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VECTORS OF EXPONENTIAL TYPE OF
OPERATORS WITH DISCRETE SPECTRUM
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In this paper root vectors of a linear operator on Banach space with discrete
spectrum are described in terms of vectors of exponential type. An application in
the investigation of analyticity properties of the root functions of elliptic boundary
value problems is given.

1. Let (B, || - ||) be a Banach space over the field of complex numbers C, A: D(A) C
B — B a closed unbounded linear operator with a dense domain D(A) in B. Further,
let 0(A) be a spectrum of A, (£1— A)~! its resolvent determined for all £ € C\ o (A)
and I the unit operator on B.
It is said (see e.g. [1]) that A is an operator with discrete spectrum, whenenever:
a) the spectrum o(A) is a sequence of eigenvalues {{;}52, of the operator A with
a unique boundary point at infinity;
b) to every number {; € o(A) the finite-dimensional root subspace

R;(A)={zeB: (&I — A"z =0},

is corresponded, where n; is the index of the eigenvalue §; ([2], VII, 1).
From the sequence of direct sums {@?:1 Rj(A)};o:l of the operator A with a
discrete spectrum let’s form the inductive limit

n

R(A) = | PR = lim ind CP R (A).
n=1 j=1 j=1

Following [3, 4], for an arbitrary number v > 0 we define the Banach space DV (A) =
{z € D(A) : ||z, < co} with the norm
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Every space D¥(A) is invariant with respect to the operator A and for the corre-
sponding restriction 4, = A|D"(A) the inequality ||A,z||, < v||z||, holds for all
x € DV(A).

In the case v < + the inclusions D¥(A) C D7(A) are continuous and we can
determine the inductive limit

DM (4) = | | D¥(4) = lim ind D" (A).

v——+o0
v>0

In addition, the spectrum of the restriction Agy = A|D{1}(A) is decomposed into
union 0(Af1y) = U,~0(4y), where 0(4,) is a spectrum of A, on D¥(A).

Lemma 1. If A is an operator with discrete spectrum then the equality o(A) =
O’(A{l}) = Uy>0 O-(A.y) holds.

Proof. For an arbitrary eigenvalue £; € o(A) the corresponding eigenvector x;
belongs to every space D(A), as v > |{;|. From this we arrive at the inclusion
U(A) C O'(A{l}).

On the other hand, for arbitrary £ € C\ o(A) we have

vk v
k=0

X AR (ET — AL > I — A)" 1Ak
(er—aytaf, =3 IAEL= ATl S IEE= D7 Ay ep gy,
k=0

Previous relations are correct, since the space D”(A) belongs to the space C(A>)
of smooth vectors of the operator A (see [3] for a definition) and the equality
ARl — A7tz = (€1 — A)~T Az holds for all x € C(A>).

Then we obtain § € C\ 0(Ay), ie., C\o(A) C C\o(Aqy) or o(Agry) C o(A).
The lemma is proved. e

Theorem 1. For an arbitrary number v > 0 the equality DV (A) = @|5j|<y R;(A)
holds. In particular, the spaces DY (A) are finite-dimensional.

Proof. For £ € C\ o(A) the inequality ||(1 — A)~tz||, < [[(€ — A)7 |||z, is
valid and the relations (£1 — A)~ (&I — A)x = (€1 — A)(EI — A)~tx = x hold for
all x € DY(A). Therefore, (I, — A,)~t = (&1 — A)~L|D¥(A) is the resolvent of
the operator A,, I, the unit operator in D (A).

Next, let
R U ORI
I,

be a Riesz projector, in which the closed contour I, separates the set points o(A,)
from the rest part of o(A). Since

I, = (2mi)~" ]4 (€1, — A,)Lde,
r,

ie., I, = P,|D"(A), the inclusion D¥(A) C P,(B) holds. For an arbitrary eigen-
1€

value &; € o(A,) the value of the norm ||z;[|, = >, (7)k\|x]|\ on the corre-

sponding eigenvector is finite, and therefore v > max{|¢;| | & € o(A,)}. From this
and Theorem 5.14.3 [1] we have P, (B) = @), |, R;(4) and D"(4) C P, |, R;(A).
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On the contrary, since the spectral radius of the restriction 7, = A|P,(B) of A
on the subspace P, (B) is less than v, i.e. liIJIrl |77 ||*/™ < v, we obtain
n—-—+0o0o

Z !A”xll < Z EaliEdl HHSCH

and P, |, R;(A) C D(A). The theorem is proved. o

Corollary 1. Under the conditions of Theorem 1, the following topological isomor-
phism R(A) ~ DU} (A) is valid. In particular, the space DU (A) is nuclear.

Proof. The isomorphism follows from the simple properties of inductive limits.
The nuclearity is established by the following arguments. The strong adjoint space
D11} (A) to the inductive limit DI} (A) has the form of the projective limit

D (A) = lim pr D7¥(A),

v—400

where D™ (A) are the strong adjoint of D¥(A) finite-dimensional spaces. Therefore,
D~} (A) is nuclear, by the known property of such a class of spaces ([5], I, 7).
The strong adjoint space of a nuclear space is nuclear as well ([5], IV, 9), and since
it coincides with D{*}(A), the proof is complete. o

Corollary 2. A system of root subspaces of an operator A with discrete spectrum
is complete if and only if the density condition D11} (A) = B holds.

2. Describe the vectors of exponential type of differentiation operators.
Let 2 be a bounded region of class C*° in R"™ ([6], 3.2.1), 1 < p < oo and L,(2)
a space of summable functions u(t) = u(ty,...,t,) with the usual norm

1/p
lulle, ) = (/Q|u(t)|Pdt> ‘

Consider in the space L,(12) the differentiation operators 0% = ol = of order

ot ..oty
la] = a3 + -+ + ap, where a = («y,...,q,) are integer vectors with nonnega-
tive coordinates. Further, let C°°(2) be a space of infinite-differentiable functions

deﬁned in the closure of 2. For every number v > 0 we define the subspace

D¥(9) = {u e C>®(Q) : |Jull, < co} with the norm
Jully = Z LS oy, )"
|a|=k

and form the inductive limit

D (9) = | D"(9) = lim ind D¥(9).

v——+00
v>0

Show that D}(9) coincides with the restrictions on Q of the space of entire
analytical functions of n complex variables of the exponential type.
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Lemma 2. If the entire analytical function u(z) = u(z1,...,2,) satisfies the in-
equality
u(2)| = [u(t +is)| < CyeIFIHIl), (1)

where 2 = t; + sy, § = 1,oooom, [l = (52 6127, sl = (2o i)',
and a > 0, i.e., u(z) has an exponential type, then for all || = k, k = 0,1,...
the inequality

|0%u(t)| < CyBkeltl

holds, where the constants Cs and B are independent of k.
Proof. The partial derivatives of the function u(z) may be calculated by the Cauchy

formula u(e €.)de 4
o 1s+++-9GQn 1.-- n
a u t 27” / / 51 - tl a1+1 (gn - tn)a"+1 , (2)

where a! = ajlas!. .. !, I'; is a circle in the plane §; with the centre in ¢; and
the radius R. From (1) and (2) we obtain

ol 27 27 ) )
out)| < —— [ ... t + Re™1 .. t, + Re')|dyy ... dp, <
00O € e [ [+ R+ R o, <

IC /
< %eammut D, (3)

r'n

t; + R, in which the value a|t;| attains its maximum.

Choose the radius R so that the Value %%L—Rl attains its minimum. It is easy
to check that it takes place for R = =X, so that inequality (3), by Stirling’s formula,

may be reduced to the form

where &; — t; = Re'#7, t = (tll, ot ), t;- a point between the values t; — R and

0%u(t)| < C3(2an)*et I, (4)
where C5 = const is independent of k. Consider the last factor in inequality (4). For
this, replace t; by t; + 0; R, where |6;| < 1. Then, by the equivalence of norms in
C", we have eIt I = exp(a >y It + OR||) < exp(a > i 1t5]])eme?’ < Cyealtll,
At last we obtain the following estimate

|0%u(t)| < CyBFealltl

where B = 2na. o

Lemma 3. The space DY} (9) coincides with the space of entire functions of n
complex variables of exponential type, which we denote by Exp(C™).

Proof. For an arbitrary number v > 0 we define the subsidiary spaces of the form

E ={ueC>®(Q):3c=clu,v) >0; sup |0°u(t)] < v’ |a| =k; k=0,1,...}
teQ
(5)

and form their union € = U,,>O &
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Let u(t) € D¥(0) and n < p. By Sobolev’s theorem,

B < 9 .
sup lu(t)] < max 10%ul L, ()

From this we get

sup |0%u(t)| < ¢y max{1,v}vF||ul, < cov®

teq2

for all o] = k, k =0,1,.... Hence, D¥(9) C £” and DI} (9) C €.

Let’s show that the space £ coincides with the space of entire functions of expo-
nential type.

Let u(t) € €. Write down u(t + h), where h = (hy,ha,...,hy,) and t+h € Q in
the form

du(t)  d?u(t dFu(t + Oh
u(t + h) = u(t) + ‘;(,)+ ;ﬁ()+---+%, 0<0<1,

where du(t) is a total differential of the function u(t). A remainder of the series
satisfies the condition

d*u(t + Oh) 1. . i he
(T‘:‘|Z_kaa u(t + Oh)h®| < cv ;ka—)(), k- oo,

where h* = hi'*hy? ... h%". Therefore, the functions from £” are analytical in Q
and are decomposed into the convergent series Y., 0%u(t)h®. By estimate (5),
for all h € C™ such series determines the extension of u(t) as an entire function on

C™. From the same estimate for all t € Q and all s = (s, S2,...,5,) € R" we have
, 0%u(t) ,. cvlel v ”
ultris)| < 30 [T (09)" ] € D0 Tl s = cernbrr D < el
(0% (0%

Considering that 0 € 2, from the previous inequality, it follows that
[u(t +is)| = |u(z)] < cre”V*] (6)

for all t,s € R™. Hence, u(t) € Exp(C™), i.e., £ C Exp(C™).
On the contrary, let the entire function u(z) satisfy estimate (6). Then, by
Lemma 2, for k =0,1,... and |o| =k

10%u(t)] < Cy(2nv)Fe’lIZl for all t e R™, or
sup [0%u(t)| < C3(2nv)", k=0,1,... (7)
teQ

by boundedness of the region Q. It means that u(z) € £2™ and the equality
& = Exp(Cm) is proved.
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It remains to show the inclusion & C D1} (9). Indeed, by virtue of (7), we obtain
10%ul| 1, (0) < c3(2nw)* and > o=k 107Ul L, @) < c3(2n2v)*, since the quantity of
members of the sum on the left-hand side is equal to n*. Further, from the inequality

- o (Caics 10°ull} )"
S (5 ) <oy (Bl

k=0 |a|=k

it follows that u € D4”2”(8). Since DI1}H(9) = U,~o D" (9), we have u € DI} ()
and the lemma is proved. o

3. Using Theorem 1 and the results from section 2 we will show that the root func-

tions of elliptic boundary value problems in a bounded region under the constant

coefficients of equation and arbitrary coefficients in the boundary conditions assume

the extension in the complex space to the entire functions of exponential type.
Let a collection of the differential operator

(Lu)(t) = > aa(H)0®u(t),  aa(t) € C¥(Q)

lo|<2m

and the boundary operators

> biaH)0ult),  bialt) € C(D),

la| <m

Jj=1,....m,0<m; <---<mj; <2m — 1, where I' is a boundary of 2, be given.
Assume that this collection is regular elliptic in a sense of the definition 4 from ([6],
5.2.1).

Consider in L,(€2) the closed operator A defined by the relations

Au=Lu and D(A) = W2{B (),

where sz,TBj}(Q) ={u:ueW2™); Bjul=0; j=1,...,m}and W2™(Q)
is the Sobolev space of 2m-th order.

Theorem 2. The following equality

{1} = v
DVI(A) = ll{rg}r%gll) (L, Bj), (8)

is valid, where DV (L, B;) =

|| LFu
Z{ueWim(Q): ZHV'%<OO; BLFul=0; j=1,....,m; k=0,1,...
k=0

Proof. By Theorem 5.4.1 [6],

ﬁ D(LF) = ﬁ W2 Q) = C>(Q).
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Further, by Theorem 1 ([6], 5.4.4), the space of smooth vectors C(A>) of the oper-
ator A coincides with the closed subspace

C’E?Bj(ﬁ):{u:ueCoo(ﬁ); B;LFu|=0; j=1,...,m; k=0,1,...}

of the locally convex space C*°(2) endowed with the topology which is determined
by the seminorms sup,cq |[0%u(t)],0 < |a| < co. From this and from the definition
of the space DI'}(A) we obtain (8). e

Let the resolvent set p(A) of A be nonempty and 0 € p(A). Then the following
statement holds.

Theorem 3. If the coefficients a.(t) of the operator L are constants, then

R(A) = {u:ue DM 8),B;L*l=0,j=1,...,mk=0,1,... }.

Proof. By Theorem 5.4.3 [6], there exist positive numbers ¢; and cll such that
cifullwem ) < |Aulz,@) < c;H/U/HWPZM(Q) for all w e D(A).

Further, suppose that for some 7 > 1 there exist positive numbers ¢; and c; such
that

cillullwzmiq) < 1A%l L, @) < C;”“||W§mi(ﬂ)> u € D(AY). (10)

Then

. . ’ ¢ Yy
1A ) 1,0y = 14 (A 10 < eill Aullwzmiy = i D 0% Aul ) =

|a|<2ms

’r 7

/ 1/p 1/p /
— Cj( Z ||Aao‘u||]£p(9)> < Ci01< Z ||aau||€V5m(Q)> = Ci—i—l”“”wgm(i"'l)(g)?

|a|<2mi |a|<2mi

. . 1/p
A" llz o) = 4°(AW) |1, @) 2 cill Aulwgmoy =i D 0 Aulf o)) =

|| <2mi

/ /
- c@'< Z IIAaauH]Zp(Q))l P > Cz‘Cl< Z ||8au||€vgmm)>l P _ ci+1||“||w,?m“+1>(gz)-

|a|<2mi |a|<2mi

Thus, inequalities (10) are valid for all ¢ > 1 and the following equalities for coeffi-
cients ¢; = (¢;)%, ¢; = (¢1)? hold.

Let u € DY(0) = {u:u € DY(@); B;L*v[L =0; j=1,....m; k=0,1,...}
and v > 1. By Theorem 3.2.5 [6], the formula

1/p
fullvgmsiay = (30 10"l 0y + )

|a|=2mk
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gives an equivalent norm in the space ngk(ﬂ). From this and inequalities (10)
we obtain

’ 1/]?
lAulln, o) < (D 10%ully o) + Il ) <

|a|=2mk
<@ D N0 ulln,@ + lulln,w) <
|a|=2mk
/ 1/p
<@ (i (X 10l o)) Tl )
|a|=2mk
A% )0 _ o 1 o o /v
Do <€D ka( > ol m)) cZyk(Z 10%ul7 m)) :
k=0 (c1 (nw)?m) g |a|=2mk la|=k
Thus, the inclusion
Dy (0) € D(A) (11)

holds, where v = ¢; (nv)?™.

Let u € D¥(A). Since [Jul[wzmr(q) = (Z|a‘<2mk 0%ul[? ()

/ /
||A uHLp(Q > ck< Z ||6au||L @ )1 p _ (01)’“( Z ||8au||z£pm)>1 p,

la|=k |a|=k

A% ul ) & .
o e > e ( > ot @)

k=0 k:O || =

)l/p, we obtain

From this there follows the inclusion
DY(A) C Dycl (0). (12)

Because DI (9) = U, -, DV (0) and DU} (A) = {J,-, DV (A), by (11), (12) and The-
orem 1, we arrive at (9). The theorem is proved. e
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