) + f(x) as soon as xy ∈
X ; we shall also write xf(y) instead of α(x)f(y). Sin
e this set turns naturally

into an Abelian group, thereby we obtain a 
ontravariant fun
tor Der( , A) from
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PSem ↓ S to the 
ategory of Abelian groups. This enables us to 
onstru
t a 
otriple


omplex of fun
tors K∗ = {Kn = Der(G
n+1

, A)}n≥−1, where K−1 = Der( , A). The

ohomology of this 
omplex (more exa
tly, the values of the 
ohomology fun
tors

of the 
omplex) will be denoted by Hn
(T, Y, A)G.

On the other hand, sin
e S-module A turns into T -module by stepping ba
k

along the homomorphism T −→ S, a 
ontravariant fun
tor Cn( , A) is de�ned.

This fun
tor 
ompares the Abelian group of the partial 
o
hains Cn(T, Y, A) to the
obje
t T −→ S. By the boundary homomorphisms ∂n we obtain the augmented


omplex of fun
tors L∗ = {Ln = Cn+1( , A)}n≥−1, where L−1 = Der( , A). The

boundary natural transformations of this 
omplex will be denoted by ∂n too.

It was shown in [8℄ (Theorem 2.1) that Hn
(T, Y, A)G ∼

=

Hn+1
(T, Y, A) for n > 0.

In parti
ular, in the 
ase T = S we obtain the required presentation of the

partial 
ohomology by the Barr-Be
k one. Besides, for X = S we have obtained an

analogous result for EM-
ohomology: Hn+1
(T,A) ∼

=

Hn
(T, T, A)G in the 
ategory

PSem ↓ (S, S) for every S-module A.

Moreover, let B be a G-
losed sub
ategory of PSem ↓ S (i. e. a full sub
ate-

gory 
losed with respe
t to a
tion of G on its obje
ts) and Hn
(T, Y, A)BG be the

groups of 
otriple 
ohomology whi
h are 
onstru
ted in B. Then Hn+1
(T, Y, A) ∼

=

Hn
(T, Y, A)BG if B 
ontains the obje
ts (S,X) −→ (S,X) (the identity morphism)

and (T, Y ) −→ (S,X) (Theorem 2.2 [8℄).

2. Comparison with EM-cohomology

Let S be a semigroup, X be its root. A de
omposition x = x
1

. . . xn (xi ∈ X)

of an element x ∈ S \ X is 
alled redu
ed if xixi+1 . . . xj 6∈ X for ea
h i, j, 1 ≤
i < j ≤ n. We mean that a redu
ed de
omposition of an element x ∈ X is its

de
omposition into produ
t of one multiplier. A root X is said to be 
anoni
 if

ea
h element x ∈ S has a unique redu
ed de
omposition.

For example, the set of all element of S is a 
anoni
 root.

A root X is 
alled a J-root if xy = x, yz = z implies xz ∈ X for all x, y, z ∈ X .

Further on we shall need a result from [5℄. Theorem 1 of that arti
le being

applied to our 
ase is formulated as follows:

Lemma 2.1. Let X be a root of a semigroup U = 〈X〉 satisfying the following


ondition: uv, vw ∈ X implies uvw ∈ X for all u, v, w ∈ U . Then X is 
anoni
.

As above we 
onsider the 
ategory PSem ↓ (S,X) and set for ea
h its obje
t

(T, Y ) → (S,X) (the latter one will be also denoted by T → S) Kn(T → S) =

Der(G
n+1

(T → S), A), M−1(T → S) = Der(T,A) and Mn(T → S) = Cn+1(T,A),
the group of EM-
o
hains. Here S-module A is 
onsidered as a T -module with the

evident a
tion of T .

Sin
e Hn
(M∗G(T → S)) = Hn+1

(FY , A) and FY is a free semigroup, 
ondition

(4) 
arries out evidently (see, e. g., [4℄).

In what follows we have to refer to Lemma 3.2 from [8℄:

Lemma 2.2. Let B be a G-
losed sub
ategory of PSem ↓ (S,X). If there is a


olle
tion of maps {ρT→S :T −→ FY }
(T→S)∈B su
h that:

1) ε(T )ρT→S is the identity map;
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2) for ea
h morphism ϕ: (T, Y ) −→ (U, Z) from B the diagram

T

ρT→S

��

ϕ
// U

ρU→S

��

FY
Gϕ

// FU

is 
ommutative, then the 
omplex M is G-representable in the 
ategory B.

Let X be a 
anoni
 J-root of a semigroup S. Denote by B the full sub
ategory

in PSem ↓ (S,X) whose obje
ts are the morphisms ϕ: (T, Y ) → (S,X), where Y is

a 
anoni
 J-root in T .

Lemma 2.3. The sub
ategory B is G-
losed.

Proof. Show that for every obje
tϕ:(T, Y)→ (S,X) from B the obje
t Gϕ:(FY , ~Y )→

(S,X) is in B too. Evidently,

~Y is a root. Moreover, FY is a free semigroup and

the equalities xy = x, yz = z don't hold in it; therefore

~Y is a J-root.
Let ab, bc ∈ ~Y , where

a = x
1

. . . xm, b = y
1

. . . yn, c = z
1

. . . zp.

To prove that abc ∈ ~Y it is enough to 
he
k that xi . . . xmy
1

. . . ynz1 . . . zj ∈ Y for

1 ≤ i ≤ m, 1 ≤ j ≤ n. Denote

u = xi . . . xm, v = y
1

. . . yn, w = z
1

. . . zj .

It follows from ab, bc ∈ ~Y that u, v, w, uv, vw ∈ Y . If uvw 6∈ Y , there are two

redu
ed de
ompositions: (uv)w = u(vw). Hen
e uv = u, vw = w, from where

uvw ∈ Y and abc ∈ ~Y . Now Lemma 2.1 implies that

~Y is 
anoni
. �

Theorem 2.1. If X is a 
anoni
 J-root of S then θnX are isomorphisms for all

n ≥ 0.

Proof. Let B be the 
ategory de�ned above, ϕ:(T, Y ) → (S,X) be its obje
t, t =
y
1

. . . yr (yi ∈ Y ) be a redu
ed de
omposition of an element t ∈ T . Set ρT→St =
y
1

. . . yr. Then ε(T )ρT→St = y
1

. . . yr = t. Besides, if

T

ϕ
��
❅

❅

❅

❅

❅

❅

❅

❅

µ
// U

ψ

��

S

is a morphism from B, then µy
1

. . . µyr is a redu
ed de
omposition of µt; hen
e
ρU→Sµt = µy

1

. . . µyr = (Gµ)ρT→St, i. e. 
onditions 1) and 2) of Lemma 2.2 hold

and the 
omplex M is G-representable.
Evidently, K−1(T → S) = Z1

(T, Y, A) and M−1(T → S) = Z1

(T,A). The

embedding X → S indu
es a homomorphism �:Z1

(T,A) → Z1

(T, Y, A). The

inje
tivity of � follows from the equality f(s
1

. . . sr) =
∑r−1
i=0 s

1

. . . sif(si+1), whi
h
holds for every 1-dimensional partial 
o
y
le f , if f(s

1

. . . si) and f(si) are de�ned
at 1 ≤ i ≤ r. The surje
tivity of � is proved in [7℄ (Proposition 2.1). It follows

from here that the fun
tors K−1 and M−1 are isomorphi
. Now Theorem 1.1

implies an isomorphism of the 
ohomology fun
tors of 
omplexes K and M. Sin
e

Theorem 2. 2 [8℄ is valid for a G-
losed sub
ategory (see the remark in the end of

the pre
eding se
tion), Hn
(S,A) ∼

=

Hn
(S,X,A). A

ording to Proposition 11.1

from [3℄ this isomorphism 
oin
ides with θnX , be
ause θnX is indu
ed by the map

Cn(S,A) → Cn(S,X,A). �
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3. Application: calculating EM-cohomology

Theorem 2.1 enables us to use a partial 
ohomology for 
al
ulating EM-
oho-

mology of semigroups in the 
ase that su

eeds in �nding a \good" root in a given

semigroup. For instan
e, if S = T ∗ U is the free produ
t of semigroups T and

U , then X = T ∪ U is its 
anoni
 J-root and Xn = Tn ∪ Un. Thus, employing

Theorem 2.1 we get

Hn
(S,A) ∼

=

Hn
(S,X,A) ∼

=

Hn
(T,A)

⊕

Hn
(U,A)

for every S-module A. Below we 
onsider less trivial examples.

Let S = 〈a, b
1

, b
2

, . . . |aP = Q〉 be su
h a semigroup that the de�ning words P
and Q don't 
ontain the letter a. A

ording to [10℄ (see also [9℄) the subsemigroup

F = 〈b
1

, b
2

, . . . 〉 is free. Denote X = F ∪ {a}. Evidently, X is a root: one


an take the multipli
ation table of the semigroup F and the equality P · a = Q
as de�ning relations. It is easy to see that X

2

= (F × F ) ∪ ({a} × PF 1

) and

X
3

= (F × F × F ) ∪ ({a} × PF 1 × F ). We are going now to 
al
ulate the 2-

dimensional X-
ohomology of S.

Lemma 3.1. H2

(S,X,A) = 0 for every X-module A.

Proof. Let f ∈ Z2

(S,X,A). Sin
e F is free, one 
an assume that the restri
tion of f
on F equals zero: f(x, y) = 0 for all x, y ∈ F . Applying the equality ∂f(a, P, x) = 0

we obtain f(a, Px) = f(a, P ) for x ∈ F .
Set ϕ(x) ≡ 0, ϕ(a) = f(a, P ). Then

∂ϕ(a, Px) = ϕ(a) = f(a, P ) = f(a, Px),

i. e. f = ∂ϕ. �

Lemma 3.1 and the inje
tivity of θ2X imply H2

(S,A) = 0 for every S-module A.
So the following assertion has been proved:

Theorem 3.1. Hn
(S,A) = 0 for every S-module A and for all n ≥ 2.

As another example we 
onsider the semigroup T = 〈a, b
1

, b
2

, . . . |Pa = Q〉,
antiisomorphi
 to S. As for S, the subset X = F ∪ {a} is a root; in addition

X
2

= (F × F ) ∪ (F 1P × {a}) and X
3

= (F × F × F ) ∪ (F × F 1P × {a}).
We re
all the de�nition of the Fox' derivative [6℄ adapted to semigroups in [8℄.

Let F = 〈b
1

, b
2

, . . . |∅〉 be a free semigroup, x = x
1

bix2bi . . . xn−1bixn ∈ F , where
the words xk ∈ F don't 
ontain the letter bi. We de�ne a derivative of the word x
with respe
t to bi to be an element of the semigroup algebra ZF 1

:

∂x

∂bi
=

n−1
∑

k=1

x
1

bi . . . xk−1bixk;

moreover, if x
1

= ∅ then the �rst summand in

∂x
∂bi

equals 1; if the letter bi doesn't

o

ur in x then we set

∂x
∂bi

= 0.

Lemma 3.2. For every X-module A

a) H2

(T,X,A) ∼
=

A/B, where B = PA+

∑

i

(

∂P
∂bi

− ∂Q
∂bi

)

A;

b) H3

(T,X,A) = 0.



PARTIAL COHOMOLOGIES AND CANONIC ROOTS IN SEMIGROUPS 13

Proof. a) Let f ∈ Z2

(T,X,A). As above one 
an set

f(x, y) = 0 (x, y ∈ F ). (5)

The equality ∂f(x, P, a) = 0 implies

f(xP, a) = xf(P, a). (6)

Conversely, if anX-
o
hain f ∈ C2

(T,X,A) satis�es (5) and (6) then f ∈Z2

(T,X,A).
Hen
e, instead of Z2

(T,X,A) it is enough to treat with the subgroup Z
0

of X-


o
y
les yielding to equalities (5), (6). Ea
h of these X-
o
y
les is de�ned by its

value f(P, a), i. e. Z
0

∼
=

A.
Now we �nd the 
oboundaries from Z

0

. The 
ondition f = ∂ϕ is equivalent to

the system of equations

xϕ(y)− ϕ(xy) + ϕ(x) = 0 (x, y ∈ F ), Pϕ(a)− ϕ(Q) + ϕ(P ) = f(P, a).

It follows from the �rst equation that

ϕ(x) =
∑

i

∂x

∂bi
ϕ(bi),

and from the se
ond one

f(P, a) =
∑

i

(

∂P

∂bi
−

∂Q

∂bi

)

ϕ(bi) + Pϕ(a).

As one 
an 
hoose the values ϕ(bi) and ϕ(a) arbitrarily, we have:

f ∼ 0 ⇐⇒ f(P, a) ∈ PA+

∑

i

(

∂P

∂bi
−

∂Q

∂bi

)

A.

b) Let f ∈ Z3

(T,X,A). We suppose again that f(x, y, z) = 0 (x, y, z ∈ F ).
De�ne the X-
o
hain ϕ by the following way:

ϕ(x, y) = ϕ(P, a) = 0, ϕ(xP, a) = −f(x, P, a).

It is easy to see that f = ∂ϕ. �

Lemma 3.3. X is a 
anoni
 J-root of T .

Proof. As T has no right 
y
les in Adyan's sense [1℄, it is right 
an
ellative. There-

fore, the equality yz = z is impossible in it and X turns out to be a J-root.
Every element of T 
an be written in the form

u = x
1

ax
2

. . . axn, where n ≥ 1, xi ∈ F \ PF 1

(i < n), (7)

where the words x
1

and xn for n > 1 
an be empty. We show that u 6∈ F if n > 1.

Indeed, in the opposite 
ase there exists a sequen
e u −→ u(1) −→ . . . −→ u(r)


onsisting of words in the alphabet {a, b
1

, b
2

, . . .} su
h that every word is obtained

from the pre
eding one by applying the equality Pa = Q and besides the last word

u(r) doesn't 
ontain the letter a. Sin
e on some step the �rst of the letters a in
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the word u must disappear, so the word x
1

must be transformed into a word of

the form yP , (y ∈ F ) before this step; moreover, this transformation is realized

independently on the other ones. Therefore x
1

= yP in the semigroup T and

so in F . However the semigroup F is free and we have got a 
ontradi
tion with

x
1

∈ F \ PF 1

.

Let u, v ∈ T and uv ∈ F . Show that u ∈ F in this 
ase. Indeed, if it doesn't

hold, then after writing u and v as (7) and substituting in uv the expressions Pa
(whi
h 
an arise on the border of the words u and v) by Q we obtain a redu
ed

de
omposition uv = x
1

a . . . . Sin
e x
1

6∈ PF 1

, it turns out that uv 6∈ F , a

ording
to the above.

We 
an use now Lemma 2.1 to prove the 
anoni
ity. If uv, vw ∈ X , then evidently

uv, vw ∈ F . It implies that u ∈ F and u(vw) ∈ F , as we have shown. �

Applying Theorem 2.1, we 
on
lude from here:

Theorem 3.2. For every T -module A

a) H2

(T,A) ∼
=

A/B, where B = PA+

∑

i

(

∂P
∂bi

− ∂Q
∂bi

)

A;

b) Hn
(T,A) = 0 for all n ≥ 3.
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