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A map f :X → Y is called almost continuous if every nonempty subspace A
in X contains a point of continuity of the map f |A: � → f(A). It is proved that
the hereditary Lindel�of number is preserved by almost continuous maps and that
every compact almost continuous image of a space with countable net is second
countable.

�®§­ ç¥­­ï i â¥à¬i­®«®£iï ¢ ®á­®¢­®¬ã â ªi, ïª ¢ [1], [5]. �ái â®¯®«®£iç­i
¯à®áâ®à¨, ïªi à®§£«ï¤ îâìáï ¢ áâ ââi, ¢¢ ¦ îâìáï £ ãá¤®àä®¢¨¬¨, ïªé® ­¥
ãâ®ç­îîâìáï ¡i«ìè ª®­ªà¥â­®  ªái®¬¨ ¢i¤¤i«ì­®áâi.

1.

�¥å © � i Y | â®¯®«®£iç­i ¯à®áâ®à¨.

1.1. �§­ ç¥­­ï. � §¢¥¬® ¢i¤®¡à ¦¥­­ï f :X → Y ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬, ïªé®
¢ ª®¦­®¬ã ­¥¯®à®¦­ì®¬ã ¯i¤¯à®áâ®ài � ¯à®áâ®àã � §­ ©¤¥âìáï â®çª , ¢ ïªi©
¢i¤®¡à ¦¥­­ï f |A: � → f(A) ­¥¯¥à¥à¢­¥.

�i¤®¬  â¥®à¥¬ .

1.2. �¥®à¥¬  [3]. �¥å © f : � → Y | ¬ ©¦¥ ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï ¯à®-

áâ®àã � ¢ à¥£ã«ïà­¨© ¯à®áâià Y , â®¤i ¢ ª®¦­i© ­¥¯®à®¦­i© ¬­®¦¨­i � ⊂ �
¬­®¦¨­  â®ç®ª ­¥¯¥à¥à¢­®áâi ¢i¤®¡à ¦¥­­ï f |A: � → f(A) ¬ õ ­¥¯®à®¦­î

¢­ãâàiè­iáâì ¢ ¯i¤¯à®áâ®ài �.

�¥å © (�, τ) | ¯à®áâià ¤iá­¨å ç¨á¥« i§ §¢¨ç ©­®î â®¯®«®£iõî τ ,   Y =
(�, τ ′), ¤¥ τ ′ | â®¯®«®£iï ­  �, ¯¥à¥¤¡ §®î ïª®ù õ ¢ái ¬­®¦¨­¨ §¢¨ç ©­®ù â®¯®-
«®£iù τ i ¬­®¦¨­  à æi®­ «ì­¨å ç¨á¥«. �¥£ª® ¡ ç¨â¨, é® â®â®¦­õ ¢i¤®¡à ¦¥­­ï
§ � ¢ Y ¬ ©¦¥ ­¥¯¥à¥à¢­¥ i ¬­®¦¨­  â®ç®ª ­¥¯¥à¥à¢­®áâi æì®£® ¢i¤®¡à ¦¥­­ï
õ ¬­®¦¨­  ià æi®­ «ì­¨å ç¨á¥«. �ç¥¢¨¤­®, é® Y | ­¥ à¥£ã«ïà­¨© ¯à®áâià i,
é® ¬­®¦¨­  ià æi®­ «ì­¨å ç¨á¥« ¢ §¢¨ç ©­i© â®¯®«®£iù ¬ õ ¯®à®¦­î ¢­ãâàiè-
­iáâì. �®¬ã ¯à¨¯ãé¥­­ï à¥£ã«ïà­®áâi ¯à®áâ®àã Y ã ä®à¬ã«î¢ ­­i â¥®à¥¬¨
1.2 áãââõ¢¥.
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� £ ¤ õ¬® [4], é® ¢i¤®¡à ¦¥­­ï f : � → Y ­ §¨¢ õâìáï á« ¡®-à®§à¨¢­¨¬,
ïªé® ¤«ï ¤®¢i«ì­®ù ¬­®¦¨­¨ � ⊂ � §¢ã¦¥­­ï f |A ¬ õ ­i¤¥ ­¥ éi«ì­ã ¢ â®¯®-
«®£iç­®¬ã ¯à®áâ®ài � ¬­®¦¨­ã â®ç®ª à®§à¨¢ã.

�ç¥¢¨¤­®, é® ª®¦­¥ á« ¡®-à®§à¨¢­¥ ¢i¤®¡à ¦¥­­ï õ ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬.

1.3. � á«i¤®ª. �®¦­¥ ¬ ©¦¥ ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï ¢ à¥£ã«ïà­¨© ¯à®-

áâià õ á« ¡ª®-à®§à¨¢­¨¬.

�®¢¥¤¥­­ï. �¥å © f : � → Y | ¬ ©¦¥ ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï. �®áâ â­ì®
¯®ª § â¨, é® ¬­®¦¨­  � â®ç®ª ­¥¯¥à¥à¢­®áâi ¢i¤®¡à ¦¥­­ï f : � → Y ¬ õ
­¥¯®à®¦­î ¢áî¤¨ éi«ì­ã ¢ � ¢­ãâàiè­iáâì. �¥, é® IntM ̸= ∅, ¢¨¯«¨¢ õ § ¯®-
¯¥à¥¤­ì®ù â¥®à¥¬¨. �®ª ¦¥¬®, é® [IntM ] = �. �¥å © æ¥ ­¥ ¢¨ª®­ãõâìáï, â®¤i
U = X \ [IntM ] ̸= ∅. �¥à¥§ U0 ¯®§­ ç¨¬® ¬­®¦¨­ã â®ç®ª ­¥¯¥à¥à¢­®áâi ¢i¤®-
¡à ¦¥­­ï f |U :U → f(U). �®¤i §£i¤­® â¥®à¥¬¨ 1.2 V = IntU U0 ̸= ∅. �ç¥¢¨¤­®,
é® ¬­®¦¨­  V ¢i¤ªà¨â  ¢ �. � ª®¦, «¥£ª® ¡ ç¨â¨, é® ¢ái â®çª¨ § ¬­®¦¨­¨ V
õ â®çª ¬¨ ­¥¯¥à¥à¢­®áâi ¢i¤®¡à ¦¥­­ï f : � → Y ,   â®¬ã V ⊂ IntM . A æ¥
áã¯¥à¥ç¨âì â®¬ã, é® V ⊂ U = X \ [IntM ]. � á«i¤®ª ¤®¢¥¤¥­®.

�ç¥¢¨¤­®, é® ª®¦­¥ ¬ ©¦¥ ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï õ â®çª®¢® à®§à¨¢­¥ ­ 
¤®¢i«ì­i© § ¬ª­¥­i© ¬­®¦¨­i (¤¨¢. [6]), â®¡â®, ¢ ª®¦­i© § ¬ª­¥­i© ¯i¤¬­®¦¨­i
iá­ãõ â®çª  ­¥¯¥à¥à¢­®áâi. � ¢¯ ª¨, ¢§ £ «i ª ¦ãç¨, ­¥ ¯à ¢¨«ì­®. �®§£«ï­¥-
¬® ­  ¤i©á­i© ¯àï¬i© ¤¢i â®¯®«®£iù: τ1 | §¢¨ç ©­  â®¯®«®£iï i τ2 | â®¯®«®£iï
áâài«ª¨. �®¤i â®â®¦­õ ¢i¤®¡à ¦¥­­ï id: (R, τ1) → (R, τ2) õ â®çª®¢® à®§à¨¢­¥ ­ 
¤®¢i«ì­i© § ¬ª­¥­i© ¬­®¦¨­i,  «¥ ­¥ õ ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬.

2.

�¥å © f : � → Y | ¬ ©¦¥ ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï. �à®¢¥¤¥¬® âà ­áäi­iâ-
­ã ¯®¡ã¤®¢ã ¯® ¢áiå ®à¤¨­ « å, ïªi ¬¥­èi §  |X|+.

�®ª« ¤¥¬® �0 = {å ∈ � | f : � → Y ­¥¯¥à¥à¢­¥ ¢ â®çæi å} i ­¥å © �0 =
� \ �0. � «i ¯®ª« ¤¥¬® �1 = {å ∈ �0 | f |X0

: �0 → Y ­¥¯¥à¥à¢­¥ ¢ â®çæi å},  
�1 = �0 \�1 i â.¤. �¥å © ¤«ï ¢áiå α < β ¯®¡ã¤®¢ ­i �α i �α. �ªé® β = α+ 1,
â®¤i �β = {å ∈ �α | f |�α : �α → Y ­¥¯¥à¥à¢­¥ ¢ â®çæi å} i �β = �α \�β . �ªé®
β | £à ­¨ç­¨© ®à¤¨­ «, â® ¯®ª« ¤¥¬® P β =

∩
{�α | α < β}. �®¤i �β = {å ∈

P β | f |Pβ :P β → Y ­¥¯¥à¥à¢­¥ ¢ â®çæi å} i �β = P β \ �β . � ª ïª f | ¬ ©¦¥
­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï, â® iá­ãõ â ª¨© ®à¤¨­ « β0, é®X

β0 = ∅. �¥© ®à¤¨­ «
β0 ­ §¢¥¬® i­¤¥ªá®¬ ¬ ©¦¥ ­¥¯¥à¥à¢­®£® ¢i¤®¡à ¦¥­­ï f : � → Y i ¯®§­ ç¨¬®
i(f,�, Y );  ¡® i(f), ïªé® ¢i¤®¬® § ïª®£® ¯à®áâ®àã i ¢ ïª¨© ¤iõ ¢i¤®¡à ¦¥­­ï.
�ç¥¢¨¤­®, é® X =

∪
{�α | α < i(f)}. � ª¥ §®¡à ¦¥­­ï ¯à®áâ®àã � ã ¢¨£«ï¤i

®¡'õ¤­ ­­ï ¯i¤¯à®áâ®ài¢ �α ­ §¢¥¬® à®§ª« ¤®¬ ¯à®áâ®àã � ¯® ­¥¯¥à¥à¢­®áâi
¢i¤®¡à ¦¥­­ï f .

� £ ¤ õ¬®, é® ç¨á«® �i­¤¥«ì®ä  l(X) ¯à®áâ®àã �, æ¥ ­ ©¬¥­è¨© ª à¤¨-
­ « τ â ª¨©, é® § ¤®¢i«ì­®£® ¢i¤ªà¨â®£® ¯®ªà¨ââï ¯à®áâ®àã � ¬®¦­  ¢¨¡à -
â¨ ¯i¤¯®ªà¨ââï ¯®âã¦­®áâi ­¥ ¡i«ìè®ù ­i¦ τ ,   ­ á«i¤ª®¢¥ ç¨á«® �i­¤¥«ì®ä 
hl(X) = sup{l(Y ) | Y ⊂ �}.

�i¤®¬®, é® ­¥¯¥à¥à¢­¨© ®¡à § ª®¬¯ ªâ  õ ª®¬¯ ªâ, i é® l(Y ) ≤ l(X), ïªé® Y
õ ­¥¯¥à¥à¢­¨© ®¡à § ¯à®áâ®àã �. �«ï ¬ ©¦¥ ­¥¯¥à¥à¢­¨å ¢i¤®¡à ¦¥­ì, æ¥,
¢§ £ «i ª ¦ãç¨, ­¥ â ª.
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2.1. �à¨ª« ¤. �¥å © �τ = � ∪ ∗ | ®¤­®â®çª®¢  ª®¬¯ ªâ¨äiª æiï �«¥ªá ­-
¤à®¢  ¤¨áªà¥â­®£® ¯à®áâ®àã � ¯®âã¦­®áâi τ . �®¤i â®â®¦­õ ¢i¤®¡à ¦¥­­ï �τ

­  �τ § ¤¨áªà¥â­®î â®¯®«®£iõî ¡ã¤¥ ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬.

�à®â¥ ¬ õ ¬iáæ¥ â¥®à¥¬ .

2.2. �¥®à¥¬ . �¥å © f : � → Y | ¬ ©¦¥ ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï ¯à®áâ®-

àã � ­  ¯à®áâià Y , â®¤i hl(Y n) ≤ hl(Xn), ¤«ï ¤®¢i«ì­®£® n ∈ N.

�«ï ¤®¢¥¤¥­­ï â¥®à¥¬¨ 2.2 ­ ¬ ¯®âài¡­i ¡ã¤ãâì.

2.3. �¥®à¥¬  [1]. �«ï ¤®¢i«ì­®£® ¯à®áâ®àã � hl(X) = sup{|Y | | Y ⊂ � i Y
à®§ài¤¦¥­¨©}.

� £ ¤ õ¬®, é® ¯à®áâià � ­ §¨¢ õâìáï à®§ài¤¦¥­¨¬, ïªé® ¢ ¡ã¤ì-ïª®¬ã ©®£®
¯i¤¯à®áâ®ài iá­ãõ i§®«ì®¢ ­  â®çª .

2.4. �¥¬ . �¥å © f : � → Y | ¬ ©¦¥ ­¥¯¥à¥à¢­¥ i ¢§ õ¬­®®¤­®§­ ç­¥ ¢i¤®-

¡à ¦¥­­ï ¯à®áâ®àã � ­  à®§ài¤¦¥­¨© ¯à®áâià Y , â®¤i � à®§ài¤¦¥­¨©.

�®¢¥¤¥­­ï. �áªi«ìª¨ §¢ã¦¥­­ï ¬ ©¦¥ ­¥¯¥à¥à¢­®£® ¢i¤®¡à ¦¥­­ï ­  ¯i¤¯à®-
áâià õ ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬, â® ¤®áâ â­ì® ¯®ª § â¨, é® ¢ ¯à®áâ®ài � iá­ãõ i§®-
«ì®¢ ­  â®çª . �¥à¥§ � ¯®§­ ç¨¬® ¬­®¦¨­ã â®ç®ª ­¥¯¥à¥à¢­®áâi ¢ �, â®¤i
f |M :M → f(M) õ ­¥¯¥à¥à¢­¨¬ i ¢§ õ¬­®®¤­®§­ ç­¨¬. �i§ì¬¥¬® i§®«ì®¢ ­ã
â®çªã y0 ¢ f(M), â®¤i f−1(y0) õ i§®«ì®¢ ­  ¢ �. �áªi«ìª¨ � ¢áî¤¨ éi«ì­  ¢ �,
â® â®çª  f−1(y0) õ i§®«ì®¢ ­  ¢ �, é® i ¯®âài¡­® ¡ã«® ¤®¢¥áâ¨. �¥¬ã ¤®¢¥¤¥­®.

�ªé® ¤ ­® ¤¢  ¢i¤®¡à ¦¥­­ï f : � → Z i g:Y → T , â® ¤¥ª àâ®¢¨© ¤®¡ãâ®ª
¢i¤®¡à ¦¥­ì f × g õ ¢i¤®¡à ¦¥­­ï ¬­®¦¨­¨ � × Y ¢ ¬­®¦¨­ã Z × T , ïª¥
¢¨§­ ç õâìáï ­ áâã¯­¨¬ ¯à ¢¨«®¬ f × g(x, y) = (f(x), g(y)). �ç¥¢¨¤­®, é®
¤¥ª àâ®¢¨© ¤®¡ãâ®ª ­¥¯¥à¥à¢­¨å ¢i¤®¡à ¦¥­ì õ ­¥¯¥à¥¢­¥ ¢i¤®¡à ¦¥­­ï.

� õ ¬iáæ¥  ­ «®£iç­  «¥¬ .

2.5. �¥¬ . �¥å © f : � → Z i g:Y → T | ¬ ©¦¥ ­¥¯¥à¥à¢­i ¢i¤®¡à ¦¥­­ï,

â®¤i ¢i¤®¡à ¦¥­­ï f × g: �× Y → Z × T õ ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬.

�®¢¥¤¥­­ï. �¥å © X =
∪
{�α | α < i(f)} | à®§ª« ¤ ¯à®áâ®àã � ¯® ­¥¯¥-

à¥à¢­®áâi ¢i¤®¡à ¦¥­­ï f . Y =
∪
{Yβ | β < i(g)} | à®§ª« ¤ ¯à®áâ®àã Y

¯® ­¥¯¥à¥à¢­®áâi ¢i¤®¡à ¦¥­­ï g. �¥å © A ⊂ X × Y | ¤®¢i«ì­  ¯i¤¬­®¦¨-
­ . �®âài¡­® ¯®ª § â¨, é® ¢ ¯à®áâ®ài � iá­ãõ â®çª  ­¥¯¥à¥à¢­®áâi ¢i¤®¡à -
¦¥­­ï f × g|A:A → f × g(A). �¥§ ¢âà â¨ § £ «ì­®áâi ¬®¦­  ¢¢ ¦ â¨, é®
¯à®¥ªæiï ¬­®¦¨­¨ � ­  ¯à®áâià � ¢ ¯¥à¥â¨­i § ¬­®¦¨­®î â®ç®ª ­¥¯¥à¥à¢­®-
áâi X0 ¢i¤®¡à ¦¥­­ï f õ ­¥¯®à®¦­ì®î ¬­®¦¨­®î, â®¡â®

∏
å
(�)∩�0 ̸= ∅. �«ï

ª®¦­®£® å ∈
∏

å
(�) ∩ �0 ¢¨¡¥à¥¬® βå = min{β < i(g) | (x × Yβ) ∩ A ̸= ∅}.

�¥å © β0 = min{βå | å ∈
∏

å
(�) ∩ �0}. �®ª ¦¥¬®, é® ª®¦­  â®çª  ¬­®¦¨­¨

(�0×Yβ0)∩� õ â®çª®î ­¥¯¥à¥à¢­®áâi ¢i¤®¡à ¦¥­­ï f×g|A:A → f×g(A). �i§ì-
¬¥¬® ¤®¢i«ì­ã â®çªã (å0, ã0 ∈ � ∩ (�0 × Yβ0) i ¤®¢i«ì­¨© ®ªi« Of(å0)×Og(ã0)
â®çª¨ f × g(å0, ã0). �áª÷«ìª¨ å0 ∈ �0, â® iá­ãõ â ª¨© ®ªi« â®çª¨ Oå0 ¢ ¯à®-
áâ®ài �, é® f(Oå0) ⊂ f(x0). �áªi«ìª¨ ã∈Yβ0 , â® iá­ãõ â ª¨© ®ªi« Oã0 â®çª¨
ã0 ¢ Y , é® (y0 ∈ g(Oy0 ∩ (∪{Yβ | β0 ≤ β < i(g)}))) ⊂ Og(y0). �âà¨¬ õ¬®, é®
f × g(Oã0×Oã0 ∩A) ⊂ f(Oå0)× f(Oã0 ∩A) ⊂ f(x0)× g(Oy0 ∩ (∪{Yβ | β0 ≤ β <
i(g)}))) ⊂ Of(å)×Og(ã0), é® i ¯®âài¡­® ¡ã«® ¤®¢¥áâ¨.



��� ����� ���������I �I���������� 93

�®¢¥¤¥­­ï â¥®à¥¬¨ 2.2.. �à å®¢ãîç¨ «¥¬ã 2.5, ­ ¬ ¤®áâ â­ì® ¯®ª § â¨, é®
hl(Y ) ⊂ hl(X), ïªé® Y õ ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬ ®¡à §®¬ ¯à®áâ®àã �. �®¢®¤¨¬®
¢i¤ áã¯à®â¨¢­®£®. �¥å © hl(Y ) > hl(X). �®¤i §£i¤­® â¥®à¥¬¨ 2.3 ¢ Y iá­ãõ
à®§ài¤¦¥­¨© ¯à®áâià Z â ª¨©, é® hl(Y ) = |Z|. �«ï ª®¦­®ù â®çª¨ z ∈ Z § äiª-
áãõ¬® ¤®¢i«ì­ã â®çªã xz ∈ f−1(z) i ¯®ª« ¤¥¬® A = {xz | z ∈ Z}. �i¤®¡à ¦¥­­ï
f |A:A → Z õ ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬ i ¢§ õ¬­®®¤­®§­ ç­¨¬. �áªi«ìª¨ Z à®§ài¤-
¦¥­¨©, â® §£i¤­® «¥¬¨ 2.4 ¯i¤¯à®áâià � õ à®§ài¤¦¥­¨© i |A| = |Z| > hl(X),   æ¥
áã¯¥à¥ç¨âì â¥®à¥¬i 2.3. �¥®à¥¬ã ¤®¢¥¤¥­®.

� £ ¤ õ¬®, é® ¯à®áâià � ­ §¨¢ õâìáï «i­¤¥«ì®ä®¢¨¬ �-¯à®áâ®à®¬, ïªé® ©®-
£® ¬®¦­  ¤®áª®­ «® ¢i¤®¡à §¨â¨ ­  ¯à®áâià i§ §«iç¥­­®î ¡ §®î. �¥¯®à®¦­i ®¡-
à §¨ «i­¤¥«ì®ä®¢¨å �-¯à®áâ®ài¢ ­ §¨¢ îâìáï «i­¤¥«ì®ä®¢¨¬¨ �-¯à®áâ®à ¬¨.

2.6. �¥®à¥¬ . �¥å © f : � → Y | ¬ ©¦¥ ­¥¯¥à¥à¢­¥ ¢i¤®¡à ¦¥­­ï ¯à®áâ®-

àã � ­  «i­¤¥«ì®ä®¢¨© �-¯à®áâià Y , â®¤i nw(Y ) ≤ hl(X2). �®ªà¥¬ , ïªé® Y
| ª®¬¯ ªâ, â® w(Y ) ≤ hl(X2).

�®¢¥¤¥­­ï. �£i¤­® â¥®à¥¬¨ 2.2 hl(Y 2) ≤ hl(X2). �­ ç¨âì (¤¨¢. [1, â¥®à¥¬ 
2.1.8]), ¯à®áâià Y ãéi«ì­îõâìáï ­  â¨å®­®¢áìª¨© ¯à®áâià, ¢ £  ïª®£® ¬¥­è 
 ¡® ài¢­  hl(X2). � â ª ïª Y õ «i­¤¥«ì®ä®¢¨© �-¯à®áâià, â® nw(Y ) ≤ hl(X2),
(¤¨¢. [2, â¥®à¥¬  2.6.2]).

2.7. � á«i¤®ª. �ªé® ª®¬¯ ªâ � õ ¬ ©¦¥ ­¥¯¥à¥à¢­¨¬ ®¡à §®¬ ¯à®áâ®àã i§

§«iç¥­­®î áiâª®î, â® � | ¬¥âà¨§®¢ ­¨© ª®¬¯ ªâ.
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