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It is proved that all one-dimensional subalgebras of a locally �nite-dimensional
Lie algebra L with countable basis over a perfect �eld of characteristic ̸= 2 are
complemented i� L can be isomorphically embedded into a Cartesian sum of 3-
dimensional simple Lie algebras of type A1. It is also shown that all one-dimensional
subalgebras of a locally �nite-dimensional Lie algebra L over an arbitrary �eld of
characteristic p = 2 are complemented in L i� L is solvable and can be isomorphically
embedded into a Cartesian sum of 2-dimensional non-abelian Lie algebras.
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�®ª § ®, çâ® ¢á¥ ®¤®¬¥àë¥ ¯®¤ «£¥¡àë «®ª «ì® ª®¥ç®¬¥à®©  «£¥¡àë
�¨ L c® áç¥âë¬ ¡ §¨á®¬  ¤ á®¢¥àè¥ë¬ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ ̸= 2 ¤®¯®«ï¥-
¬ë ¥á«¨ ¨ â®«ìª® ¥á«¨ L ¬®¦¥â ¡ëâì ¨§®¬®àä® ¢«®¦¥® ¢ ¥ª®â®à®î ¤¥ª àâ®¢ã
áã¬¬ã âà¥å¬¥àëå ¯à®áâëå  «£¥¡à �¨ â¨¯  A1. �®ª § ® â ª¦¥, çâ® ¢á¥ ®¤®-
¬¥àë¥ ¯®¤ «£¥¡àë «®ª «ì® ª®¥ç®¬¥à®©  «£¥¡àë �¨ L  ¤ ¯à®¨§¢®«ìë¬
¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ p = 2 ¤®¯®«ï¥¬® ¢ L ¥á«¨ ¨ â®«ìª® ¥á«¨ L à §à¥è¨¬ 
¨ ¬®¦¥â ¡ëâì ¨§®¬®àä  ¢«®¦¥  ¢ ¤¥ª àâ®¢ã áã¬¬ã ¤¢ã¬¥àëå ¥ ¡¥«¥¢ëå
 «£¥¡à �¨.

Analogously to group theory, a subalgebra A of a Lie algebra L will be called
complemented in L if there exists a subalgebra B ⊆ L such that L = A + B,
A ∩ B = 0. Finite groups with complemented subgroups were studied by Ph. Hall
[1] and N.V. Chernikova [2] and the complete description of such groups both
�nite and in�nite was given in [2]. In the paper [3] �nite-dimensional Lie algebras
with complemented subalgebras were described (under some restrictions on the
ground �eld), and it was shown that the following three conditions for a �nite-
dimensional Lie algebra L are equivalent: (1) all subalgebras of L are complemented
in L; (2) all one-dimensional subalgebras from L are complemented in L; (3) the
intersection �1(L) of all subalgebras of codimension 1 in L is zero. Note that
�nite-dimensional Lie algebras L of characteristic 0 with �1(L) = 0 were studied
by K. Hofmann [4] and D. Poguntke [5] in connection with classi�cation of Lie
semi-algebras. Therefore, it seems to be interesting to consider the question about
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structure of in�nite-dimensional Lie algebras L with complemented one-dimensional
subalgebras (the latter condition is also equivalent to the equality �1(L) = 0).

In this paper, we give a description of locally �nite-dimensional Lie algebras
with complemented one-dimensional subalgebras which have a countable basis over
a perfect �eld of characteristic ̸= 2 and over an arbitrary �eld of characteristic p = 2.
It is also shown that in contrast to the �nite-dimensional case, the conditions of
being complemented for all subalgebras and one-dimensional subalgebras are not
equivalent even for solvable in�nite-dimensional Lie algebras (note that for peri-
odic groups Yu. Gorchakov [6] proved the existence of groups with complemented
subgroups of prime orders which contain non-complemented subgroups).

We mostly use standard notations, the semi-direct product of two Lie algebras A
and B will be denoted by A⋋B. Recall that a �nite-dimensional Lie algebra L over
a �eld K is called split if L has a Cartan subalgebra H such that all eigenvalues of
transformations adh, h ∈ H belong to the �eldK (see [7, p. 121]). For any elements
g1, . . . , gn of the Lie algebra L, the subalgebra generated by these elements will be
denoted by ⟨g1, . . . , gn⟩.

For an arbitrary set of indices I and a family of Lie algebras {Li}i∈I we will
denote by

⊕
i∈I Li the direct sum of Lie algebras Li, i ∈ I and by

∏
i∈I Li their

Cartesian sum. Following [3], we will call a Lie algebra L a Lie c-algebra if all subal-
gebras from L are complemented in L. Further, a Lie algebra L with complemented
one-dimensional subalgebras will be called a Lie c1-algebra. For convenience, the
zero Lie algebra will be also considered as a Lie c1-algebra. By [3, Lemma 1], these
two classes of Lie algebras coincide in the �nite-dimensional case. It is easily seen
that every quotient algebra and subalgebra of a Lie c-algebra (c1-algebra) is a Lie
c-algebra (resp. c1-algebra).

The following Lemma is a counterpart of Lemma 1 from [3] and can be proved
by analogy.

Lemma 1. Let L be a Lie algebra over an arbitrary �eld. Then the following
assertions are equivalent:

(1) all one-dimensional subalgebras of L are complemented in L;
(2) all �nite-dimensional subalgebras of the algebra L are complemented in L;
(3) the intersection �1(L) of all subalgebras of codimension 1 of L is zero.

Lemma 2. Let {Li}i∈I be a family of Lie c1-algebras. Then the Cartesian sum
L =

∏
i∈I Li is also a Lie c1-algebra.

Proof. Obviously, we can assume that L ̸= 0. Let ⟨g⟩ be an arbitrary one-dimensional
subalgebra from L. Then g = {gi}i∈I , where gi ∈ Li is the i-th coordinate of the
element g. Since g ̸= 0, we have gi0 ̸= 0 for some i0 ∈ I. Let us take an arbitrary
complementation Di0 for the subalgebra ⟨gi0⟩ in Li0 and consider the subalgebra
D from L, consisting of all elements of the form h = {hi}i∈I , where hi0 ∈ Di0 . It
is easy to see that D ∩ ⟨g⟩ = 0. Since dimL/D = 1, we get D + ⟨g⟩ = L and D is
a complementation to ⟨g⟩ in L. The proof is complete.

Lemma 3. Every nonzero abelian ideal N of a Lie c-algebra L can be decomposed
in a direct sum of one-dimensional ideals of the algebra L.

Proof. Let us show that the ideal N contains a one-dimensional ideal of the algebra
L. Let ⟨d⟩ be a one-dimensional subalgebra of N and D an arbitrary complementa-
tion to ⟨d⟩ in L. Obviously, D ∩N is a subalgebra of codimension 1 in N . Denote
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by D1 an arbitrary complementation to D ∩ N in L and by N1 the intersection
N1 = D1 ∩ N . It is easily seen that N1 is an ideal in L and dimN1 = 1. Re-
peating the considerations above we can construct an ideal M1 of the algebra L
such that N = M1 ⊕ N1. The decomposition of N in the required direct sum of
one-dimensional ideals can be implemented by trans�nite induction. The proof is
complete.

Lemma 4. All one-dimensional subalgebras of a locally solvable Lie algebra L over
an arbitrary �eld are complemented in L i� L can be isomorphically embedded into
the Cartesian sum of 2-dimensional non-abelian Lie algebras.

Proof. (a) First, let L be a solvable Lie algebra with complemented one-dimensional

subalgebras. We shall show that L
′′
= 0. Indeed, otherwise there exists a solvable

Lie c1-algebra of derived length ≥ 3. Since every quotient algebra of a Lie c1-algebra
is also a c1-algebra, there exist solvable Lie c1-algebras of derived length 3. Denote
by L such an arbitrary algebra and let ⟨g⟩ be an arbitrary one-dimensional subal-

gebra from the abelian ideal L
′′
of L. The subalgebra ⟨g⟩ has a complementation D

in the algebra L and therefore N = D∩L
′′
is an abelian ideal of the algebra L such

that dimL
′′
/N = 1. Obviously, the derived length of the quotient algebra �L = L/N

is equal to 3 and dim(�L)
′′
= 1. Therefore without lost of generality, one can at

once assume that L is a Lie c1-algebra, L
(3) = 0, and dimL

′′
= 1. Since L′ is not

abelian and L
′′
is complemented in L (and in L′), we see that L′ is non-nilpotent.

It follows from this that there exists an element h ∈ L′ such that L
′′
λ⟨h⟩ = S is a

non-abelian 2-dimensional ideal of L′. Then it is known that S is a direct summand
of L′, i. e. L′ = S⊕C, where C = Z(L′) is the center of L′. In the quotient algebra
L/C the ideal S + C/C is also the direct summand L/C = (S + C)/C ⊕ T/C,

where, obviously, T/C is an abelian ideal from L/C and therefore, [L,L] ⊆ L
′′
+C.

But then L
′′
+C is an abelian ideal of the algebra L with abelian quotient algebra

L/(L
′′
+ C). This contradicts to the choice of the algebra L. Therefore L

′′
= 0.

Now let L be a locally solvable Lie c1-algebra. Choose arbitrary elements x1,
x2, x3, x4 from L and consider the subalgebra H from L, generated by all these
elements. Since H is solvable, as has been shown above H

′′
= 0 and therefore

[[x1, x2], [x3, x4]] = 0. The latter means that L is solvable of the length ≤ 2.
Let ⟨g⟩ be an arbitrary one-dimensional subalgebra of the abelian ideal L′ of

the algebra L. Then there exists a complementation Cg to ⟨g⟩ in L and Dg =
Cg ∩ L′ is an ideal of the algebra L with dimL′/Dg = 1. It is easy to see that the
quotient algebra L/Dg is either abelian or a direct sum of an abelian algebra and
2-dimensional non-abelian algebra. Since

∩
g∈L′ Dg = 0, it is easy to make sure that

the algebra L can be isomorphically embedded into Cartesian sum of 2-dimensional
non-abelian Lie algebras.

(b) By Lemma 2 every Cartesian sum of non-abelian 2-dimensional Lie algebras
is a Lie c1-algebra. As was mentioned above every subalgebra of this sum is also a
Lie c1-algebra. The proof is complete.

Theorem 1. All subalgebras of a locally �nite solvable Lie algebra L over an ar-
bitrary �eld K are complemented in L i� L can be decomposed in a semi-direct
product L = A ⋋ B, where A is an abelian ideal from L, A is either zero or de-
composable in a direct sum of one-dimensional ideals of the algebra L, and B is an
abelian subalgebra of the algebra L.
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Proof. (a) By Lemma 4, L′′ = 0 and therefore L′ is an abelian ideal of the algebra
L. Denote by A the ideal L′ and consider an arbitrary complementation B to A in
L. Then B is an abelian subalgebra from L, and the ideal A can be decomposed
in a direct sum of one-dimensional ideals of the algebra L, by Lemma 3 in the case
A ̸= 0.

(b) Let H be an arbitrary subalgebra of L = A ⋋ B, where A =
⊕

i∈I⟨ai⟩
is the direct sum of one-dimensional ideals ⟨ai⟩ (obviously, one can assume that
A ̸= 0). Set A1 = A ∩H, B1 = B ∩ (A +H). Further, denote by A2 an arbitrary
complementation to the subalgebra A1 in A which can be represented as a sum
of one-dimensional ideals from the family {⟨ai⟩}i∈I (it is easy to prove that there
exists such a complementation). Take an arbitrary complementation B2 to the
subalgebra B1 in B and show that H ∩ (A2 + B2) = 0. Indeed, let otherwise
g = a2 + b2, a2 ∈ A2, b2 ∈ B2 be a nonzero element from this intersection. Since
g ∈ H, we have b2 ∈ B1, and therefore b2 ∈ B1∩B2, i. e. b2 = 0. It gives g = a2 ∈ A
and thus g ∈ H ∩ A = A1. It follows from this that g = a2 ∈ A1 ∩ A2, i.e. g = 0.
By the choice of the element g, the latter is impossible. The obtained contradiction
shows that H ∩ (A2 +B2) = 0. Now, let us show that H + (A2 +B2) = L. Indeed,
since A1 ⊆ H and A2 ⊆ A2 +B2, we have A ⊆ H + (A2 +B2). The subalgebras A
and A2 are ideals of L and the following equalities hold true:

H + (A2 +B2) = (A+H) +B2 = (A+H) + (A+B2).

The equality A+H = A+B1 implies H +(A2+B2) = A+B1+B2 = A+B = L.
Thus A2+B2 is a complementation to the subalgebraH in L. The proof is complete.

Lemma 5. The class of Lie c-algebras is strictly contained in the class of Lie
c1-algebras, i. e. there exists a Lie algebra with complemented one-dimensional sub-
algebras which has an uncomplemented in�nite-dimensional subalgebra.

Proof. Let L =
∏∞

i=1 Li be the Cartesian sum of two-dimensional nonabelian Lie
algebras of the form Li = ⟨ai⟩ ⋋ ⟨bi⟩, [ai, bi] = ai, i = 1, . . . . By Lemma 2, L is
a Lie c1-algebra. Show that L is not a Lie c-algebra. By Lemma 3, it su�ces to
prove that the abelian ideal I =

∏∞
i=1⟨ai⟩ of the algebra L cannot be decomposed

in any direct sum of one-dimensional ideals of the algebra L. Indeed, assume
the contrary and let I be such a direct sum. Denote by I0 the direct sum I0 =
⊕∞

i=1⟨ai⟩. Obviously, I0 is an ideal of L and therefore the ideal I/I0 contains one-
dimensional ideals of the algebra L/I0. Let ⟨g⟩+ I0/I0 be such a one-dimensional
ideal. Then g = {gi}∞i=1, gi ∈ ⟨ai⟩ ⊆ Li and in�nitely many of components
gi1 , gi2 , . . . , gin , . . . are nonzero. Take an element h = {hi}∞i=1, with hi = λibi,
where only λi2 , λi4 , . . . , λi2n , . . . (arbitrary elements from the ground �eld) are
nonzero. It is easy to see that [g, h] ̸= 0 and therefore [g, h] + I0 = ⟨µg⟩+ I0, where
µ is a nonzero element from the ground �eld. The latter is impossible, because the
element [g, h] has nonzero components exactly in algebras Li2 , Li4 , . . . , Li2n , . . . ,
but every element µg + i, µ ̸= 0, i ∈ I0 has nonzero components in every Lik for
su�ciently large k. The proof is complete.

Theorem 2. All one-dimensional subalgebras of a locally �nite-dimensional Lie
algebra L with countable basis over a perfect �eld K of characteristic ̸= 2 are
complemented i� the algebra L can be isomorphically embedded into Cartesian sum
of 3-dimensional simple Lie algebras of type A1.
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Proof. (a) Let {ei}∞i=1 be a basis of L and Ln a subalgebra from L generated
by the elements e1, . . . , en. Then L =

∪∞
i=1 Li is a union of increasing tower of

�nite-dimensional Lie algebras. It follows from the main theorem in [3] that every

�nite-dimensional subalgebra Li is decomposable into the direct sum Li = L
′′

i ⊕Si,

where L
′′

i is the direct sum of 3-dimensional simple Lie algebras of type A1 (or

L
′′

i = 0), and Si is the solvable radical of the subalgebra Li. Further, L
′′
is an ideal

of L and, as it is easily seen, L
′′
=

∪∞
i=1 L

′′

i . Since Li ⊆ Li+1 for i = 1, 2, . . . , we

have L
′′

i ⊆ L
′′

i+1 for i = 1, 2, . . . . Show that L
′′

1 is complemented in L
′′
by some

ideal I of L such that I ⊆ L
′′
. If L

′′

1 = 0, then it is obvious. Let L
′′

1 ̸= 0. As

L
′′

1 is a direct sum of 3-dimensional simple Lie algebras of type A1 (see [3]) and

L
′′

2 has the same structure, then there exists a complementation B2 to L
′′

1 in L
′′

2 ,

consisting of direct summands of the algebra L
′′

2 . By the choice, B2 is an ideal
of the algebra L2. Analogously, one can construct a complementation B3 to the
subalgebra L

′′

2 in L
′′

3 such that B3 is an ideal of the algebra L3 etc. Denote by Ci

the sum Ci = B2+ · · ·Bi, i = 2, 3, . . . It is easily veri�ed that Ci is a subalgebra of
L

′′
and C =

∪∞
i=2 Ci is a complementation to L

′′

1 in L
′′
. Show that C is an ideal of

the algebra L. Using induction on i, show that [Bi, L] ⊆ C for i = 1, 2, . . . Indeed,
let i = 2. Since B2 is an ideal of the subalgebra L2, we have [B2, S1] ⊆ B2. It

follows from the inclusion L
′′

2 ⊆ L
′′

k for k ≥ 2 that [B2, Sk] = 0 for k ≥ 2. Thus,
[B2, Lk] ⊆ C ¤«ï k = 2, 3, . . . and therefore [B2, L] ⊆ C. Suppose we have proved
that [Bi, L] ⊆ C, show that the inclusion [Bi+1, L] ⊆ C holds. To do this, it is
su�cient to prove that [Bi+1, Sk] ⊆ Bi+1 for k = 1, 2, . . . Since Bi+1 is an ideal in

Li+1, we have [Bi+1, Sk] ⊆ Bi+1 for k ≤ i + 1. Further, Bi+1 ⊆ L
′′

k for k ≥ i + 1

and therefore [Bi+1, Sk] = 0 by k ≥ i+1. As Li = L
′′

i +Si, we have [Bi+1, Lk] ⊆ C
for all k = 1, 2, . . . Thus, [Bi+1, L] ⊆ C. It follows from this that C is an ideal of
the algebra L. Now let H be an arbitrary 3-dimensional simple subalgebra from
L

′′
. Setting

M1 = H, M2 = ⟨L2, H⟩, . . . ,Mi = ⟨Li,H⟩, . . .

we obtain L =
∪∞

i=1Mi, and here M
′′

1 = M1. As has been shown above, the

subalgebra H = M1 is complemented in L
′′
by means of an ideal IH of the algebra

L, i. e. L
′′
= H ⊕ IH , IH ⊆ L

′′
. Since L

′′
is an union L

′′
=

∪∞
i=1 L

′′

i of subalgebras

L
′′

i , which are decomposable into direct sum of 3-dimensional simple Lie algebras

(of type A1), and all �nite-dimensional subalgebras from L
′′
are complemented in

L′′ (by Lemma 1), it is easily shown that
∩

H⊆L′′ IH = 0, where H goes through

all 3-dimensional simple subalgebras from L′′. But then the Lie algebra L can
be isomorphic embedded into Cartesian sum

∏
H⊆L′′ L/IH of the algebras L/IH

which are Lie c1-algebras and contain 3-dimensional simple split ideal L
′′
/IH with

solvable quotient algebra (the latter is isomorphic to L/L
′′
). It is easy to see that

L/IH is a direct sum of 3-dimensional simple Lie algebra (of type A1) and a solvable
Lie c1-algebra. Then the quotient algebra L/IH can be isomorphic embedded into

Cartesian sum of 3-dimensional simple Lie algebras of type A1 for H ⊆ L
′′
. From

this it follows that there exists an analogous embedding for the algebra L.

(b) It is su�cient to apply Lemma 2 and to note that every subalgebra of a Lie
c1-algebra is also a c1-algebra.
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Theorem 3. All one-dimensional subalgebras of a locally �nite-dimensional Lie
algebra L over an arbitrary �eld of characteristic p = 2 are complemented i� L can
be isomorphically embedded into a a Cartesian sum of two-dimensional non-abelian
Lie algebras (in particular, L is solvable of length ≤ 2).

Proof. (a) Since the Lie c1-algebra L is locally �nite, it is locally solvable by the
main Theorem from [3] and therefore, by Lemma 4, it can be isomorphically em-
bedded into Cartesian sum of two-dimensional non-abelian Lie algebras.

(b) It follows from Lemma 2.
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