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By means of what configuration does u enter into those operators and how to make this

d.ependence upon u explicit? 2) Do there exist such intrinsic geometric objects that the

above mentioned. operators for each individual u might be calculated by means of a simple

restriction procedure? We rewrite the d.ecomposition formula of xoll.R 16] in terms of

vector bundle valued differential forms to answer these questions.

Our goal is threefold. First, to present a rigorous (from the point of view of Globa1

Analysis) computation of the Fr6chet derivative of the Action functional; second, to com-

pute in conceptually the same spirit the transpose and Green operatorsl third, to make

evident that the notion of a vector bundle valued differential form is best suited to the

peculiarities of variational calculus in the framework of classical field theory.

The paper is organized in the following way. In Section 1, which has a preliminary

character, we fix notations related to the definitions of some actions of base-substituting

morphisms upon vector bundle valuedrdifferential forms. These definitions apply naturally

to the calculus of variations because the prolongations of different orders and various pull-

backs to base manifolds happen in that calculus. Intending to operate with the pull-backs of

differential forms which take values in some vector bundles) one needs to make intensive use

of the philosophy of induced. bundles (reciprocal images). We explain some basic properties

of the reciprocal image functor and the interplay between it and the notion of vector bundle

valued differential forms. Our development is based on 110]. The accompanying notations

allow us to give the ad.equate appearance to the integration-by-parts formula later and also

they facilitate the formalization of most proves.

In field theory the notion of the Lagrangian quite naturally falls into the ramification

of the concept of semi-basic differential form with respect to the independent variables.

We turn to the discussion of the Lie derivative of such a form in Section 2. This supplies

us with the ad.equate tool for the description of the infinitesimal variation of the Action

functional.
In Section 3 the Action functional is introduced and the meaning of its variation is

established. Further in this sections we give a purely geometric and strictly intrinsic

computation of the Action variation in terms of the fibre differential and the Lie derivative

operators. In Section 4 the first variational formulafrom the point of view of the concept of

vector bundle valued. d.ifferential forms is discussed. We also deduce this formula from the

Fr6chet d.erivative expression by means of a suitable reformulation of Kol5i decomposition

formula

1.  PRBT,TVTINARIES ON VECTOR BUNDLB VALUED SBMI-BASIC DIFFERENTIAL FORMS

First we d.evelop some general features of the behavior of vector bund.le valued differential

forms under inverse image functor.

1. Action of base-substi tut ing morphisms upon vector bundles and their cross-

sections. Consider a vector bundle X:W + X and amorphismof manifoldsg: B -+ X.

The reciprocal image n 
tX of the f ibre bundle; is the set B xyW of pairs (b,w) with

n(U) 
- X(w). We denote x-t\) the projection from B xx W ont'o W. Given another

iector  bundle X ' tW'- )  X 'un-d u vector  bundle homomorphism k:W -+ W'over  the

moiphism of bases E: X -, Xt the homomorphism k may be reduced to the homomorphism

kr:W -+ 6-1W' over the base X and we denote by g 
tk = g*'  kr, the reciprocal image of

k, with respect to gi i t  maps { 'W into 1-TWt wher. d 
- 6o g and i t  commutes with

kr via the pair of project ions X-tg and X'-r 
r  (see f ig.12).
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If there does not exist but merely a ?-cornorphism F[ from 6-1W'

identity in X then the acti on 6# still can be defined as

6# :Q(B ;W '  )  -+  O(B ;W) , # q' - ({'FZ s id)urr'

Of course, one may set g - hd everywhere )n the above.

Assume be given a morphism d from a manifold Z into B. We recall that the definition
of the reciprocal image d-lp applies to a cross-section p € f{E I nT*Bi bV means of
d-1 :  ( - t (B;  E)  -+  f {A- t  E & d-1  A T*B} ,  d- t  p  -  (p  o  d) l

Let us accept the following brief notations for the mappings, induced over Z by the
tangen t  f unc to r  7 ,5 '+  (7d )  

" , 6 *  
+  (d ' ) . .

Definition 2. Let Ft be a vector bundle over Z. The action 5(''*) of the morphism d
upon the module f{Fr 6 f - t  AT*B} is def ined by d( ' '#) : l {F '  6 f -1 n ?* B} -+ 0(Z,F') , ,
5 ( . ,+ )  _  ( i d  E  Ad* )# .

The pull-back of a differential form p e A@; E) is hereupon defined by (see also [1])
d* :  O(B;  E)  -+  A@; E) ,  6*  p  _  5( ' '+ )  6- r  p .

Definition 3. If there exists a natural d-comorphism Fi from 6-LE to a vector bundle F
over Z then d# will mean the total of the "twofold" backward action

d#: f  {d - 'E  & d- l  n  T .  B}  -+  0 (z ;  F ) ,  6#  -  (F i  e  Ad* )u

The definitions introduced heretofore correlate. For instance, a posteriori given some
d-comorphism Fj, we can apply the operation 5# in the spirit of the Definition 1 to the
differential form 5* p by renaming in (2) B as Z, X' as B , 6. as d, and putting g : d,
W -  F ,  W'  -  E and FZ:  F ; ,  wh ich wi l l  then produce 6#6*p - -  (F i  S id )u | *p-
(Fi S id)#(id E nd*)ud-t p - 6#5-rp, wherein the operation d# to the extreme right is
defined in the spirit of the Definition 3 this time.

In what comes later, we shal| not bother to indicate explicitly the "partial" character
of the 5(''+) operation at the occasions like that of the Definition 2 any more,. and shall
exploit the same brief notation d# in place of the more informative one,, 6t'il, because
hardly any confusion will ever arise.

Definition 4. Given a differential form 0 e O(B;W* ) and a cross-section ht € l{W}, w€
define the contraction (tu, d) bV (ttt,0) - (g-t ht,0).

One can easily verify that the following formula holds for us € O(B; E.) and e €
oo(a; r)

=  d - l  ( r , r )( d - t  e , 5 - r  w )

into 77 over the

(2)

(3 )

3. Semi-basic differential forms. Let n: B -+ Z be a surmersion of manifolds. The

reciprocal image r-7TZ of the tangent bundle TZ is incorporated in the commutative

diagram of vector bundle homomorphisms of fig.1.
The existence of the short exact sequence of vector bundle homomorphisms

L0 + r{B lz) rB 4 n-r 1Tz) + o (4)
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Due to the exactness of sequence (5) one can identify the module f {t-t T Z} wiih

the quotient module X"lE". We introduce the notation 0(B) for the graded algebra of

di f ferent ia l  forms, O(B) :  Dj5"Oo(B),  so that 8"-  Oo(B).  Let aiso l$ mean the

functor of skew-symmetric multiiinear forms of degree d on some module. For a vector

bund.le E we shail expioit the moduli isomorphism,OF(f1f1) ! f{AdE.}. As we have

just seen, the gs-algebras A(f" lE") and f{r-t A T. Z} can be identif ied with each

other. Cross-sections of the bundie r-1 n T* Z are known as semi-basic (with respect

to zr) d.ifferential forms on the manifold B. The graded algebra of these forms will be

denoted. as f)s (Z) Remind that the exactness of the sequenc" (4) means that the vector

bundles n-tTZ and TB lf @ lZ) are isomorphic. Passing to the dual bundles we obtain

the mod.uli isomorphism f{r-t AT*Z} = l{n(rn1r@lZ))-} and finish up with the

doubte isomorphism of 3"-algebra. og (z) = N(x" lE")  = f  {nd(ra lT@ lz)) . }
The elements of the middle-term algebra will hereinafter be called the horizontal (with

respect to zr) differential forms and they will be identified by means of the second isomor-

phism with the forms a € fro(B) such that o(t t  1. . . ) ta) :0 every t ime when at least one

of the tangent vectors tr, . . . ,ta is vertical.

Let  a .  €  N(X" la" ) .  The d i f fe rent ia l  fo rm B € AIQ)  such that  p(h , . . .  ,h i  -

o(p,  ) . .  ) fa) i f  bt  -  T*f t ,  is the image of a under the isomorphism N(X"lE") = 09 @)
Hereinafter we shall use one and the same notation A"@) for both algebras and we shall

write Q,(Z) when the manifold Y, will be considered in place of B. We also introduce

a separate notation f)n :- fia(Z) for the module of cross-sections of the bundle n-tTZ;

thus et"(Z) : fi"*. The elements ! of the module ^S, by means of the vector bundle

ho-ornorphism r-r n are identified with the corresponding lifts b of the morphisrrr 7T )

conventionaily known as vector fields along zr".

2. INpTNITESIMAL VARIATIONS AND THB Ltp OSRIVATIVE

1. The Fb6chet derivative of the base substitution. Let d: Z -+ B be a morphism

of manifolds and let at € O(B) be a differential form on the manifold B. Assume Z

compact. The map *a.:C*(Z,B) -+ tl(Z) takes any morphism d over to the differential

form d*a € A(4.The space C*(Z,B) of C- mappings from Z tnto B has as its tangent

vector at the point d € C*(Z,B) some lift b: Z -+ TB of the morphism d. Consider a

one-parametril family d1 of deformations of the morphism d, dr € C*(Z,B), do - 6' The

mapping 7a : t -+ dt d.efines a smooth curve in the manifold C"" (2, B). Let the lift b be the

tangent vector to this curve at the point d. Accordingly to the definition of the tangent

map, the Fr6chet derivative of the application *a at the point d is being evaluated on the

tangenr vector b in the following way: (D *o 
)(d) . b - (dldl)(*cu o 7a )(0)

2. The Fb6chet derivative and the Lie derivative. The operation of the Lie derivative

in the direction of the lift b - r-r 6 o 6 wiil be introduced via the formula (compare

with l1]) t(b) : d6#i(!)t-t + 6#i(6)t-1d which obviously generalizes the conventional

one. The d.erivation i(6; ir defined in terms of the interior product of the cross-section

6 e f{d-rTB}. The d.ifferential form d-1a is in f{A-t n ?*B} whenever a € O(B).

Th; proof of the formula t(b)a - (dldt) *oo7d (0) closely follows the lines of the proof

of the corresponding analogue for the conventional Lie derivative. It suffi.ces to verify the

effect of it upon functions and Pfaff forms alone since t(b) acts .t_. derivation.

Ind.eed, first we convince ourselves that the construction d#i(b)a-t acts as a deriva-

t i on  o f  deg ree  -1  ,6u i (6 )d -1 (a  A  a / )  -  d# i (6 ;14 - ta  A  d -1a ' )  -  5# i (6 )d -1a  A  6 *a '  +
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The Li,e deriuatiue and fibrew'ise differentiat'ion of sem'i-basic forms. In what follows and
to the end of current Section we shall be busy with establishing the relationship between
the Lie derivative and the fibre differential of a semi-basic differential form

Consider a vector bundle E -+ B and its dual bundle E* -+ B. If some us e Qo(B; E*),
and i f  6 ir  .  cross-section of the vector bundle 6-t E, then, by definit ion, (6,6*r) (.rr 1. .  .  )
u a )  :  ( O ( r ) , 6 * r ( u r , . . . , u a ) ) ,  * h " r "  r t 1 , .  . . , r d  e T , Z .

Set F: A7*Z.By means of the imbedding id I  Azr* the cross-sections of the bundle
E* 8 n'-1 n T* Z are identified with horizontal (with respect to zr) ,E*-valued differential
forms on the manifold B. The $r-module of these forms will be denoted by O" (Z; E.). The
identification of it with a submodule in O(B; E.) is carried out by the monomorphism n#.

Let both d and d1 be cross-sections of the f ibred manifold B over Z, t .e. no51 : ro6 - ,A.
In this case the vector b(z), which is tangent to the curve od(") (t) - 6t(t), will be verticai.

Set E - V B. As long as d is a cross-section of the projection zr, the reciprocal image
6-r d*P of the cross-section d*B with respect to the mapping d will be a cross-section of
the bundle d-1 (V B)* E F, since the bundle d-1 n-l  F = (n o d)-tF has to be identi f ied
with F by the project ion (- ' ,A onto the second factor, ,A-rF ) (r; t)  + f  € F. Let
(n- t ( ) - td :d-1 n-rF -+ n-rF be the pro ject ion onto the second factor .  I t  is  s t ra ight-
forward that  ( ( - t r )  o  ( r - t ( ) - tA -  ( -1(zr  o d)  -  ( - t ,a .  Let  now 6- :9-"  d .enote the
reciprocal image of the homomorphism p". Consider a cross-section 6 of the bundle
6-1VB and denote b: Z -+ VB the corresponding morphism along the mapping d. The
definit ion of the contraction (6,d-t d"B> e f{,F} is obvious (see the diagram of f ig.4):

( b , d - t d , P )  :  ( - t r d o d - 1  A "  o 6 :  ( - t n o ( n - 1 ( ) - t d o d - 1  A ' o 6 :  ( - t n o B v  o b .

5 - t n - t I t  -  ( n - - t c ) - t o - LF  Ln  __>  F

VB - 1  l
1 r  - (

Frcunp 4

If we take AT* Z in place of the fibre bundle F and if ur ,. . . ,[d € T"Z, then one can
e a s i l y  c a l c u l a t e :  ( 6 , d - t d * B ) ( . r t  ) . . . , u 0 ) :  ( C - t n o  P - '  o b ( z ) )  ( u r ,  . . . , ! d )  -  ( d , l d l ) ( B  o
o t ( , ) ) ( u t ,  .  .  .  ) u a ) ( 0 ) .

Let (t-t r)-td: d-1 n-rTZ -+ r-tTZ denote the standard projection onto the second.
factor and let r-7 rd denote the obvious identification d,-LT Z E T Z so that (r-tn) o
(n-tt)-t 6 - r-1d (see again the diagram of f ig.4 with r in place of ( this t ime). Let, r"
denote the projection TB -+ B. One computes (see fiS.5) : Tn o rn-1d - (r-trr) o rr o
rt-r6 -  (r- tn) o (n-t  r )- td o (d-1n' t )  -  r -16 o l - rn ' .  Composing with the mapping

c- ' ( rd)

-_-------->v
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whereas on the left-hand side we proceed as follows,

t (b )a  -  (d ld t ) (d , *o ) (0 )  :  (d ld t ) ( i - r ,a  o  d , -18) (0 )

-  ( d l d t ) ( i - 1n  o  (n - ' | ) - ' d ,  o  d t -18 ) (0 )  -  ( d l d r@"d , ) (0 ) ,

so that by evaluating on the vectors tll r . . . ,[d, one regains that same result,

( l ( r ) a ) ( u r ,  . . . , r d , )  -  ( d l d t ) ( P  o  6 { z ) )  ( u r ,  . . . , : u d ) ( o )  :  ( d l d t ) @ ,  o d ( " ) ) ( u r  , . . . , u a ) ( 0 ) ,

q . e . d .

Not indicating explicitly the above mentioned identification of the differential forms a

and c..r with the cross-sections B and d*P' one can write

L(b)p  -  (b ,6*dn9)  ( ro )

3. L,q.cnANGE STRUCTURE AND THE FIRST VARIATION

1. Jet bundle structure. By . classical field we mean a cross-section u; Z -+ Y of a

fibred manifold n:Y -+ Z over the base Z in the category C*. The jets of order r of

such sections, each denoted jru,, constitute the manifold Y, which is called the rth-order
jet prolongation of the manifold Y and we put Y : Yo. Projections 'n''":Y" -+ Y, for r ( s

and z"r:Y, -+ Z al! are surjective submersions and commute, Trr o'r, : v". Let $r stand

for the ring 3'' of C- functions over the manifold Yr. Monomorphisms'7t"*,5, -+ $" and

7r"*:$" -+ $, allow us to identify the rings 3, ar'd$2 with the subrings 'r"*5, and n"*$2

of the r ing $".
Given another fibred manifoldY'over the same base Z and a base-preserving morphism

6,Y -+ Yt ,  the morphism
J,d:  j , " ( r )  -+ i " (6 o u)(z)  (11)

from the manifold Y, to the manifold Yt, is called the rth-order prolongation of the mor-

phism d l1Bl .

2, The variation of the Action functional. A Lagrangian is a semi-basic (with respect
to zr) differential form .\ of maximal degree, .\ € }fQ), p : dtrn Z . Suppose again that
the manifold Z is compact. Let !, denote the space of smooth (C*) cross-sections of Y,.
The differential form .\, thought of as a morphis* )' 

y" -+ l€T* Z along the projection
r,:Y, -+ Z, defines a nonlinear differential operator ) in the space y - f{y} as follows:

i ( " )  : ( j , r ) * ^ -  t ro  j , u .

The Action functional ,S : IzU,r)*\ splits into the composition of three mappings, i.e.

. t  -  I"  o *,\  o jr .  Here 7" means the rth-order prolongation operator jr : !  -+ !r,
u r-* jrui *.\ maps the space ), into the space of cross-sections of the determinant bundle

l€T* Z, *l: 
J/,. -+ Qe(Z),, u, r+ ur*.\ t ur € lri I" is a linear functional on the Banach

s p a c e  A P Q ) ,  [ " : O P ( Z )  * R ,  B r +  I r g
The Euler-Lagrange equations for an extremal cross-section u arise as the condition

upon ihe Fr6chet derivative D^9(u) at the point u to be equal to zero. According to the

chain rule,
D(^s)(r)  -  ( "  

[ )  
( ( r "" )* ] ) )  (D *^ 

) ( i " " ) .  (Dr, ) (" )  .  (13)

Since the functional [" is linear, its d.erivative D I" equals I" regardless of the point
( j  , r ) * I .

We pass now to the computation of D(SX") in strictly consistent and formal rnanner.

(12)

i ; :

i , : .

ir,
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Tj ,u(Y, )  :  l r ,  
" { (V, )  r }

T"(U) : j , ,  { J " (Vr ) }

Frcunn 6

manifold J,(V"), that is, iru(g,^) : j,g. Thus in order to compute the Fr6chet differential

of the jet prolongation operator j, one may utilize the following permutation formula

D U " ) ( r )  . g  -  i s + 1  j , g  .  ( 1 5 )

6. The first variation. From (14) and (15) we obtain the differential of the composed

mapping, *.\ o J" ,

D ( * A  o  J " ) ( " )  . D :  ( D * ^ ) ( j , " ) . ( D r " ) ( r )  . g  -  ( ( i r u t  i , \ ) - ,  ( l , r ) * d , " l )  ,  ( 1 6 )

and, finally, from (13),- the d.esired expression for the differential of the Action functional

D.9(u) .r) -  t  (( ir ; '  j , \)- ,  (r ,r)*d,,^ ) .
J z

4. INTNGRATING BY PARTS

To proceed further we need to extend the definition of the fibre differentiai d,, to the module

of semi-basic rldV]-valued. differential forms of arbitrary degree d, Q,(Z; NV;), and to

introduce the notion of total (global) differential dr. This is being done in Appendix 2.

Our considerations there as well as within this Section essentially follow those of 110].

1. As far as we shall work with differentiai forms of different orders, w€ shall frequent-

ly need to bring them together to the same base manifold (if a differential form belongs

to f)" (Z;Vi) *" call the pair (r, 
") 

be the order of that form). We recall that the ho-

momorphism ("r")t  maps I/" into'n"-7Vr. The dual homomorphism ( 'nr ')* acts up-

on the cross-sections of the d.ual vector bundle "T"-rV; through the composition and

hence it acts upon the module n"(Zl'n"-t n yr:) by means of composing its elements

(viewed as cross-sections) with A("r" ")* I id. Given a morphism g from whatsoever

the source be to the manifold Yr, by ('n")u the reciprocal image of this action with

r e s p e c t  t o g w i l l  b e  d e n o t e d ,  n a m e l y ,  i f  u , t  €  f { ( " r " o ? ) - t  A V ;  E ( t " o g ) - t  A T * Z } ,

t h e n  ( " n " ) u  +  ( V ' n " ) u  +  ( { t ( ' n " " ) ) *  =  G ' ( A " r " " . ) )  # +  
( { t ( n " n ' " ' * )  A  r d ) u ,  a n d

( , n " ) u ,  -  ( g - t ( n " r r , ' * )  g  i d )  o . 6  f { t  t  A y J B ( r " o g ) - t  A T . Z } .  L e t  d b e a n o t h e r

morphism which composes with g on the left. Then

J r

5 * ( ' n " ) u r :  ( ' n r ) u 6 " r .

Indeed, by def in i t ions, 6*( 'n,)u,  -  ( id I  Ad.)  o (d-t  ( 'n"ur)) .  But d-1 ( 'n"ur)  _

d- t ( (g- t  A 'Tr "u*  A id)  o  , ' s )  :  ( (go d) - t  A 'z - " ' *  A id )  o  (d- tc . r )  and a lso ( id  A Ad*)  o

( (g "  d ) - t  A 'T r r ' *  A  i d )  -  (go  d ) -1  n 'T " '  *  6 l  nd* .  On  the  o the r  hand ,  ( ' n " )u6* ,  -

( (god ) * t  A 'T r , ' *  A  i d )o ( i d  6 l  nd* )o (d - t cu )  and  a l so  ( (god ) - t  A 'n " ' *  I  i d )o ( i d  S  nd* )  -

(go d)-1 n 'Tr" '  *  I  nd*.  So one concludes that (17) holds, q.e.d.

(17)
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(i,i,) In what concerns the first addend of the right-hand side of (20)7 one first applies
(17) to get ( j r"r)*(on,)u,  -  (or,)u( j r , r )*e and then consecut ively (1) and (A3) together
witlr (A1) to arrive at

( ( l t ; t  i , r t ) - , , (or , )  u ( i r , r )* . )  :  ( (0, . - , " )u( i r ; t  i , r ) ) - ,  ( i r , r )*  r )  -  (  6,  ( i r , r )*  u l (22)

( i i i )  I t  remains to carry out some work upon the expression (( ir [ t"r"D)-,( jz,)*drrc).
Suppose the vertical vector field t1 along u be extended to a vertical field b on Y, so

that I : b o u. As an intermediate step we first prove the foliowing relationship:

(( isu 1-r"  
9)- ,  ( jz,u)*dro) :  ( i r , r ) .  (J,"(b),  dr rc) (23)

(24)

(25)

By (A2),  ( i r* t  i , i l -  -  (J,(o)oj , r)-  -  j ,u- ' (J,(u)) .  After the def in i t ionof the pul l -back,
(jz,u)*dtn : ( jz,r)u jr,r-tdrr". So, on the left-hand side of (23) we come up to the expres-
s ion ( j , " - ' (J , (u) )  , ( j r , r )#  jz , r -1dr rc) .  On the o ther  hand,  bv  (3)  ,  j z , r - t  (J , (b) ,  d ,  n)  :

( i r , r - t ' n r r - t  / , ( b )  ,  i z ,u -1d re ) .
Next we apply to this the (jz,r)# operation (in the only sensible way, i.e. with respect

to Z-variables in d1rc; so it doesn't effect the term jzrr-t'nrr-' Jr(u) of the contraction)
and obtain on the r ight-hand side of  (23) ( j r , r )*  ( /"(b) ,drrc) -  ( j r , r - t  'n" ,- t  J,(o),
( jz , r )u  jz , r - tdr r )  :  ( j , " - t  J , (o) , ( j r , r )u  jz , r -1dr rc) ,  Q.e .d .

In (23) we resort now consecutively to (AO) and (A4) to obtain the expected formula,

(( isu 1r" g)- , ,  ( i r , r )*dro) :  d( iz,- t r r*  (J,- t (u),  r")) .

Comparitts (19) with (1S) by means of (21) , (22), and (24), and applying an analogue
of  (23)  wi th rc  in  p lace of  d1rc,  ( ( i r [ t - r , - rg) - ,  ( j r , - t r ) * r )  -  ( j r , - r " )*  (J , - t (u) ,  r ) ,  the

Reader easily convinces himself that und,er the id,enti,fi,catr,on j"\ S (ir;t j"q)- e j"u-tV"

' i ,n accord,ance w' i th the isomorphism is- l  :  J"(V"Y)\ V(Y") the fol lowing assert ion is true:

Proposition 2. Let.\ be an rth-order Lagrangian for a nonlinear field u € f{y -+

Zj. The variational derivative of the Action density i(") - (j,r)*.\ af u is an rth-order
differential operator Di(u) in the space Tu{VrY} of the variations of the freld u. Let
t(Di(")) denote the transpose operator and let G denote the Green operator for Di(u).
Then there exist semi-basic differential forms € on Jrr(Y) and K on Jz"-t(Y) which take
values in vector bundles (VY)* and (J,-1(V"Y))* ,"rp"rtively (as in Proposition 1) such
that

(Di)("XU) - U,rs,( j ,r)*d".\)  ;
' (o i1" ; )  ( r l  -  ( j2 ,u)*e  ;

C( t l )  (1 )  :  ( j , - t0 ,  ( j z , - t r ) * * )  .

Whereas the Green operator is defined up to a d-c/osed term, the differential form n is
defined up to a d1-exact term.

The differential form e is defined unique:Iy and the Euler-Lagrange equations arise as a
Ioca| expressi on of the exterior differential equation

( j2 ,u) "  e  -  o
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semi-basic p-form. So, e must manifest itself as a uector ualued p-form (more precisely-

with values in the dual to the vector bundle of infinitesimal variations).

Now, the expression (25) is deprived of any other inessential parameters which may

have appeared during the process of variation. In particular, no trace of any auxiliary

vertical vector field (as in [9]) remains. This allows representation of the solutions of the

Euler-Lagrange equations in the form of the integral manifolds of an exterior vector valued

differential system. Once recognized, such approach suggests the framework of linear

algebra: first, in investigating the symmetries of the Euler-Lagrange equations, second, in

solving the inverse problem of variational calculus. In both cases the method consists in

transforming the problem of equivalence of two systems of differentiai equations, one of

them generated by the left-hand side of (25), into an algebraic problem of the equivalence

of the corresponding modules of vector differential forms using the Lagrange multiplies.

To apply this approach consistently, in the case of studying symmetries, one needs to

generali ze the notion of the Lie derivative of a differential form tq a derivative of a vector

bundle valued dif ferential form (see [7],  [14], [10], 1111, [13]).

ApppNux 1.  GnnnED sTRUCTURE oF vERTICAL TANGENT

BUNDLES AND THE PROLONGATION OF FIBER TRANSFORMATIONS

1-. Within the notat ions of Section 3 (Paragraph 4), Iet 'pr":J'(V") -+ Jr(V2) denote the project ion

j ,nQ)  -+  j " \ (z ) .  Apply ing Jr ( rv)  to  the target  o f  the appl icat ion 'pr '  we get :  J , ( r t )  o  "p t "  ( j 'n ( r ) )  -

( J , r t ) ( j " n Q ) )  -  j , r ( " ) .  o n t h e o t h e r h a n d , ' r , o J , ( r t )  ( i " u ( r ) )  - ' r , ( i , ( " ,  
" n ) ( r ) )  

- ' z - , ( i " " ( " ) )  -

j"u(z); hence tpr" is f ibred over tzr".  As soon as tpr" is so f ibred, i t  acts upon the cross-sections of the

reciprocal image j ,u- 'J,(V") of the f ibred manifold ( in fact a vector bundle) Jr(rt) :J '(V2) -+ %. After

the general definit ions, i f  we denote by (f"g)-the cross-section corresponding to the morphism j"9 along

/su ,  and  by  ( ' p r " )n  t he  reduc t i on  o f  ' p r ,  t o  t he  base  Y " ,  t hen  ( "p r r )+ ( i 'D ) -€  l { i r r - t J r (V " ) } ,  and

( "p r , ) * ( j , t ) -+  ( j , r - t ( ' p r , ) r " )  o  ( j , n ) ' -  ( ' p r "  o / "0 ) -=  ( j " i l ' .  I f  abandon  the  t i l de  i n  t he  supe rsc r i p t s ,

the project ion ( 'pr")s wil l  obtain a sl ightly dif ferent meaning as one acting from l{"1'  (V")} into f  {J '  (Vd}

"over Z" ,
( ' p t " ) + ( j ' \ )  :  j , r l  ( A 1 )

2. The isomorphism between the manifolds V" and Jr(Vz) allows us to write down a useful relationship

between the jet of a restricted vertical vector field o, viewed as a, cross-section of Vz, and the prolongation

,f"(o) of this field, obtained by prolonging its one-parametric local group as follows.

Consider a f ield b € !3 of vert ical tangent vectors, generated by i ts local group etb. The rth-order

pro longat ion Jr (u)  o f  b  is  the vector  f ie ld  generated by the loca l  group Jr ( " to) ,y ,  +  j r ( " to  o  u) (z) ,  i f

A r = j , r ( " ) . . C o n s i d e r t h e r e t o a r e s t r i c t i o n o o u o f t h e v e c t o r f i e l d u t o s o m e s u b m a n i f o l d u ( Z ) o f Y ; i t
is an element g from l"{V"} (see f iS.7).

----___-.-- 
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\ i
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v
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b
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3The bigraded

plying the dual of

operators dr. and

dr /  o f  TULczYJEw

A(s"

ROMAN YA. MATSYUK

( t ; ' ) *&r"x " l  Q ' )  -

I
o" Es,

Frcunp 11

whenever F e al1z1
One more way to make operator d.1 act over the whole of the graded module A(fir; Q') is to first extend

thede r i va t i on ,de f i ned i rS , ^  byD t ( f t )  +  (d r f )  . t r , t t  e  f ) r * t (Z ) , t o  t hewho leo f  (D '  3  C I?Q;nv f )  engag ing

the similar procedure as above, and then to extend the total differential dt : O' -+ Al (5-'+r i Or*1 ), defined

by  (d ,  d . t ,  =  D r  (b )V ,b  e  h ,+ t ,  t o  t he  modu le  A ( f i , ;O ' )  t h rough  the  p rope r t y  d t2  : 0  t oge the r  w i t h

the proper ty  (A5) .3

Let us compute the total differential of a contraction (see also l5]).

Lernrna. Let E € E, c.r € f)" (Z;Vi), and, let Jr(o) denote the rth-order prolongation of the vector field

o by means of prolonging its local one-parametric group. The following formula holds

dt (J,(u),c^ l )  :  (J,+r(o),  d;c. . ' ) (A6)

We giue a bri ,ef proof. Local ly the algebra f)r(Z;V!) is generated over t},(Z) by A},Q;V:) AIso

( o , , F A q )  -  B A ( u " , q r )  f o r  B  €  Q " ( Z ) ,  g  €  A : Q ; V J )  a n d  u ,  e  E , '  s o o n e m a y r e s t r i c t o n e s e l f  t o

the case us:  dnf  .  Let  F :  d t l .  S ince dt  and d '  commute,  d lc . r  equals  d"B 'We compute:

(J . (b)  ,d^  f>  (a , )  -  g f ) (J" (u) ) (v ' )  -  (d ld t ) f  (J , ( " 'o ) (v ' ) )  (o) ;

(J,+r(o),  d,F) _ (y,+r)  :  Qg)(J,+r(u)(y,+t  ))  *  (dldt)QQ,1r(" 'o)(a,+t ))  (o)

We recal l  that  i f  some u e T"Z with z :  r ( r*r(yr+t)  is  tangent to the curve 
" ! ( t )  

and i f  ar l r  :  i raru(z),
t h e n  ( d r / )  _ ( y , + r )  . r -  ( d l d s ) ( f  

"  
j , u " a y ) ( 0 ) .  N o w  t a k e  ( J ' ( u ) , d " / )  i "  p l a c e  o f  /  t o  o b t a i n

( d r ( J ' ( b ) , d '  f ) ) . ( y , + r , u )  :  ( d r ( J , ( u ) , d '  f ) ) - ( y , + i )  . u  - ( d l d s ) ( ( J ' ( b )  , d * f > o i , u  o o ) ) ( o )

-  (d ld ,s )  (d ld t )  f  o  J , ( " to )  o  i ,u  o  o ! (s )  l "= t=o  .

On the other hand,

( J , + t ( b ) , d , d t / )  . ( y , + r , u )  :  ( J , + r  ( u ) , d , F )  - ( y , + r )  . t -  ( d l d t ) ( ( d r / )  -  ( J , + t ( " t o ) ( v , + t ' ) )  . . , ) ( o )

At this stage it is necessary to put in the property of the prolongation procedure, namely, Jr] r("to)

i r* tu :  i r l r ( . to o u),  in order to arr ive at

( J ,+ t (u ) ,  d 'd t / )  .  ( y ,+ r ,u )  :  (d ld t )  (d ld ' s )  f  o  i , ( " to  o  u )  o  a !  ( " )1 ,= "=o

-  ( ' d ld t )  (d ' l d ' s )  f  o  J , ( " ' o )  o  i ,u  o  c i  Q)1 , - " -o

Thus both sides of (AG) when evaluated at arbitrary (yr+r,rr) € lrr*r-LTZ provide one and the same

express ion,  q .e .d .

A(S" &r 
"X")

algebra A(nr -1 iOr- r )  =  Or-1(Z;nv/ - r )  * ry  be conver ted in to  exter ior  one by ap-

the Cartan contact form f(Yr) ) r-tn, ' (Vr-r) 
with subsequent alternation. To the

dt defined in Qr-r(Z;nvf_.,) correspond under thisconversion the operators drz and

[t6] defined in r}(%)
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106 INTEGRATION BY PARTS: ILLUSTRATIONS
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