
� â¥¬ â¨ç÷ �âã¤÷ù. �.11, ü1 Matematychni Studii. V.11, No.1

��� 517.98

���������ö �������� ��������� ��������ö�

�. �¨ª¨âîª, �. �¦ « 

Ya. Mykytyuk, Yu. Djala. Singular perturbations of closed operators, Matematychni
Studii, 11(1999) 53{62.

We study properties of closed operators T , which act in the Hilbert space and
which are specially de�ned by sums S+̂V , where S:H → H is an unbounded closed
densely de�ned operator acting from H into a Hilbert space H−

S ⊃ H. We obtain a
generalisation of the Krein formula for the case of closed operators

�. �¨ª¨âîª, �. �¦ « . �¨£ã«ïàë¥ ¢®§¬ãé¥¨ï § ¬ªãâëå ®¯¥à â®à®¢ //
� â¥¬ â¨ç÷ �âã¤÷ù. { 1999. { �.11, ü 1. { C.53{62.

�§ãç îâáï á¢®©áâ¢  § ¬ªãâëå ®¯¥à â®à®¢ T , ª®â®àë¥ ¤¥©áâ¢ãîâ   £¨«ì-
¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ ¨ á¯¥æ¨ «ì® ®¯à¥¤¥«ïîâáï áã¬¬ ¬¨ S+̂V , £¤¥ S:H → H
| ¥®£à ¨ç¥ë© § ¬ªãâë© ¯«®â® ®¯à¥¤¥«¥ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§
H ¢ £¨«ì¡¥àâ®¢®¥ ¯à®áâà áâ¢® H−

S ⊃ H. �®«ãç¥® ®¡®¡é¥¨¥ ä®à¬ã«ë �à¥© 
¢ á«ãç ¥ § ¬ªãâ®£® ®¯¥à â®à 

� ¬®®£à ä÷ù [1] ¢¨¢ç îâìáï ®¯¥à â®à¨, é® ¥¢à÷áâ¨ç® § ¤ ÷ ä®à¬ã«®î

L = −�+
∑
y∈Y

λyδy, (1)

¤¥ � | á ¬®á¯àï¦¥¨© « ¯« á÷  ¢ L2(Rn) (n = 1, 2, 3) § ®¡« áâî ¢¨§ ç¥ï
H2

2 (Rn), Y | ¤¨áªà¥â  (áª÷ç¥   ¡® §«÷ç¥ ) ¯÷¤¬®¦¨  ¢ Rn, λy | ª®-
áâ â  §¢'ï§ªã,   δy | æ¥ δ-äãªæ÷ï �÷à ª  ¢ â®çæ÷ y (â®¡â® ®¤¨¨ç  ¬÷à , é®
§®á¥à¥¤¦¥  ¢ â®çæ÷ y). �âà®£¨© ¬ â¥¬ â¨ç¨© ¯÷¤å÷¤ ¤® ®¯¥à â®à÷¢ ¢¨£«ï¤ã
(1) ¡ã¢ ¢¯¥àè¥ ¢¨ª« ¤¥¨© ¢ [2] ÷ ¯®«ï£ ¢ ã ¢¨ª®à¨áâ ÷ â¥®à÷ù á ¬®á¯àï¦¥-
¨å à®§è¨à¥ì. � ¤ ÷© à®¡®â÷ ¬¨ å®ç¥¬® à®§£«ïãâ¨  ¡áâà ªâ¨© ¢ à÷ â æ÷õù
¯à®¡«¥¬¨ ÷, §®ªà¥¬ , ¢¨¢ç¨â¨ §¢'ï§®ª ¬÷¦ á¨£ã«ïà¨¬¨ §¡ãà¥ï¬¨ â  â¥®-
à÷õî à®§è¨à¥ì § ¬ª¥¨å ®¯¥à â®à÷¢. � è ¯÷¤å÷¤ ¤® ¤ ®ù § ¤ ç÷ áª« ¢áï ¢
à¥§ã«ìâ â÷ ®á¬¨á«¥ï à®¡÷â [3-5], ÷¤¥ï¬¨ ïª¨å ¬¨ áª®à¨áâ «¨áï ã â÷© ç¨ ÷è¨©
¬÷à÷.
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1.

�¥å © H | £÷«ì¡¥àâ÷¢ ¯à®áâ÷à § áª «ïà¨¬ ¤®¡ãâª®¬ (· | ·). �ªé® S |
«÷÷©¨©, § ¬ª¥¨©, ¥®¡¬¥¦¥¨©, é÷«ì® § ¤ ¨© ®¯¥à â®à ¢ H, â® ç¥à¥§ H+

S

¬¨ ¡ã¤¥¬® ¯®§ ç â¨ ®¡« áâì ¢¨§ ç¥ï D(S) ®¯¥à â®à  S, ïª  à®§£«ï¤ õâìáï
ïª £÷«ì¡¥àâ÷¢ ¯à®áâ÷à §÷ áª «ïà¨¬ ¤®¡ãâª®¬

(f | g)S
def
== (f | g) + (Sf | Sg). (2)

�®§£«ï¤ îç¨H+
S ¢ ïª®áâ÷ ¯®§¨â¨¢®£®,  H ¢ ïª®áâ÷ ã«ì®¢®£® ¯à®áâ®àã, ¬®¦ 

¯®¡ã¤ã¢ â¨ [6, áâ®à.17] ¥£ â¨¢¨© ¯à®áâ÷à H−
S , é® § ¤ õâìáï ïª ¯®¯®¢¥ï H

§  ¥£ â¨¢®î ®à¬®î

∥f∥H−
S
= sup

u∈H+
S

|(f | u)|
∥u∥H+

S

.

�®¬®¢¨¬®áï, é® á¨¬¢®«®¬ ⟨· | ·⟩S ¬¨ ¡ã¤¥¬® ¯®§ ç â¨ ¯à®¤®¢¦¥ï §  ¥¯¥-
à¥à¢÷áâî § H×H+

S   H−
S ×H+

S áª «ïà®£® ¤®¡ãâªã ¯à®áâ®àã H. �à®áâ÷à H−
S

¬¨ ®â®â®¦îõ¬® § ¯à®áâ®à®¬ (H+
S )

′ ¢á÷å  â¨«÷÷©¨å ¥¯¥à¥à¢¨å äãªæ÷®-

 «÷¢   H+
S . �¥à¥§ Ŝ ¯®§ ç¨¬® ®¯¥à â®à § B(H,H−

S∗), é® õ á¯àï¦¥¨¬ ¤®
®¯¥à â®à  S∗|H+

S∗
, â®¡â®

⟨Ŝf | g⟩S∗ = (f | S∗g), f ∈ H, g ∈ H+
S∗ . (3)

�ãâ ÷ ¤ «÷ B(X,Y ) | ¡  å÷¢ ¯à®áâ÷à ¢á÷å «÷÷©¨å, ¥¯¥à¥à¢¨å, ¢áî¤¨ § ¤ ¨å
®¯¥à â®à÷¢, é® ¤÷îâì § ¡  å®¢®£® ¯à®áâ®àã X ¢ ¡  å÷¢ ¯à®áâ÷à Y .

�ç¥¢¨¤®, é®

Ŝf = Sf, f ∈ H+
S . (4)

�¢¥à¤¦¥ï 1. �¥å © I | ®¯¥à â®à ¢ª« ¤¥ï ¯à®áâ®àã H ¢ ¯à®áâ÷à H−
S∗ ÷

ζ ∈ ρ(S) (ρ(S) | à¥§®«ì¢¥â  ¬®¦¨  ®¯¥à â®à  S). �®¤÷ ®¯¥à â®à Ŝ− ζI
¬ õ ®¡¥à¥¨©, ïª¨©  «¥¦¨âì B(H−

S∗ ,H). �à÷¬ â®£®,

(Ŝζf | g) = ⟨f | S∗
�ζ g⟩S∗ , f ∈ H−

S∗ , g ∈ H,

Ŝζ |H = Sζ , (5)

¤¥

Sζ
def
== (S − ζI)−1, S∗

�ζ

def
== (S∗ − �ζI)−1 Ŝζ

def
== (Ŝ − ζI)−1. (6)

�®¢¥¤¥ï. � ¤ ¬® ®¯¥à â®à R ∈ B(H,H+
S∗) à÷¢÷áâî Rf = S∗

�ζ
f , f ∈ H. �à å®-

¢ãîç¨ (3) ÷ (4), «¥£ª® ¯¥à¥ª® â¨áï, é® ¤«ï ®¯¥à â®à  R∗ ¢¨ª®ãîâìáï à÷¢®áâ÷

R∗(Ŝ − ζI)f = f, f ∈ H, (Ŝ − ζI)R∗g = g, g ∈ H−
S∗ ,

§ ïª¨å ®ç¥¢¨¤¨¬ ç¨®¬ ¢¨¯«¨¢ õ á¯à ¢¥¤«¨¢÷áâì â¢¥à¤¦¥ï 1.
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�§ ç¥ï 1. �ªé® V | «÷÷©¨©, é÷«ì® § ¤ ¨© ®¯¥à â®à, ïª¨© ¤÷õ § H
¢ H−

S∗ , â® ç¥à¥§ S+̂V ¯®§ ç¨¬® ®¯¥à â®à ¢ H, é® § ¤ õâìáï  áâã¯¨¬ ç¨®¬:

D(S+̂V )
def
== {f ∈ D(V ) : (Ŝf + V f) ∈ H}

(S+̂V )f
def
== Ŝf + V f, f ∈ D(S+̂V ).

(7)

�à¨ æì®¬ã S+̂V  §¢¥¬® á¨£ã«ïà® §¡ãà¥¨¬ ®¯¥à â®à®¬,   V á¨£ã«ïà¨¬
§¡ãà¥ï¬, ïªé® D(S+̂V ) \D(S) ̸= ∅.

�§ ç¥ï 2. �¥å ©G| £÷«ì¡¥àâ÷¢ ¯à®áâ÷à. � àã (A,B) «÷÷©¨å ®¯¥à â®à÷¢

H → G  §¢¥¬® S-¯ à®î, ïªé®: D(A) ⊃ H+
S∗ , D(B) ⊃ H+

S ,   ®¯¥à â®à¨ A0
def
==

A|H+

S∗
, B0

def
== B|H+

S
 «¥¦ âì B(H+

S∗ , G) ÷ B(H+
S , G) ¢÷¤¯®¢÷¤®.

� ã¢ ¦¥ï 1. �ªé® (A,B) | S-¯ à , â® (B,A) õ S∗-¯ à®î.

�¢¥à¤¦¥ï 2. �¥å © (A,B) | S-¯ à  ÷ ¤«ï ¤¥ïª®£® ζ ∈ ρ(S) ®¯¥à â®à

K(ζ) = IG +B(A0S
∗
�ζ )

∗ (8)

õ é÷«ì® § ¤ ¨¬, ¬ õ âà¨¢÷ «ì¥ ï¤à® ÷ K(ζ)−1 ∈ B(G). �®¤÷ ®¯¥à â®à T =
S+̂A∗

0B õ § ¬ª¥¨¬ ÷

Tζ
def
== (T − ζI)−1 = Sζ − (A0S

∗
�ζ )

∗K(ζ)−1B0Sζ . (9)

�®¢¥¤¥ï. �®§ ç¨¬® ¯à ¢ã ç áâ¨ã (9) ç¥à¥§ M . � ¥¯¥à¥à¢®áâ÷ ®¯¥à -
â®à÷¢ A0, B0 ¢¨¯«¨¢ õ, é® M ∈ B(H). �áª÷«ìª¨

(Ŝ − ζI)(A0S
∗
�ζ )

∗ = A∗
0, B(A0S

∗
�ζ )

∗K(ζ)−1B0Sζ = B0Sζ −K(ζ)−1B0Sζ ,

â® (Ŝ − ζI + A∗
0B)M = IH ,  , ®â¦¥, ImM ⊂ D(T ) ÷ (T − ζI)M = I. � ª¨¬

ç¨®¬, § «¨è¨«®áï â÷«ìª¨ ¤®¢¥áâ¨, é® Ker(T − ζI) = {0}. �¥å © (T − ζI)f = 0.

�®¤i (Ŝ − ζI)f +A∗
0Bf = 0 ÷, ®â¦¥,

f + ŜζA
∗
0Bf = 0. (10)

�áª÷«ìª¨ ŜζA
∗
0 = (A0S�ζ∗)∗, â® ¤÷îç¨   à÷¢÷áâì (10) ®¯¥à â®à®¬ B, ®âà¨¬ãõ¬®,

é® K(ζ)Bf = 0. �«¥ KerK(ζ) = {0}, â®¬ã Bf = 0. �¢÷¤ª¨, ¢à å®¢ãîç¨ (10),
¬ õ¬®, é® f = 0. �¢¥à¤¦¥ï ¤®¢¥¤¥®.

� ã¢ ¦¥ï 2. �®¦«¨¢®, é® § ã¬®¢ â¢¥à¤¦¥ï 1 ¬®¦  â ª®¦ ®âà¨¬ â¨
÷ é÷«ì÷áâì ®¡« áâ÷ ¢¨§ ç¥ï ®¯¥à â®à  T . �à®â¥, ¤®¢¥áâ¨ æ¥  ¢â®à ¬ ¥
¢¤ «®áï.

�§ ç¥ï 3. S-¯ àã (A,B)  §¢¥¬® à¥£ã«ïà®î S-¯ à®î, ïªé® ®¯¥à â®à¨
S+̂A∗

0B, S
∗+̂B∗

0A õ § ¬ª¥÷, é÷«ì® § ¤ ÷ ÷ ¢§ õ¬® á¯àï¦¥÷.
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�¢¥à¤¦¥ï 3. �¥å © (A,B)| S-¯ à  ÷ ¤«ï ¤¥ïª®£® ζ ∈ ρ(S) ®¯¥à â®à K(ζ),
é® § ¤ ¨© ä®à¬ã«®î (8), õ é÷«ì® § ¤ ¨©, ¬ õ âà¨¢÷ «ì¥ ï¤à® ÷ K(ζ)−1 ∈
B(H). �ªé® ¢¨ª®ãõâìáï à÷¢÷áâì

I +A(B0Sζ)
∗ = K(ζ)∗,

â® ¯ à  (A,B) õ à¥£ã«ïà®î S-¯ à®î.

�®¢¥¤¥ï. �®ª« ¤¥¬® T = S+̂A∗
0B, L = S∗+̂B∗

0A. � áâ®á®¢ãîç¨ ¤® ®¯¥à -
â®à÷¢ T ÷ L â¢¥à¤¦¥ï 2, ®âà¨¬ãõ¬®, é® ¢®¨ õ § ¬ª¥÷ ÷

Tζ = Sζ − (A0S
∗
�ζ )

∗K(ζ)−1B0Sζ , L�ζ = S∗
�ζ − (B0Sζ)

∗K(ζ)∗−1A0S
∗
�ζ . (11)

� à÷¢®áâ¥© (11) ¢¨¯«¨¢ õ, é® ®¯¥à â®à¨ Tζ ÷ L�ζ õ ¢§ õ¬® á¯àï¦¥÷,  , ®â¦¥,
T ÷ L õ é÷«ì® § ¤ ¨¬¨ ÷ ¢§ õ¬® á¯àï¦¥¨¬¨. �¢¥à¤¦¥ï ¤®¢¥¤¥®.

2.

� ä÷ªáãõ¬® âà÷©ªã S(0), S, S(1) § ¬ª¥¨å, ¥®¡¬¥¦¥¨å, é÷«ì® § ¤ ¨å
®¯¥à â®à÷¢ ¢ H â ª¨å, é®

S(0) ⊂ S ⊂ S(1), ρ(S) ̸= ∅, (12)

dim(H+
S ⊖H+

S(0)
) = dim(H+

S(1)
⊖H+

S ). (13)

� ã¢ ¦¥ï 3. � (12) ¢¨¯«¨¢ õ, é® S∗
1 ⊂ S∗ ⊂ S∗

0 , ρ(S
∗) ̸= ∅ ÷

H+
S(0)

⊂ HS ⊂ H+
S(1)

, H+
S∗
(1)

⊂ H∗
S ⊂ H+

S∗
(0)
, (14)

¯à¨ç®¬ã H+
S(0)

, HS (H+
S∗
(1)
, H+

S∗) õ § ¬ª¥¨¬¨ ¯÷¤¯à®áâ®à ¬¨ ¢ H+
S(1)

(H+
S∗
(0)
).

�®ª ¦¥¬®, ïª ã â¥à¬÷ å á¨£ã«ïà®£® §¡ãà¥ï ®¯¥à â®à  S ¬®¦  ®¯¨á -
â¨ ª« á

T def
== {T ∈ C(H):S(0) ⊂ T ⊂ S(1), ρ(T ) ∩ ρ(S) ̸= ∅}, (15)

¤¥ C(H) | ¬®¦¨  ¢á÷å «÷÷©¨å, § ¬ª¥¨å ®¯¥à â®à÷¢, é® ¤÷îâì ã ¯à®-
áâ®à÷ H.

�¥à¥¤ â¨¬ ïª áä®à¬ã«î¢ â¨ ®á®¢¨© à¥§ã«ìâ â æì®£® ¯ãªâã, ¤®¢¥¤¥¬®
 áâã¯¥

�¢¥à¤¦¥ï 4. öáãõ £÷«ì¡¥àâ÷¢ ¯à®áâ÷à G ÷ â ª÷ ®¯¥à â®à¨ A0 ∈ B(H+
S∗ , G),

B0 ∈ B(H+
S , G) , é®

ImA0 = G, KerA0 = H+
S∗
(1)
, ImB0 = G, KerB0 = H+

S(0)
. (16)

�®¢¥¤¥ï. �¥å © L
def
== H+

S(1)
⊖H+

S ,M
def
== H+

S ⊖H+
S(0)

÷M∗
def
== H+

S∗⊖H+
S∗
(1)
.�®ª ¦¥¬®,

é®

dimL = dimM = dimM∗. (17)
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� ®£«ï¤ã   (13) ¤®á¨âì ¤®¢¥áâ¨, é® dimL = dimM∗. �®§ ç¨¬® ç¥à¥§ �(T ) i
�′(T ) ¢÷¤¯®¢÷¤® £à ä÷ª ÷ ®¡¥à¥¨© £à ä÷ª ®¯¥à â®à  T :H → H, â®¡â®

�(T )
def
== {(x, Tx) ∈ H ×H:x ∈ D(T )}, �′(T )

def
== {(Tx, x) ∈ H ×H:x ∈ D(T )}.

�®¤÷ (¤¨¢. [7,áâ®à.213])

�(S∗
(1)) = �′(−S(1))

⊥, �(S∗) = �′(−S)⊥. (18)

� ã¢ ¦¨¢è¨, é® �′(−S) ⊂ �′(−S(1)), �(S
∗
(1)) ⊂ �(S∗), ¯®ª« ¤¥¬®

N = �′(−S(1))⊖ �′(−S), N∗ = �(S∗)⊖ �(S∗
(1)).

� (18) ®ç¥¢¨¤¨¬ ç¨®¬ ¢¨¯«¨¢ õ, é® N = N∗. �¥£ª® ¯¥à¥ª® â¨áï, é® «÷÷©÷
¢÷¤®¡à ¦¥ï

L ∋ x → (−S(1)x, x) ∈ N, M∗ ∋ x → (x, S∗x) ∈ N∗

õ ÷§®¬®àä÷§¬ ¬¨,  , ®â¦¥, dimL = dimM∗. � ª¨¬ ç¨®¬ (17) ¤®¢¥¤¥®. �¥å ©G
| £÷«ì¡¥àâ÷¢ ¯à®áâ÷à, ïª¨© ÷§®¬®àä¨© ¯à®áâ®à ¬ M ÷ M∗,   V :M → G ÷
W :M∗ → G ¢÷¤¯®¢÷¤÷ ÷§®¬®àä÷§¬¨. �®ª« ¤¥¬®

A0 = V PM , B0 = WPM∗ , (19)

¤¥ PM :H+
S → H+

S , PM∗ :H
+
S∗ → H+

S∗ ®àâ®¯à®¥ªâ®à¨   M ÷ M∗ ¢÷¤¯®¢÷¤®.
�ç¥¢¨¤®, é® à÷¢®áâ÷ (19) § ¤ îâì ®¯¥à â®à¨, ¤«ï ïª¨å ¢¨ª®ãîâìáï à÷¢®áâ÷
(16). �¢¥à¤¦¥ï ¤®¢¥¤¥®.

� ã¢ ¦¥ï 4. � ¤®¢¥¤¥ï â¥®à¥¬¨ 4 ¢¨¯«¨¢ õ (¤¨¢. (17)), é®

dimH+
S(1)

⊖H+
S = dimH+

S∗ ⊖H+
S∗
(1)
.

� «®£÷ç® ¤®¢®¤¨âìáï, é® dimH+
S ⊖ H+

S(0)
= dimH+

S∗
(0)

⊖ H+
S∗ . � ª¨¬ ç¨®¬,

âà÷©ª  ®¯¥à â®à÷¢ S∗
(1), S

∗, S∗
(0) ¬ õ â÷ á ¬÷ ¢« áâ¨¢®áâ÷, é® ÷ âà÷©ª  S(0), S, S(1)

(¤¨¢. (12), (13)).
�®ç¨ îç¨ § æì®£® ¬÷áæï, ¬¨ ¡ã¤¥¬® ¢¢ ¦ â¨, é® ¯à®áâ÷à G ÷ ®¯¥à â®à¨

A0, B0, ¤«ï ïª¨å ¢¨ª®ãîâìáï à÷¢®áâ÷ (16), õ § ä÷ªá®¢ ÷. � ç¥à¥§ A ÷ B ¬¨
¡ã¤¥¬® ¯®§ ç â¨ § ¬ª¥÷ ®¯¥à â®à¨, é® ¤÷îâì § H ¢ G, ¯à¨ç®¬ã

D(A) ⊃ H+
S∗ , D(B) ⊃ H+

S , A|H+

S∗
= A0, B|H+

S
= B0. (20)

�¥ æ÷«ª®¬ ã§£®¤¦ãõâìáï § ¯®§ ç¥ï¬¨, ïª÷ ¯à¨©ïâ÷ ¢ ®§ ç¥÷ 2.

�«ï ¤®¢÷«ì®£® ζ ∈ ρ(S) ¯®ª« ¤¥¬® (¤¨¢.(15)) T (ζ) def
== {T ∈ T : ζ ∈ ρ(T )}.

�®¤÷

T =
∪

ζ∈ρ(S)

T (ζ).

�¤¨¬ ÷§ æ¥âà «ì¨å à¥§ã«ìâ â÷¢ à®¡®â¨ õ



58 �. �������, �. �����

�¥®à¥¬  1. �¥å © ζ ∈ ρ(S). �®¤÷ ÷áãîâì § ¬ª¥÷ ®¯¥à â®à¨ A,B:H → G,
¤«ï ïª¨å ¢¨ª®ãîâìáï à÷¢®áâ÷ (20) ÷

 )

T (ζ) = {S+̂A∗
0UB:U ∈ B(G)}; (21)

¡) ¤«ï ¤®¢÷«ì®£® U ∈ B(G) ¯ à  (A,UB) õ à¥£ã«ïà®î S-¯ à®î ÷

(S+̂A∗
0UB)∗ = S∗+̂B∗

0U
∗A. (22)

�¯®ç âªã ¤®¢¥¤¥¬® ¤¥ª÷«ìª  «¥¬.

�¥¬  1. �«ï ¤®¢÷«ì®£® ζ ∈ ρ(S)

Im ŜζA
∗
0 = Nζ

def
== Ker(S(1) − ζI), (23)

¯à¨ç®¬ã ®¯¥à â®à ŜζA
∗
0 ¥¯¥à¥à¢® ÷ ¡÷õªâ¨¢® ¢÷¤®¡à ¦ õ G   Nζ .

�®¢¥¤¥ï. �¥å © ζ ∈ ρ(S). �áª÷«ìª¨ S∗
(1) ⊂ S∗ ÷ ¤«ï ®¯¥à â®à  A0 ¢¨ª®ã-

îâìáï à÷¢®áâ÷ (16), â® ¤«ï ¤®¢÷«ì¨å u ∈ H+
S∗
(1)

¬ õ¬®

A0S
∗
�ζ (S

∗
1 − �ζI)u = A0u = 0,

 , ®â¦¥,

Im(S∗
(1) − �ζI) ⊂ KerA0S

∗
�ζ . (24)

�ªé® ¦ f ∈ KerA0S
∗
�ζ
, â® S∗

�ζ
f ∈ H+

S∗
(1)

÷ f = (S∗
(1) − �ζI)S∗

�ζ
f , â®¡â® f ∈ Im(S∗

(1) −
�ζI). �¢÷¤ª¨, ¢à å®¢ãîç¨ (24), ®âà¨¬ãõ¬® à÷¢÷áâì

Im(S∗
(1) − �ζI) = KerA0S

∗
�ζ . (25)

�÷¤®¬® (¤¨¢. [7,áâ®à.295]), é® ¤«ï ¤®¢÷«ì¨å M ∈ B(H,G) ¯à®áâ®à¨ ImM ÷
ImM∗ õ § ¬ª¥¨¬¨ ®¤®ç á®. �áª÷«ìª¨ ImA0 = G, â® ®¯¥à â®à A0S

∗
�ζ
∈

B(H,G) õ áîà'õªæ÷õî,  , ®â¦¥, ¯à®áâ÷à Im(A0S
∗
�ζ
)∗ õ § ¬ª¥¨¬. �¢÷¤á¨, ¯à¨©-

¬ îç¨ ¤® ã¢ £¨ (25) ÷ â¥, é® (A0S
∗
�ζ
)∗ = ŜζA

∗
0, ®âà¨¬ãõ¬®

Nζ = Im(S∗
(1) − �ζI)⊥ = (KerA0S

∗
�ζ )

⊥ = Im ŜζA
∗
0,

Ker ŜζA
∗
0 = (ImA0S

∗
�ζ )

⊥ = G⊥ = {0}.

�¯¥à â®à ŜζA
∗
0 ¥¯¥à¥à¢® ¢÷¤®¡à ¦ õ G ¢ H i Im ŜζA

∗
0 ⊂ H+

S(1)
. �¢÷¤á¨

¢¨¯«¨¢ õ, é® ®¯¥à â®à ŜζA
∗
0 õ § ¬ª¥¨© ïª ®¯¥à â®à § G ¢ H+

S(1)
. �®¬ã §£÷¤®

§ â¥®à¥¬®î ¯à® § ¬ª¥¨© £à ä÷ª ®¯¥à â®à H+
S(1)

¥¯¥à¥à¢® ¢÷¤®¡à ¦ õ G

¢ H+
S(1)

. �¥¬ã ¤®¢¥¤¥®.
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�¥¬  2. �«ï ¤®¢÷«ì®£® ζ ∈ ρ(S)

H+
S(1)

= H+
S ∔ Im ŜζA

∗
0. (26)

�à÷¬ â®£®,
ImA∗

0 ∩H = {0}. (27)

�®¢¥¤¥ï. �¥å © f ∈ H+
S(1)

÷ f0 = Sζ(S(1) − ζI)f . �®¤÷ f0 ∈ H+
S ÷, ïª «¥£ª®

¯¥à¥¢÷à¨â¨, (f − f0) ∈ Nζ . �¢÷¤á¨, ¢à å®¢ãîç¨ (23), ®âà¨¬ãõ¬® (26). �®¢¥¤¥¬®

(27). �¥å © c ∈ G ÷ A∗
0c ∈ H. �®¤÷ § (23) ¢¨¯«¨¢ õ, é® ŜζA

∗
0c ∈ Nζ . � ÷è®£®

¡®ªã, ¢à å®¢ãîç¨ (5), ¬ õ¬®, é® ŜζA
∗
0c = SζA

∗
0c ∈ H+

S . �«¥ Nζ ∩ H+
S = {0},

â®¬ã ŜζA
∗
0c = 0 ÷, ®â¦¥, A∗

0c = 0. �¨¬ á ¬¨¬ (27) ¤®¢¥¤¥®. �¥¬ã ¤®¢¥¤¥®.

�¥¬  3. �¥å © ζ ∈ ρ(S) i T ∈ T (ζ). �®¤÷ ÷áãõ ®¯¥à â®à U ∈ B(G) â ª¨©, é®

D(T ) = {f − ŜζA
∗
0UB0f : f ∈ H+

S }. (28)

�®¢¥¤¥ï. �®ª« ¤¥¬®

� = {(f, c) ∈ H+
S ×G : (f − ŜζA

∗
0c) ∈ D(T )}. (29)

�à¨©¬ îç¨ ¤® ã¢ £¨ (26) ÷ â¥, é® ®¯¥à â®à ŜζA
∗
0 õ ¥¯¥à¥à¢®î ¡÷õªæ÷õî

¯à®áâ®àã G   Nζ , ¥¢ ¦ª® ¯¥à¥ª® â¨áï, é® � õ § ¬ª¥¨¬ ¯÷¤¯à®áâ®à®¬
¢ H+

S ×G. �áª÷«ìª¨ ζ ∈ ρ(T ), â®

Nζ ∩D(T ) = {0}, (S(1) − ζI)D(T ) = H,

 , ®â¦¥,

{f ∈ H+
S : ∃c ∈ G (f, c) ∈ �} = H+

S , {c ∈ G : (0, c) ∈ �} = {0}.

�®¬ã (¤¨¢. [7, áâ®à.209]) � õ £à ä÷ª®¬ ¤¥ïª®£® «÷÷©®£® ®¯¥à â®à  F :H+
S → G,

ïª¨© õ § ¬ª¥¨© ÷ ¢áî¤¨ § ¤ ¨©. �£÷¤® § â¥®à¥¬®î ¯à® § ¬ª¥¨© £à ä÷ª
F ∈ B(H+

S , G). �à¨©¬ îç¨ ¤® ã¢ £¨ (29) ÷ (26), ®âà¨¬ õ¬® à÷¢÷áâì

D(T ) = {f − ŜζA
∗
0Ff : f ∈ H+

S }.

�®ª ¦¥¬®, é® KerF ⊃ H+
S(0)

. �÷©á®, ¥å © g ∈ H+
S(0)

. �áª÷«ìª¨ H+
S(0)

⊂ D(T ),

â® g ∈ D(T ),  , ®â¦¥, g = f− ŜζA
∗
0Ff ¤«ï ¤¥ïª®£® f ∈ H+

S . �«¥ H
+
S ∩Nζ = {0},

  â®¬ã (¤¨¢.(23)) f − g = ŜζA
∗
0Ff = 0. �¢÷¤á¨, ¢à å®¢ãîç¨, é® ®¯¥à â®à ŜζA

∗
0

õ ÷'õªæ÷õî, ¬ õ¬® Ff = 0. � ª¨¬ ç¨®¬,

KerF ⊃ H+
S(0)

= KerB0. (30)

� (30), ¯à¨©¬ îç¨ ¤® ã¢ £¨ «¥¬ã ¯à® âà÷©ªã (¤¨¢. [8, áâ®à.262]), ®âà¨¬ãõ¬®,
é® ÷áãõ U ∈ B(G) â ª¨©, é® F = UB0. �¨¬ ÷ § ¢¥àèãõâìáï ¤®¢¥¤¥ï «¥¬¨.
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�®¢¥¤¥ï â¥®à¥¬¨ 1. �¥å © ζ ∈ ρ(S). �£÷¤® § «¥¬ ¬¨ 1, 2 ÷ § ã¢ ¦¥ï¬ 4

Im ŜζA
∗
0 = Nζ

def
== Ker(S(1) − ζI), Im Ŝ∗

�ζB
∗
0 = Mζ

def
== Ker(S∗

(0) − �ζI), (31)

H+
S(1)

= H+
S ∔Nζ , H+

S∗
(0)

= H+
S∗∔Mζ . (32)

� ¤ ¬® ®¯¥à â®à¨ A,B:H → G  áâã¯¨¬ ç¨®¬:

D(A) = H+
S∗
(0)
, A|H+

S∗
= A0, A|Mζ

= 0,

D(B) = H+
S(1)

, B|H+
S
= B0, B|Nζ

= 0.
(33)

� ®£«ï¤ã   (32), à÷¢®áâ÷ (33) ¢¨§ ç îâì ®¯¥à â®à¨ A ÷ B ®¤®§ ç®, ¯à¨-
ç®¬ã, ¢®¨, ïª «¥£ª® ¯¥à¥ª® â¨áï, õ § ¬ª¥÷.

�¥å © T ∈ T (ζ). �®¤÷ §£÷¤® § «¥¬®î 3 ÷áãõ ®¯¥à â®à U ∈ B(G), ¤«ï ïª®£®
¢¨ª®ãõâìáï (28). �®§£«ï¥¬® ®¯¥à â®à R = S+̂A∗

0UB ÷ ¯®ª ¦¥¬®, é® R = T .

�÷©á®, ¥å © g ∈ D(B). �®¤÷, ¢à å®¢ãîç¨ (31) ÷ (32), ¬ õ¬®, é® g = f+ ŜζA
∗
0c,

¤«ï ¤¥ïª¨å f ∈ H+
S , c ∈ G. �à¨©¬ îç¨ ¤® ã¢ £¨ (31) ÷ (33), ®âà¨¬ãõ¬®

(Ŝ +A∗
0UB)g = (Ŝ +A∗

0UB)(f + ŜζA
∗
0c) =

= Sf + ζŜζA
∗
0c+A∗

0c+A∗
0UB0f = S(1)g +A∗

0(c+ UB0f).

�¢÷¤ª¨, ¢à å®¢ãîç¨ (27), ¬ õ¬®, é®

D(R) = {f + ŜλA
∗
0c : f ∈ H+

S , c ∈ G, c+ UB0f = 0}

÷ Rg = S(1)g, g ∈ D(R). Oâ¦¥,(¤¨¢.(28)), R = T . �¨¬ á ¬¨¬ ¬¨ ¤®¢¥«¨, é®

T (ζ) ⊂ {S∔A∗
0UB : U ∈ B(G)}. (34)

�÷§ì¬¥¬® â¥¯¥à ¤®¢÷«ì¨© ®¯¥à â®à U ∈ B(G) ÷ ¯®ª« ¤¥¬® T = S+̂A∗
0UB, L =

S∗+̂B∗
0U

∗A. � ã¢ ¦¨¬®, é® ®¯¥à â®à¨ T ÷ L õ é÷«ì® § ¤ ¨¬¨, ®áª÷«ìª¨

D(T ) ⊃ H+
S(0)

, D(L) ⊃ H+
S∗
(1)
. � (31) ÷ (33) ¢¨¯«¨¢ õ, é® BŜζA

∗
0 = 0, AŜ∗

�ζ
B∗
0 = 0,

  â®¬ã

I +B(A0S
∗
�ζ )

∗ = I, I +A(B0Sζ)
∗ = I.

�¢÷¤á¨, ¯à¨©¬ îç¨ ¤® ã¢ £¨ â¢¥à¤¦¥ï 2, ®âà¨¬ãõ¬®, é® ®¯¥à â®à¨ T , L õ
§ ¬ª¥÷ ÷ ζ ∈ ρ(T ), �ζ ∈ ρ(L). �à÷¬ â®£® (¤¨¢. (9)),

Tζ = Sζ − (A0S
∗
�ζ )

∗UB0Sζ , L�ζ = S∗
�ζ − (B0Sζ)

∗U∗A0S
∗
�ζ .

�¥£ª® ¡ ç¨â¨, é® (Tζ)
∗ = L�ζ ,  , ®â¦¥, T ∗ = L. �¢÷¤á¨, ¢à å®¢ãîç¨ (34),

®âà¨¬ãõ¬® (21) ÷ â¢¥à¤¦¥ï ¡) â¥®à¥¬¨ 1.

�¥®à¥¬ã ¤®¢¥¤¥®.
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3.

�®ª ¦¥¬®, ïª ¬®¦  ®¯¨á â¨ ª« á T ã â¥à¬÷ å à¥§®«ì¢¥â.

�¥®à¥¬  2. �«ï ¤®¢÷«ì®£® T ∈ T ÷áãõ ¯ à  (ζ, U) ∈ ρ(S) × B(G) â ª , é®
à¥§®«ì¢¥â  ®¯¥à â®à  T ¬ õ ¢¨£«ï¤

Tλ = Sλ − (A0S
∗
�λ)

∗K(λ)−1UB0Sλ, λ ∈ ρ(T ) ∩ ρ(S), (35)

K(λ) = I + (ζ − λ)UB0Sλ(A0S
∗
�ζ )

∗, (36)

¯à¨ç®¬ã â®çª  λ ∈ ρ(S)  «¥¦¨âì ρ(T ) â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ®¯¥à â®à
K(λ) õ ®¡®à®â¨¬.

�®¢¥¤¥ï. �¥å © T ∈ T (ζ). �£÷¤® § â¥®à¥¬®î 1 T = S+̂A∗
0UB, ¤¥ U ∈

B(G),   ®¯¥à â®à¨ A i B § ¤ ÷ à÷¢®áâï¬¨ (33). �à¨©¬ îç¨ ¤® ã¢ £¨ (33) ÷
à¥§®«ì¢¥âã â®â®¦÷áâì, ¬ õ¬®, é® ¤«ï λ ∈ ρ(S) (¤¨¢. (36))

I + UB(A0S
∗
�λ)

∗ = I + UBŜλA
∗
0 = I + UB(Ŝλ − Ŝζ)A

∗
0 =

= I + (λ− ζ)UBSλŜζA
∗
0 = I + (λ− ζ)UB0Sλ(A0S

∗
�ζ )

∗ = K(λ).
(37)

�¢÷¤á¨,   ®á®¢÷ â¢¥à¤¦¥ï 2, à®¡¨¬® ¢¨á®¢®ª, é® ïªé® ®¯¥à â®à K(λ) õ
®¡®à®â¨©, â® λ ∈ ρ(T ) ÷ ¢¨ª®ãõâìáï à÷¢÷áâì (35). �¥å © â¥¯¥à λ ∈ ρ(S) ∩
ρ(T ). �®ª ¦¥¬®, é® ®¯¥à â®à K(λ) õ ®¡®à®â¨©. �¯®ç âªã ¤®¢¥¤¥¬®, é®
¢¨ª®ãõâìáï à÷¢÷áâì

K(λ)UBTλ = UBSλ. (38)

�÷©á®, ¤«ï ¤®¢÷«ì®£® f ∈ H

Sλf = Sλ(T − λI)Tλf = Ŝλ(Ŝ − λI +A∗
0UB)Tλf =

= Tλf + ŜλA
∗
0UBTλf = Tλf + (A0S

∗
�λ)

∗UBTλf.

�¢÷¤á¨, ¢à å®¢ãîç¨ (37), ¬ õ¬®

UBSλ = UB(Tλ + (A0S
∗
�λ)

∗UBTλ) = (I + UB(A0S
∗
�λ)

∗)UBTλ = K(λ)UBTλ,

â®¡â® (38) ¤®¢¥¤¥®. � (38) ¢¨¯«¨¢ õ, é®

K(λ)(I − (λ− ζ)UBTλ(A0S
∗
�ζ )

∗) = K(λ)− (λ− ζ)UBSλ(A0S
∗
�ζ )

∗ = I,

 , ®â¦¥, ImK(λ) = G. �®ª ¦¥¬®, é® KerK(λ) = {0}. �÷©á®, ¥å © c ∈
KerK(λ). �®ª« ¤¥¬® f = ŜλA

∗
0c. �®¤÷

(Ŝ − λI +A∗
0UB)f = A∗

0c+A∗
0UBŜλA

∗
0c = A∗

0K(λ)c = 0,

â®¡â® f ∈ Ker(T−λI) ÷ â®¬ã f = 0. �¢÷¤á¨, ¢à å®¢ãîç¨ ÷'õªâ¨¢÷áâì ®¯¥à â®à 

ŜλA
∗
0 ¬ õ¬®, é® c = 0. � ª¨¬ ç¨®¬ ®¯¥à â®à K(λ) õ ¥¯¥à¥à¢®î ¡÷õªæ÷õî

÷ §£÷¤® § â¥®à¥¬®î �  å  ¯à® ®¡¥à¥¨© ®¯¥à â®à õ ®¡®à®â¨¬. �¥®à¥¬ã 2
¤®¢¥¤¥®.

� áâã¯  â¥®à¥¬  õ ®ç¥¢¨¤¨¬  á«÷¤ª®¬ â¥®à¥¬ 1 ÷ 2.
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�¥®à¥¬  3. �¥å © S(0) | § ¬ª¥¨©, á¨¬¥âà¨ç¨© ®¯¥à â®à, é® ¬ õ á ¬®-

á¯àï¦¥¥ à®§è¨à¥ï S,   ¤«ï ®¯¥à â®à÷¢ A0 ∈ B(H+
S , G) i A ∈ B(H+

S∗
(0)
, G)

¢¨ª®ãîâìáï à÷¢®áâ÷:

ImA0 = G, KerA0 = H+
S(0)

,

A|H+
S
= A0, KerA = Ker(S∗

(0) + iI)∔H+
S(0)

.

�®§ ç¨¬® ç¥à¥§ S ¬®¦¨ã ¢á÷å á ¬®á¯àï¦¥¨å à®§è¨à¥ì ®¯¥à â®à  S(0).
�®¤÷

S = {S+̂A∗
0UA : U ∈ B(G), U = U∗}.

�à¨ æì®¬ã à¥§®«ì¢¥â  ®¯¥à â®à  T ∈ S ¬ õ ¢¨£«ï¤

Tλ = Sλ − (A0S�λ)
∗K(λ)−1UA0Sλ, Imλ ̸= 0, (39)

¤¥
K(λ) = I + (λ+ i)UA0Sλ(A0Si)

∗,

  U | ¥¯¥à¥à¢¨© á ¬®á¯àï¦¥¨© ®¯¥à â®à ¢ H. � ¢¯ ª¨, ïªé® U | ¥¯¥-
à¥à¢¨© á ¬®á¯àï¦¥¨© ®¯¥à â®à ¢ H, â® ä®à¬ã«  (39) § ¤ õ à¥§®«ì¢¥âã
¤¥ïª®£® ®¯¥à â®à  T ∈ S.

�®à¬ã«  (35) õ ã§ £ «ì¥ï¬ ¢÷¤®¬®ù ä®à¬ã«¨ �à¥©  (¤¨¢.,  ¯à. [1,
áâ®à.437]) ¤«ï à¥§®«ì¢¥â á ¬®á¯àï¦¥¨å à®§è¨à¥ì á¨¬¥âà¨ç®£® ®¯¥à â®à 
§ ÷¤¥ªá ¬¨ ¤¥ä¥ªâã (m,m). �®¤® ä®à¬ã«¨ (39), â® ¢® , ¢« á¥, ÷ õ ä®à¬ã«®î
�à¥© , § ¯¨á ®î ¢ ¤¥é® ¬®¤¨ä÷ª®¢ ÷© ä®à¬÷.

� ¤ ÷© à®¡®â÷ ¬¨ ¥ â®àª õ¬®áï ¬®¦«¨¢¨å § áâ®áã¢ ì â¥®à¥¬ 1{3, ¡® ¬ õ¬®
 ¬÷à £àãâ®¢® à®§£«ïãâ¨ æ¥ ¯¨â ï ¢ ®ªà¥¬÷© ¯ã¡«÷ª æ÷ù.
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