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One continues Baire's and B�ogel's investigations on existence of points of joint
continuity of separately continuous functions at continuous curves. In particular,
one shows that for every mapping on product of Baire's space X and topological
space Y with values at metrizable space Z, which is horizontally quasycontinuous
and continuous respectively the second variable, and every continuous curve L =
{(x, g(x)) : x ∈ X} of countable type in the product X × Y , the set of point x ∈ P
in which the mapping f is jointly continuous in the point (x, g(x)), is dense in X.

1. � á¢®ù© ¤¨á¥àâ æiù [1] �. �¥à ¢áâ ­®¢¨¢, é® ª®¦­  äã­ªæiï z = f(x, y): [a, b]×
[c, d] → R, ïª  ­¥¯¥à¥à¢­  ¢i¤­®á­® ¤àã£®ù §¬i­­®ù i ­¥¯¥à¥à¢­  ¢i¤­®á­® ¯¥àè®ù
§¬i­­®ù ¤«ï §­ ç¥­ì, é® ¯à®¡i£ îâì ¤¥ïªã éi«ì­ã ¯i¤¬­®¦¨­ã ¢i¤ài§ª  [c, d],
¬ õ éi«ì­ã ¬­®¦¨­ã â®ç®ª áãªã¯­®ù ­¥¯¥à¥à¢­®áâi ­  ¡ã¤ì-ïªi© ­¥¯¥à¥à¢­i©
ªà¨¢i© L : y = g(x), a ≤ x ≤ b,   ®â¦¥, i ­  ¡ã¤ì-ïªi© £®à¨§®­â «i y = const. �®-
á«i¤¦¥­­ï �¥à  ¯à®¤®¢¦¨¢ �. �¥£¥«ì [2], ïª¨© à®§£«ï­ã¢ ªà¨¢i, é® § ¤ îâìáï
¯ à ¬¥âà¨ç­¨¬¨ ài¢­ï­­ï¬¨ x = φ(t), y = ψ(t), α ≤ t ≤ β. �¥ à ­iè¥ � ­
�«¥ª [3] ¯®ª § ¢, é® ¤«ï à®§£«ï­ãâ¨å �¥à®¬ äã­ªæi© f ¬­®¦¨­  â¨å â®ç®ª x,
¢ ïª¨å f áãªã¯­® ­¥¯¥à¥à¢­  ­  ¢áì®¬ã ¢i¤ài§ªã {x} × [c, d], ¢áî¤¨ éi«ì­  ­ 
¢i¤ài§ªã [a, b], §¢i¤ª¨ «¥£ª® ¢¨¯«¨¢ õ à¥§ã«ìâ â �¥à .

� ¯à æïå ¡ £ âì®å ¬ â¥¬ â¨ªi¢ XX áâ. ¡ã«¨ ¯à®¤®¢¦¥­i ¤®á«i¤¦¥­­ï �¥à  i
� ­ �«¥ª  ¤«ï ¢i¤®¡à ¦¥­ì f :X×Y → Z â®¯®«®£iç­¨å ¯à®áâ®ài¢ ã âi© ç áâ¨­i,
é® áâ®áãõâìáï ­ ï¢­®áâi â®ç®ª ­¥¯¥à¥à¢­®áâi ­  £®à¨§®­â «ïå (¢« áâ¨¢iáâì �¥-
à ) i ­ á¨ç¥­®áâi ¬­®¦¨­¨ â®ç®ª ­¥¯¥à¥à¢­®áâi ¢¥àâ¨ª «ï¬¨ (¢« áâ¨¢iáâì � ­
�«¥ª ) (¤¨¢. ®£«ï¤¨ [4{6]). � ï¢­iáâì â®ç®ª ­¥¯¥à¥à¢­®áâi ­  ªà¨¢¨å § «¨è -
« áì ¢ âi­i (¬®¦«¨¢® ç¥à¥§ â¥, é® ¢« áâ¨¢iáâì � ­ �«¥ª  ùù £ à ­âãõ) i â ª¥
¢à ¦¥­­ï, é® ¢  ¡áâà ªâ­i© á¨âã æiù ­iåâ® ­¥î ­¥ § ©¬ ¢áï.

�î à®¡®âã á«i¤ à®§£«ï¤ â¨ ïª ¯¥àèã á¯à®¡ã ¤®á«i¤¦¥­­ï ­ ï¢­®áâi â®ç®ª
áãªã¯­®ù ­¥¯¥à¥à¢­®áâi ­ ài§­® ­¥¯¥à¥à¢­¨å ¢i¤®¡à ¦¥­ì f :X×Y → Z ¢ â®¯®-
«®£iç­¨å ¯à®áâ®à å ­  ­¥¯¥à¥à¢­¨å ªà¨¢¨å L : y = g(x), x ∈ X. �¯®ç âªã ¬¨
¯¥à¥­®á¨¬® ¬¥â®¤ �¥à  ­  â®© ¢¨¯ ¤®ª, ª®«¨ X ¡¥ài¢áìª¨©, Y i Z ¬¥âà¨§®¢­i.
� «i, ¬¨ à®§¢¨¢ õ¬® ¯i¤åi¤ �¥£¥«ï [7], à®§£«ï¤ îç¨ ª« á ¢i¤®¡à ¦¥­ì KhC,
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ïªi £®à¨§®­â «ì­® ª¢ §i­¥¯¥à¥à¢­i i ­¥¯¥à¥à¢­i ¢i¤­®á­® ¤àã£®ù §¬i­­®ù, ¯®¤i¡-
­® ¤® â®£®, ïª æ¥ à®¡¨«®áì ã [8] ¯à¨ ¤®á«i¤¦¥­­i ­ ï¢­®áâi â®ç®ª ­¥¯¥à¥à¢­®áâi
­  £®à¨§®­â «ïå. � §¢'ï§ªã § æ¨¬ ¬¨ ¢¢®¤¨¬® ¢i¤¯®¢i¤­ã ã¬®¢ã §«iç¥­­®áâi
¤«ï ªà¨¢®ù L (¤¨¢. ®§­ ç¥­­ï ¯.3), ïª  ­¥£ ©­® ¢¨ª®­ãõâìáï, ïªé® Y ¬¥âà¨-
§®¢­¨©, i ¯®ª §ãõ¬®, é® ª®¦­¥ ¢i¤®¡à ¦¥­­ï § ª« áã KhC ¬ õ ¢áî¤¨ éi«ì-
­ã ¬­®¦¨­ã â®ç®ª áãªã¯­®ù ­¥¯¥à¥à¢­®áâi ­  ¡ã¤ì-ïªi© ­¥¯¥à¥à¢­i© ªà¨¢i©
L : y = g(x), x ∈ X, §«iç¥­®£® â¨¯ã, ïªé® X ¡¥ài¢áìª¨© i Z ¬¥âà¨§®¢ ­¨©.
� ã¢ ¦¨¬®, é®, ïª ¯®ª §ãõ ¯à¨ª« ¤ § [6, 9], iá­ãõ ­ ài§­® ­¥¯¥à¥à¢­¥ ¢i¤®¡à -
¦¥­­ï f0:R × l∞ → R, ïª¥ ­  ª®¦­i© ¯àï¬i© {x} × l∞ ¬ õ â®çªã à®§à¨¢ã, i
¯à¨ æì®¬ã ¡ã¤ì-ïª¥ ­ ài§­® ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï f :R× l∞ → R ¬ õ ¢áî¤¨
éi«ì­ã ¬­®¦¨­ã â®ç®ª áãªã¯­®ù ­¥¯¥à¥à¢­®áâi ­  ª®¦­i© ­¥¯¥à¥à¢­i© ªà¨¢i©
L : y = g(x), x ∈ R, â®¬ã, ã § £ «ì­i© á¨âã æiù ¢« áâ¨¢iáâì � ­ �«¥ª  ¢¨ï¢-
«ïõâìáï á¨«ì­iè®î ¢i¤ ¢« áâ¨¢®áâi �¥à  ¤«ï ªà¨¢¨å.

2. �¥å © X,Y i Z | â®¯®«®£iç­i ¯à®áâ®à¨ i f :X × Y → Z | ¢i¤®¡à ¦¥­­ï.
�«ï â®çª¨ (x, y) ∈ X × Y ¯®ª« ¤¥¬® fx(y) = fy(x) = f(x, y). �i¤®¡à ¦¥­­ï f
­ §¨¢ õâìáï ­ ài§­® ­¥¯¥à¥à¢­¨¬, ïªé® ¤«ï ¡ã¤ì-ïª¨å x ∈ X i y ∈ Y ¢i¤®¡à -
¦¥­­ï fx:Y → Z i fy:X → Z ­¥¯¥à¥à¢­i. �ãªã¯­iáâì ¢áiå ­ ài§­® ­¥¯¥à¥à¢­¨å
¢i¤®¡à ¦¥­ì f :X × Y → Z ¬¨ ¡ã¤¥¬® ¯®§­ ç â¨ ç¥à¥§ CC(X,Y, Z).

�¢¥¤¥¬® â ª®¦ è¨àè¨© ª« á CC(X,Y, Z). � æ¥© ª« á ¢å®¤ïâì ¢i¤®¡à ¦¥­-
­ï f :X × Y → Z, ã ïª¨å fx ­¥¯¥à¥à¢­¥ ¤«ï ª®¦­®£® x ∈ X i fy ­¥¯¥à¥à¢­¥
¤«ï ¢áiå y § ¤¥ïª®ù ¢áî¤¨ éi«ì­®ù ¢ Y ¬­®¦¨­¨. � ªi ¢i¤®¡à ¦¥­­ï ¬¨ ­ -
§¢¥¬® ®á« ¡«¥­® ­ ài§­® ­¥¯¥à¥à¢­¨¬¨. �¥ª àâi¢ ¤®¡ãâ®ª P = X × Y ¤¢®å
â®¯®«®£iç­¨å ¯à®áâ®ài¢ X i Y â®¯®«®£i§ãõâìáï § ¤®¯®¬®£®î â®¯®«®£iù ¤®¡ãâªã
i ¢ái â®¯®«®£iç­i ¯®­ïââï é®¤® ¢i¤®¡à ¦¥­ì f :X × Y → Z áâ®áãîâìáï á ¬¥
æiõù â®¯®«®£iù. �®ªà¥¬ , ç¥à¥§ C(f) ¯®§­ ç õâìáï ¬­®¦¨­  ¢áiå â®ç®ª áãªã¯­®ù
­¥¯¥à¥à¢­®áâi ¢i¤®¡à ¦¥­­ï f ,   ç¥à¥§ D(f) | ¬­®¦¨­  â®ç®ª à®§à¨¢ã.

� £ ¤ õ¬®, é® â®¯®«®£iç­¨© ¯à®áâiàX ­ §¨¢ õâìáï ¡¥ài¢áìª¨¬, ïªé® ª®¦­ 
©®£® ¢i¤ªà¨â  ­¥¯®à®¦­ï ¯i¤¬­®¦¨­  õ ¤àã£®ù ª â¥£®àiù, â®¡â® ­¥ ¯®¤ õâìáï
ã ¢¨£«ï¤i §«iç¥­­®£® ®¡'õ¤­ ­­ï ­i¤¥ ­¥ éi«ì­¨å ¬­®¦¨­. �à®áâià X ¡ã¤¥
¡¥ài¢áìª¨¬ â®¤i i âi«ìª¨ â®¤i, ª®«¨ ¤«ï ¡ã¤ì-ïª®ù ¯®á«i¤®¢­®áâi § ¬ª­¥­¨å ¢ X
¬­®¦¨­ Fn, é® ¯®ªà¨¢ õ ¯à®áâià X, ¬­®¦¨­  G =

∪∞
n=1 intFn ¡ã¤¥ ¢áî¤¨

éi«ì­®î ¢ X [6].
�¨ áª ¦¥¬®, é® ­¥¢i¤'õ¬­  äã­ªæiï f :X → [0,+∞] ¢i¤®ªà¥¬«¥­  ¢i¤ ­ã«ï

¢ â®çæi x0, ïªé® iá­ãõ â ª¥ ç¨á«® γ > 0 i â ª¨© ®ªi« U â®çª¨ x0, é® f(x) ≥ γ
¤«ï ª®¦­®£® x ∈ U .

�ã­ªæiï f :X → (−∞,+∞] ­ §¨¢ õâìáï ­ ¯i¢­¥¯¥à¥à¢­®î §¢¥àåã, ïªé® ¤«ï
ª®¦­®ù â®çª¨ x0 ∈ X, ¢ ïªi© f(x0) < +∞, i ¤«ï ª®¦­®£® ε > 0 iá­ãõ â ª¨©
®ªi« U â®çª¨ x0 ¢ X, é® f(x) < f(x0) + ε ¤«ï ¢áiå x ∈ U . �«ï ­ ¯i¢­¥¯¥à¥-
à¢­¨å §¢¥àåã äã­ªæi© f :X → (−∞,+∞] ¯à®®¡à §¨ f−1([c,+∞]) § ¬ª­¥­i ¤«ï
ª®¦­®£® c ∈ (−∞,+∞].

�¥¬  1. �«ï ª®¦­®ù ¤®¤ â­®ù ­ ¯i¢­¥¯¥à¥à¢­®ù §¢¥àåã äã­ªæiù f :X → (0,+∞],
é® § ¤ ­  ­  ¡¥ài¢áìª®¬ã ¯à®áâ®ài X, ¬­®¦¨­  G ¢áiå â¨å â®ç®ª, ¤¥ f ¢i¤®-

ªà¥¬«¥­  ¢i¤ ­ã«ï, õ ¢i¤ªà¨â®î i ¢áî¤¨ éi«ì­®î ¢ X ¬­®¦¨­®î.

�®¢¥¤¥­­ï. �®§£«ï­¥¬® ¬­®¦¨­¨ Fn = {x ∈ X : f(x) ≥ 1

n}, ¤¥ n ∈ N . �áªi«ìª¨
f ¤®¤ â­  i ­ ¯i¢­¥¯¥à¥à¢­  §¢¥àåã, â® Fn § ¬ª­¥­  ¤«ï ª®¦­®£® n ∈ N i∪∞

n=1 Fn = X. �®¤i §£i¤­® § ¡¥à®¢iáâî ¯à®áâ®àã X ¬­®¦¨­ 
∪∞

n=1 intFn ¢áî¤¨
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éi«ì­  ¢ X. �«¥
∪∞

n=1 intFn = G. �¯à ¢¤i, ïªé® x0 ∈ Un = intFn ¤«ï ¤¥ïª®£®
n, â® f(x) ≥ 1

n ­  Un, ®â¦¥, x0 ∈ G. �ªé® ¦ x0 ∈ G, â® iá­ãõ â ª¨© ®ªi« U
â®çª¨ x0, é® f(x) ≥ γ ­  U ¤«ï ¤¥ïª®£® γ > 0. �ªé® ¢§ïâ¨ ­®¬¥à n â ª¨©, é®
1

n ≤ γ, â® ¬¨ ®¤¥à¦¨¬®, é® U ⊆ Fn, ®â¦¥, x0 ∈ intFn.

�¥å © P | ¤¥ïª  ¬­®¦¨­ ,   Z | ¬¥âà¨ç­¨© ¯à®áâià § ¬¥âà¨ª®î | • − • |Z .
�«ï ¢i¤®¡à ¦¥­­ï f :P → Z, ¬­®¦¨­¨ E ⊆ P i â®çª¨ p0 ∈ P ¯®ª« ¤¥¬®

ωf (E) = sup
p′,p′′∈E

|f(p′)− f(p′′)|Z i ωf,p0(E) = sup
p∈E

|f(p)− f(p0)|Z .

�¨á«® ωf (E) ­ §¨¢ õâìáï ª®«¨¢ ­­ï¬ f ­  ¬­®¦¨­i E,   ç¨á«® ωf,p0(E) | æ¥­-
âà®¢ ­¨¬ ª®«¨¢ ­­ï¬. �á­®, é® ωf (E) ≤ 2ωf,p0(E). �ªé® P | â®¯®«®£iç­¨©
¯à®áâià i Up0 | á¨áâ¥¬  ¢áiå ®ª®«i¢ â®çª¨ p0 ∈ P , â® ç¨á«® ωf (p0) = inf{ωf (U) :
U ∈ Up0} ­ §¨¢ õâìáï ª®«¨¢ ­­ï¬ f ã â®çæi p0. �i¤¬iâ¨¬®, é® ωf õ ­ ¯i¢­¥¯¥-
à¥à¢­®î §¢¥àåã äã­ªæiõî i â®¬ã ¤«ï ª®¦­®£® ε ¬­®¦¨­¨ {p ∈ P : ωf (p) ≥ ε}
§ ¬ª­¥­i.

�¥å © X | â®¯®«®£iç­¨©,   Y i Z | ¬¥âà¨ç­i ¯à®áâ®à¨. �®§£«ï­¥¬® äã­ª-
æiî f :X×Y → Z. �«ï ª®¦­®ù â®çª¨ p = (x, y) ∈ X×Y ç¥à¥§ ω(p, ϱ) ¯®§­ ç¨¬®
ª®«¨¢ ­­ï äã­ªæiù fx ã ¢i¤ªà¨âi© ªã«i Vϱ(y) § æ¥­âà®¬ y i à ¤iãá®¬ ϱ ã ¯à®-
áâ®ài Y .

�i§ì¬¥¬® ¤¥ïª¥ ç¨á«® σ > 0 i ¯®ª« ¤¥¬® ασ(p) = sup{ϱ : ω(p, ϱ) ≤ σ}.
�à®§ã¬i«®, é® ω(p, ϱ) ≤ σ ¯à¨ ϱ < ασ(p) i ω(p, ϱ) > σ ¯à¨ ϱ > ασ(p).

�¥¬  2. �ªé® f ∈ CC(X,Y, Z), â® ασ õ ¤®¤ â­®î ­ ¯i¢­¥¯¥à¥à¢­®î §¢¥àåã

äã­ªæiõî ­  X × Y .

�®¢¥¤¥­­ï. �i§ì¬¥¬® p0 = (x0, y0) ∈ X × Y . �áªi«ìª¨ fx0 :Y → Z ­¥¯¥à¥à¢­¥,
â® iá­ãõ δ > 0 â ª¥, é® ωfx0 (Vδ(y0)) ≤ σ. �®¤i ασ(p0) ≥ δ. �®ª ¦¥¬®, é®
ασ ­ ¯i¢­¥¯¥à¥à¢­  §¢¥àåã ¢ â®çæi p0. �ã¤¥¬® ¢¢ ¦ â¨, é® ασ(p0) < +∞.
�i§ì¬¥¬® ïª¥-­¥¡ã¤ì ε > 0 i ¯®ª ¦¥¬®, é® iá­ãõ â ª¨© ®ªi« O â®çª¨ p0, é®
ασ(p) ≤ ασ(p0) + ε ­  O.

�®ª« ¤¥¬® ϱ0 = ασ(p0) i à®§£«ï­¥¬® ªã«i V0 = Vϱ0(y0) i V1 = Vϱ0+ε/2(y0).
�à®§ã¬i«®, é® ωfx0 (V1) > σ. �i§ì¬¥¬® η > 0, â ª¥, é® ωfx0 (V1) > σ + η.

�¥å © B = {y ∈ Y : fy ­¥¯¥à¥à¢­¥}. �áªi«ìª¨ B = Y i fx ­¥¯¥à¥à¢­¥ ¤«ï
ª®¦­®£® x ∈ X, â® ωfx0 (V1) = ωfx0 (V1 ∩ B). �®¬ã §­ ©¤ãâìáï â®çª¨ p1 =
(x0, y1) i p2 = (x0, y2), â ªi, é® y1, y2 ∈ V1 ∩ B i |f(p1) − f(p2)|Z > σ + η.
�ã­ªæiù fy1 i fy2 ­¥¯¥à¥à¢­i ¢ â®çæi x0. �®¬ã iá­ãõ â ª¨© ®ªi« U â®çª¨ x0,
é® |fyi(x) − fyi(x0)| < η/2 ¯à¨ x ∈ U â  i = 1, 2. �®ª« ¤¥¬® V = Vε/2(y0)
i O = U × V . �¥å © p = (x, y) ∈ O. �®§£«ï­¥¬® â®çª¨ p′ = (x, y1) i p

′′ =
(x, y2). � õ¬® |yi − y|Y ≤ |yi − y0|Y + |y0 − y|Y < ϱ + ε

2
+ ε

2
= ϱ0 + ε ¯à¨

i = 1, 2. �â¦¥, yi ∈ Vϱ0+ε(y) ¯à¨ i = 1, 2. �ài¬ â®£®, |f(p′) − f(p′′)|Z ≥
≥ |f(p1)− f(p2)| − |f(p′)− f(p1)|Z − |f(p′′)− f(p2)|Z > σ+ η− η

2
− η

2
= σ. �®¬ã,

ασ(p) ≤ ϱ0 + ε = ασ(p0) + ε.

�¥¬  3. �¥å © X |â®¯®«®£iç­¨© ¯à®áâià, Y i Z ¬¥âà¨ç­i, f ∈ CC(X,Y, Z),
g:X → Y | ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï i äã­ªæiï hσ(x) = ασ(x, g(x)), x ∈ X,

¢i¤®ªà¥¬«¥­  ¢i¤ ­ã«ï ¢ â®çæi x0 ∈ X. �®¤i ωf (x0, g(x0)) ≤ 2σ.

�®¢¥¤¥­­ï. �®ª« ¤¥¬® y0 = g(x0) i p0 = (x0, y0). Iá­ãõ γ > 0 i ®ªi« U1 â®ç-
ª¨ x0 ¢ X, â ªi, é® hσ(x) > γ ­  U1. �¥å © U2 | ®ªi« â®çª¨ x0 ¢ X â -
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ª¨©, é® ωg,x0(U2) <
γ
2
. �®ª« ¤¥¬® U0 = U1 ∩ U2 i ¢i§ì¬¥¬® x § U0. �á-

­®, é® Vγ/2(y0) ⊆ Vγ(g(x)),  ¤¦¥ |g(x) − y0|Y < γ
2
. �áªi«ìª¨ hσ(x) > γ, â®

ωfx(Vγ/2(y0)) ≤ ωfx(Vγ(g(x))) ≤ σ. �¥å © B = {y ∈ Y : fy ­¥¯¥à¥à¢­¥}. � 

ã¬®¢®î B = Y . �¨¡¥à¥¬® ¤®¢i«ì­¥ ε > 0 i â®çªã b ∈ B ∩ Vγ/2(y0). Iá­ãõ
â ª¨© ®ªi« U3 â®çª¨ x0 ¢ X, é® ωfb,x0(U3) < ε/2. �®ª« ¤¥¬® U = U0 ∩ U3 i
V = Vγ/2(y0). �¥å © p

′ = (x′, y′) i p′′ = (x′′, y′′) | â®çª¨ § U × V i p1 = (x′, b),
a p2 = (x′′, b). �®¤i |f(p′) − f(p′′)|Z ≤ |f(p′) − f(p1)|Z + |f(p1) − f(p2)|Z+
+|f(p2) − f(p′′)|Z ≤ σ + ε + σ = 2σ + ε, §¢i¤ª¨ ωf (U × V ) ≤ 2σ + ε. �â¦¥,
ωf (p0) ≤ 2σ + ε, §¢÷¤ª¨ ¯à¨ ε→ 0 ®¤¥à¦ãõ¬®, é® ωf (p0) ≤ 2σ.

�¥®à¥¬  1. �¥å © X | ¡¥ài¢áìª¨© ¯à®áâià,   Y i Z ¬¥âà¨§®¢­i, f ∈ CC(X,
Y, Z) i g:X → Y | ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï. �®¤i iá­ãõ â ª  ¢áî¤¨ éi«ì­ 

¢ X ¬­®¦¨­  A â¨¯ã Gδ, é® {(x, g(x)) : x ∈ A} ⊆ C(f).

�®¢¥¤¥­­ï. � äiªáãõ¬® ¬¥âà¨ª¨ ­  Y i Z, ã§£®¤¦¥­i § ùå­i¬¨ â®¯®«®£iï¬¨,
i ¢¨§­ ç¨¬® ¤«ï f äã­ªæiî ασ. �®ª« ¤¥¬® hσ(x) = ασ(x, g(x)). �ã­ªæiï
hσ:X → (0,+∞] ­ ¯i¢­¥¯¥à¥à¢­  §¢¥àåã i ¤®¤ â­ . �  «¥¬®î 1 ¬­®¦¨­  Gσ

â¨å â®ç®ª x, ¢ ïª¨å hσ ¢i¤£®à®¤¦¥­  ¢i¤ ­ã«ï, ¢i¤ªà¨â  i ¢áî¤¨ éi«ì­  ¢ X.
�i§ì¬¥¬® ïªãáì ¯®á«i¤®¢­iáâì ¤®¤ â­¨å ç¨á¥« σ1, σ2, . . . , ïª  ¯àï¬ãõ ¤® ­ã«ï i
¯®ª« ¤¥¬® A =

∩∞
n=1Gσn . �®ª ¦¥¬®, é® A èãª ­  ¬­®¦¨­ .

�à®§ã¬÷«®, é® A õ ¬­®¦¨­®î â¨¯ã Gδ, ¯à¨ç®¬ã �A = X, ®áªi«ìª¨ X ¡¥ài¢áì-
ª¨©. �¥å © a ∈ A. �®¤i a ∈ Gσn ¤«ï ª®¦­®£® n. �  «¥¬®î 3 ωf (a, g(a)) ≤ 2σn
¤«ï ª®¦­®£® n. �¯àï¬ã¢ ¢è¨ n ¤® ∞ ®¤¥à¦¨¬®, é® ωf (a, g(a)) = 0, â®¡â®
(a, g(a)) ∈ C(f).

3. �¥å © X, Y i Z â®¯®«®£iç­i ¯à®áâ®à¨ i f :X × Y → Z. �¨ ª ¦¥¬®,
é® ¢i¤®¡à ¦¥­­ï f £®à¨§®­â «ì­® ª¢ §i­¥¯¥à¥à¢­¥ ¢ â®çæi (x0, y0) ∈ X × Y ,
ïªé® ¤«ï ª®¦­®£® ®ª®«ã U â®çª¨ x0 ¢ X i ¤«ï ª®¦­®£® ®ª®«ã V â®çª¨ y0
¢ Y iá­ãîâì â®çª  (x1, y1) ∈ U × V i ®ªi« U1 â®çª¨ x1 ¢ X, â ªi, é® U1 ⊆ U i
f(U1 × {y1}) ⊆ W . �ªé® æï ã¬®¢  ¢¨ª®­ãõâìáï ¢ ª®¦­i© â®çæi § X × Y , â® f
­ §¨¢ õâìáï £®à¨§®­â «ì­® ª¢ §i­¥¯¥à¥à¢­¨¬. �ªé® Z | ¬¥âà¨ç­¨© ¯à®áâià,
â® ¢i¤®¡à ¦¥­­ï f :X × Y → Z ¡ã¤¥ £®à¨§®­â «ì­® ª¢ §i­¥¯¥à¥à¢­¨¬ ¢ â®çæi
p0 = (x0, y0) ∈ X × Y , â®¤i i âi«ìª¨ â®¤i, ª®«¨ ¤«ï ª®¦­®£® ε > 0 i ¤®¢i«ì­¨å
®ª®«i¢ U i V â®ç®ª x0 i y0 ¢i¤¯®¢i¤­® ¢ ¯à®áâ®à å X i Y iá­ãîâì â®çª  (x1, y1) ∈
U × V i ®ªi« U1 â®çª¨ x1 ¢ X, â ªi, é® U1 ⊆ U i ωf,p0(U1 × {y1}) < ε.

�¥¬  4. �¥å © ε > 0 i f :X × Y → Z £®à¨§®­â «ì­® ª¢ §i­¥¯¥à¥à¢­¥ ¢i¤®-

¡à ¦¥­­ï §i §­ ç¥­­ï¬¨ ¢ ¬¥âà¨ç­®¬ã ¯à®áâ®ài Z. �ªé® ¤«ï ª®¦­®ù ­¥¯®-

à®¦­ì®ù ¢i¤ªà¨â®ù ¬­®¦¨­¨ U ¢ X ª®«¨¢ ­­ï ωf (U × V ) > 4ε, â® ¬­®¦¨­ 

A = {x ∈ X : ωf ({x} × Y ) ≤ ε} ­i¤¥ ­¥ éi«ì­  ¢ X.

�®¢¥¤¥­­ï. �®§£«ï­¥¬® ¤®¢i«ì­ã ¢i¤ªà¨âã ­¥¯®à®¦­î ¬­®¦¨­ã U ¢ X i â®çªã
p′ ∈ U × Y . �áªi«ìª¨ f £®à¨§®­âa«ì­® ª¢ §i­¥¯¥à¥¢­¥ ¢ â®çæi p′, â® iá­ãîâì
â ª  ­¥¯®à®¦­ï ¢i¤ªà¨â  ¬­®¦¨­  U1 ¢X i â®çª  y1 ∈ Y , é® U1 ⊆ U i ωf,p′(U1×
{y1}) < ε/2. �  ã¬®¢®î ωf (U1×Y ) > 4ε. �áªi«ìª¨ 2ωf,p′(U1×Y ) ≥ ωf (U1×Y ),
â® ωf,p′(U1 × Y ) > 2ε. �®¬ã iá­ãõ â®çª  p′′ ∈ U1 × Y â ª , é® |f(p′)− f(p′′)| >
2ε. �«¥ f £®à¨§®­â «ì­® ª¢ §i­¥¯¥à¥à¢­  i ¢ â®çæi p′′. �®¬ã iá­ãõ ­¥¯®à®¦­ï
¢i¤ªà¨â  ¬­®¦¨­  U2 ¢ X i â®çª  y2 ∈ Y , â ªi, é® U2 ⊆ U1 i ωf,p′′(U2 ×
{y2}) < ε/2. �i§ì¬¥¬® â¥¯¥à ¤®¢i«ì­¥ x ∈ U2 i à®§£«ï­¥¬® â®çª¨ p1 = (x, y1)
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i p2 = (x, y2). �áªi«ìª¨ pi ∈ Ui × {yi} ¯à¨ i = 1, 2, â® |f(p1) − f(p′)| < ε/2 i
|f(p2)− f(p′′)| < ε/2. �®¤i

|f(p1)− f(p2)| ≥ |f(p′)− f(p′′)| − |f(p1)− f(p′)| − |f(p2)− f(p′′)| > ε.

�¢i¤á¨ ωf ({x}×Y ) > ε i, â®¬ã A∩U2 = ∅. � æ¥ ®§­ ç õ, é® ¬­®¦¨­  A õ ­i¤¥
­¥ éi«ì­®î ¢ X.

�«ï ¬­®¦¨­¨ E ¢ ¤®¡ãâªã X × Y i â®çª¨ x ∈ X ¯®ª« ¤¥¬® Ex = {y ∈ Y :
(x, y) ∈ E}. �¥å © g:X → Y | ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï i L = {(x, g(x)) : x ∈
X} | ¢i¤¯®¢i¤­  ªà¨¢  ¢ ¤®¡ãâªã X × Y . �¨ ¡ã¤¥¬® £®¢®à¨â¨, é® ªà¨¢  L õ
§«iç¥­­®£® â¨¯ã, ïªé® iá­ãõ ¯®á«i¤®¢­iáâì ¢i¤ªà¨â¨å ¬­®¦¨­Wn ¢ X×Y , â ª ,
é® ¤«ï ª®¦­®£® x ∈ X á¨áâ¥¬  {W x

n : n ∈ N} ãâ¢®àîõ ¡ §ã ®ª®«i¢ â®çª¨ g(x)
¢ Y .

� ã¢ ¦¨¬®, é® ã ¢¨¯ ¤ªã ¬¥âà¨§®¢­®£® ¯à®áâ®àã Y ª®¦­  ­¥¯¥à¥à¢­  ªà¨-
¢  L ¢ X × Y õ §«iç¥­­®£® â¨¯ã. �¯à ¢¤i, ¤®á¨âì ¯®ª« áâ¨ Wn = {(x, y) ∈
X × Y : x ∈ X i |y− g(x)|Y < 1

n}, ¤¥ | • − • |Y | ¬¥âà¨ª  ­  Y , é® ã§£®¤¦¥­  §
©®£® â®¯®«®£iõî.

�¥à¥§ KhC(X,Y, Z) ¯®§­ ç¨¬® áãªã¯­iáâì ¢áiå ¢i¤®¡à ¦¥­ì f :X × Y → Z,
ïªi £®à¨§®­âa«ì­® ª¢ §i­¥¯¥à¥à¢­i i ­¥¯¥à¥à¢­i ¢i¤­®á­® ¤àã£®ù §¬i­­®ù.

�¥¬  5. �¥å © X i Y |â®¯®«®£iç­i ¯à®áâ®à¨, Z ¬¥âà¨ç­¨©, f ∈ KhC(X, Y,
Z) i L| ªà¨¢  §«iç¥­­®£® â¨¯ã ¢ X×Y . �ªé® ¢ ª®¦­i© â®çæi § L ª®«¨¢ ­­ï

äã­ªæiù f ¡i«ìè¥, ­÷¦ 4ε, â® ¬­®¦¨­  A = {x ∈ X : ωfx(g(x)) ≤ ε} õ ¯¥àè®ù

ª â¥£®àiù.

�®¢¥¤¥­­ï. �¥å © (Wn) | ¯®á«i¤®¢­iáâì, é® äi£ãàãõ ¢ ®§­ ç¥­­i ªà¨¢®ù §«i-
ç¥­­®£® â¨¯ã. �®ª ¦¥¬®, é® ¬­®¦¨­  An = {x ∈ X : ωf ({x} ×W x

n ) < ε} ­i¤¥
­¥ éi«ì­  ¢ X. �®§£«ï­¥¬® ¢i¤ªà¨âã ­¥¯®à®¦­î ¬­®¦¨­ã U0 ¢ X. �áªi«ìª¨
g | ­¥¯¥à¥à¢­¥, â® iá­ãîâì ¢i¤ªà¨âi ­¥¯®à®¦­i ¬­®¦¨­¨ U ¢ X i V ¢ Y , â ªi,
é® U ⊆ U0, U × V ⊆ Wn i g(U) ⊆ V . �¥£ª® ¡ ç¨â¨, é® ¤«ï ª®¦­®ù ¢i¤ªà¨â®ù
­¥¯®à®¦­ì®ù ¬­®¦¨­¨ U ′, ïª  ¬iáâ¨âìáï ¢ U , ¬ õ¬® ωf (U

′ × V ) > 4ε,  ¤¦¥
(U ′ × V ) ∩ L ̸= ∅. �  «¥¬®î 4 iá­ãõ ¢i¤ªà¨â  ­¥¯®à®¦­ï ¬­®¦¨­  U1, ïª  ¬i-
áâ¨âìáï ¢ U , â ª , é® ωf ({x} × V ) > ε ¤«ï ª®¦­®£® x ∈ U1. �áªi«ìª¨ V ⊆W x

n

¯à¨ x ∈ U1, â® i ωf ({x}×W x
n ) > ε. �®¬ã An∩U1 = ∅, ®â¦¥, An ­i¤¥ ­¥ éi«ì­ .

�«ï ª®¦­®£® x ∈ X ¬­®¦¨­¨ W x
n , n = 1, 2, . . . , ãâ¢®àîîâì ¡ §ã ®ª®«i¢ â®çª¨

g(x) ¢ Y . �¢÷¤á¨ A =
∪∞

n=1An ÷ â®¬ã A ¯¥àè®ù ª â¥£®àiù.

�¥®à¥¬  2. �¥å © X ¡¥ài¢áìª¨©, Y â®¯®«®£iç­¨©, Z ¬¥âà¨§®¢­¨©, f ∈ KhC(X,
Y, Z) i L | ªà¨¢  §«iç¥­­®£® â¨¯ã ¢ X × Y . �®¤i ¬­®¦¨­  CL(f) = {x ∈ X :
(x, g(x)) ∈ C(f)} õ â¨¯ã Gδ i ¢áî¤¨ éi«ì­  ¢ X.

�®¢¥¤¥­­ï. � äiªáãõ¬® ¬¥âà¨ªã ­  Z, ïª  ¯®à®¤¦ãõ ©®£® â®¯®«®£iî. �®á¨âì
¤®¢¥áâ¨, é® ¤«ï ª®¦­®£® η > 0 ¬­®¦¨­  Xη = {x ∈ X : ωf ((x, g(x))) ≥ η} ­i¤¥
­¥ éi«ì­  ¢ X,  ¤¦¥ X \ CL(f) =

∪∞
n=1X1/n.

�à¨¯ãáâ¨¬®, é® ¤«ï ¤¥ïª®£® η ¬­®¦¨­  Xη ¤¥áì éi«ì­ . � §­ ç¨¬®, é® Xη

§ ¬ª­¥­ , i â®¬ã iá­ãõ ¢i¤ªà¨â  ­¥¯®à®¦­ï ¬­®¦¨­  U ¢ X, â ª , é® U ⊆ Xη.
�¥å © ε > 0 i 4ε < η. �®¤i §  «¥¬®î 5 ¬­®¦¨­  A = {x ∈ U : ωfx(g(x)) < ε}
¯¥àè®ù ª â¥£®àiù ¢ U ,   ®â¦¥, i ¢ X. �«¥ ¦ fx ­¥¯¥à¥¢­  ¤«ï ª®¦­®£® x ∈ X.
�®¬ã A = U , é® áã¯¥à¥ç¨âì ¡¥à®¢®áâi ¯à®áâ®àã X.
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� ã¢ ¦¨¬®, é® ª®«¨ ¯à®áâià Y § ¤®¢®«ì­ïõ ¯¥àèã  ªái®¬ã §«iç¥­­®áâi, â®
¢ái £®à¨§®­â «ì­i ªà¨¢i L (â®¡â® £à äiª¨ áâ «¨å ¢i¤®¡à ¦¥­ì g:X → Y ) õ,
®ç¥¢¨¤­®, §«iç¥­­®£® â¨¯ã. �®¬ã â¥®à¥¬  1 § [8] õ ¡¥§¯®á¥à¥¤­i¬ ­ á«i¤ª®¬
â¥®à¥¬¨ 2.

�ö��������

1. Baire R. Sur les fonctions de variables r�eeles Annali. di mat. pura et appl., ser. 3. { 1899. {
V.3. { P.1{123.

2. B�ogel K. �Uber die Stetigkeit und die Schwankung von Funktionen zweier reller Ver�anderlichen

Math. Z. { 1921. { V.81. { S.64{93.

3. Van Vleck E.B. A proof of some theorems on point wise discontinuous functions Trans. Amer.
Math. Soc. { 1907. { V.8. { P.189{204.

4. Piotrowski Z. Separate and joint continuity Real Anal. Exch. { 1985{1986. { V.11, ü2. {
P.293{322.

5. Piotrowski Z. Separate and joint continuity II Real Anal. Exch. { 1989{1990. { V.15, ü1. {
P.248{258.

6. � á«îç¥­ª® �.�., �¨å ©«îª �.�., �®¡çãª �.�. �®á«i¤¦¥­­ï ¯à® ­ ài§­® ­¥¯¥à¥à¢­i

¢i¤®¡à ¦¥­­­ï � â¥ài «¨ ¬i¦­ à®¤­®ù ¬ â¥¬ â¨ç­®ù ª®­ä¥à¥­æiù, ¯à¨á¢ïç¥­®ù ¯ ¬`ïâi
� ­á  � ­ . { �¥à­i¢æi: �ãâ , 1995. { �.192{246.

7. B�ogel K. �Uber partiell di�erenzierbare Funktionen Math. Z. { 1926. { 25. { S.490{498.

8. � á«îç¥­ª® �.�., �¥áâ¥à¥­ª® �.�. �®à¨§®­â «ì­  ª¢ §i­¥¯¥à¥à¢­iáâì â  ùù § áâ®áã¢ ­­ï,
{ �¥à­i¢æi, 1996. { 15á. { �¥¯ ¢ �ªàI���I 01.11.96, ü98 { �ª96.

9. � á«îç¥­ª® �.�. �¢'ï§ª¨ ¬i¦ ài§­¨¬¨ å à ªâ¥à¨áâ¨ª ¬¨ ¢¥«¨ç¨­¨ ¬­®¦¨­¨ â®ç®ª áã-
ªã¯­®ù ­¥¯¥à¥à¢­®áâi ­ ài§­® ­¥¯¥à¥à¢­¨å ¢i¤®¡à ¦¥­ì, �¥à­i¢æi: �¥à­÷¢¥æìª¨© ã­-â,
1994. { 17á. { �¥¯. ¢ ���� �ªà ù­¨. { ü79 { �ª94.

�¥à­i¢¥æìª¨© ¤¥à¦ ¢­¨© ã­i¢¥àá¨â¥â i¬. �.�¥¤ìª®¢¨ç 

274012, ¬. �¥à­i¢æi, ¢ã«. �®æî¡¨­áìª®£®, 2

� ¤÷©è«® 4.04.97


