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We consider inverse problems for �nding an unknown heat conduction coe�cient
of the half-space body situated under the layer with known heat characteristics.
Existense and uniqueness theorems are established.

� à®¡®â÷ à®§£«ï¤ îâìáï ®¡¥à¥÷ § ¤ ç÷ ¢¨§ ç¥ï ª®¥ä÷æ÷õâ  â¥¬¯¥à -
âãà®¯à®¢÷¤®áâ÷ ¥¢÷¤®¬®£® ¬ â¥à÷ «ã, ïª¨© ¬÷áâ¨âìáï ¯÷¤ è à®¬ ¬ â¥à÷ «ã
§ ¢÷¤®¬¨¬¨ â¥¯«®ä÷§¨ç¨¬¨ å à ªâ¥à¨áâ¨ª ¬¨. �á®¡«¨¢÷áâî â ª¨å § ¤ ç õ
¢÷¤áãâ÷áâì ¤®áâã¯ã ¤® ¥¢÷¤®¬®£® ¬ â¥à÷ «ã, é® ã¥¬®¦«¨¢«îõ ¢¨§ ç¥ï
¯®âà÷¡¨å å à ªâ¥à¨áâ¨ª ¬ â¥à÷ «ã ¥ªá¯¥à¨¬¥â «ì¨¬ è«ïå®¬,   â ª®¦ ¢¨-
¬÷àî¢ ï â¥¬¯¥à âãà¨ ÷ â¥¯«®¢®£® ¯®â®ªã   ¯®¢¥àå÷ ç¨ ¢á¥à¥¤¨÷ ¬ â¥à÷ «ã,
é® ¤ «® ¡ §¬®£ã áä®à¬ã«î¢ â¨ áâ ¤ àâã ®¡¥à¥ã § ¤ çã. �®¤÷¡  § ¤ ç 
¢¯¥àè¥ ¡ã«  à®§£«ïãâ  ã à®¡®â÷ �¦®á  [1] ¤«ï à÷¢ïì

vt = a(t)vxx, −∞ < x < 0, 0 < t < T, (0.1)

ut = b (t)uxx, 0 < x <∞, 0 < t < T (0.2)

§ § ¤ ¨¬ ª®¥ä÷æ÷õâ®¬ a(t) ÷ ¥¢÷¤®¬¨¬ ª®¥ä÷æ÷õâ®¬ b(t), ¤¥ ¯à¨¯ãáª «®áì, é®
¯à¨ x = 0 § ç¥ï u(x, t) ÷ v(x, t) õ ¢÷¤®¬¨¬¨ ÷ â¥¯«®¢÷ ¯®â®ª¨ à÷¢÷. �âà¨¬ ¨©
à¥§ã«ìâ â ¡ã¢ ã§ £ «ì¥¨© ¢ [2]   ¢¨¯ ¤®ª á¨áâ¥¬ á¯¥æ÷ «ì®£® ¢¨£«ï¤ã. �
à®¡®â å [3,4] ¤®á«÷¤¦ã¢ «¨áì ¯¨â ï õ¤¨®áâ÷ à®§¢'ï§ªã ®¡¥à¥®ù § ¤ ç÷ § -
å®¤¦¥ï ªãáª®¢®{áâ «¨å ª®¥ä÷æ÷õâ÷¢ â¥¬¯¥à âãà®¯à®¢÷¤®áâ÷ ã ¢¨¯ ¤ªã ®¤-
÷õù ¯à®áâ®à®¢®ù §¬÷®ù. �®¦«¨¢÷áâì ®¤®§ ç®£® ¢¨§ ç¥ï ª®¥ä÷æ÷õâ  b(t)
¢ à÷¢ï÷ (0.2) ã ¢¨¯ ¤ªã, ª®«¨ à÷¢ïï (0.1) à®§£«ï¤ õâìáï ¤«ï x ∈ (−h, 0)
÷ § ¤ îâìáï ª« á¨ç÷ ã¬®¢¨ á¯àï¦¥ï ¯à¨ x = 0 â  ã¬®¢  ¯¥à¥¢¨§ ç¥ï ã
¢¨£«ï¤÷ ¤®¤ âª®¢®ù ªà ©®¢®ù ã¬®¢¨ ¯à¨ x = −h, ¢áâ ®¢«¥® ã à®¡®â÷ [5].

� ¤ ÷© à®¡®â÷ à¥§ã«ìâ â¨, ®âà¨¬ ÷ ¢ [5], ¯®è¨à¥÷   ¡ £ â®¢¨¬÷à¥ à÷¢-
ïï â¥¯«®¯à®¢÷¤®áâ÷ § § «¥¦¨¬ ¢÷¤ ç áã ¥¢÷¤®¬¨¬ ª®¥ä÷æ÷õâ®¬ â¥¬¯¥à -
âãà®¯à®¢÷¤®áâ÷. �®§£«ïãâ® ¤¢  ¬®¦«¨¢¨å ä®à¬ã«î¢ ï ®¡¥à¥¨å § ¤ ç.
� ¯¥àè÷© § ¤ ç÷ ã¬®¢¨ á¯àï¦¥ï õ ª« á¨ç¨¬¨ ÷   §®¢÷è÷© £à ¨æ÷ § ¤ ®
÷â¥£à «ìã ã¬®¢ã ¯¥à¥¢¨§ ç¥ï. � ¤àã£÷© § ¤ ç÷ ®¤  § ã¬®¢ á¯àï¦¥ï õ
÷â¥£à «ì®î,   ã¬®¢  ¯¥à¥¢¨§ ç¥ï | ¤®¤ âª®¢®î £à ¨ç®î ã¬®¢®î  
§®¢÷è÷© £à ¨æ÷. �áâ ®¢«¥® ã¬®¢¨ ÷áã¢ ï â  õ¤¨®áâ÷ à®§¢'ï§ª÷¢ ¢ª § -
¨å ®¡¥à¥¨å § ¤ ç.
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1.

�¢¥¤¥¬® ¯®§ ç¥ï:


1 =
{
(x′, xn, t) : x

′ ∈ Rn−1, xn ∈ (−h, 0) , t ∈ (0, T )
}
,


2 = {(x′, xn, t) : x′ ∈ Rn−1, xn ∈ (0,∞) , t ∈ (0, T )},
Rn
+ =

{
(x′, xn) : x

′ ∈ Rn−1, xn ∈ (0,∞)
}
,

DT = {(x′, t) : x′ ∈ Rn−1, t ∈ (0, T )}, x = (x′, xn) .

� ®¡« áâ÷ 
1 ∪ 
2 à®§£«ï¥¬® à÷¢ïï

ut = △u+ f (x, t) , (x, t) ∈ 
1, (1.1)

vt = a (t)△ v + g (x, t) , (x, t) ∈ 
2, (1.2)

§ ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨

u (x, 0) = φ (x) , x ∈ Rn−1 × [−h, 0] , (1.3)

v (x, 0) = ψ (x) , x ∈ Rn
+, (1.4)

ªà ©®¢®î ã¬®¢®î

uxn (x
′,−h, t) = ν (x′, t) , (x′, t) ∈ DT , (1.5)

â  ã¬®¢ ¬¨ á¯àï¦¥ï

u (x′, 0, t) = v (x′, 0, t) , (x′, t) ∈ DT , (1.6)

uxn (x
′, 0, t) = a (t) vxn (x

′, 0, t) , (x′, t) ∈ DT . (1.7)

�ã¤¥¬® à®§£«ï¤ â¨ â ª÷ § ¤ ç÷:
� ¤ ç  (�). � ©â¨ äãªæ÷ù (a (t) , u (x, t) , v (x, t)) ∈ C [0, T ] × C2,1 (
1) ∩

C1,0
(

1

)
× C2,1 (
2) ∩ C1,0

(

2

)
[6], a (t) > 0, t ∈ [0, T, ], é® § ¤o¢®«ìïîâì

ã¬®¢¨ (1.1){(1.7) â  ÷â¥£à «ìã ã¬®¢ã ¯¥à¥¢¨§ ç¥ï∫
Rn−1

u (x′,−h, t) dx′ = µ (t) , t ∈ [0, T ] . (1.8)

� ¤ ç  (B). � ©â¨ äãªæ÷ù (a (t) , u (x, t) , v (x, t)) ∈ C [0, T ] × C2,1 (
1) ∩
C1,0

(

1

)
×C2,1 (
2)∩C1,0

(

2

)
, a (t) > 0, t ∈ [0, T, ] , é® § ¤®¢®«ìïîâì ã¬®¢¨

(1.1){(1.5), ã¬®¢¨ á¯àï¦¥ï (1.7) â ∫
Rn−1

u (x′, 0, t) dx′ =

∫
Rn−1

v (x′, 0, t) dx′, t ∈ [0, T ] , (1.9)

÷ ã¬®¢ã ¯¥à¥¢¨§ ç¥ï

u (x′,−h, t) = κ (x′, t) , (x′t) ∈ DT . (1.10)
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�¯à®¤®¢¦ ¢á÷õù à®¡®â¨ ¡ã¤¥¬® ¢¢ ¦ â¨, é® ¢¨ª®ãîâìáï
�¬®¢¨ (C):

1) φ (x) ∈ C2
(
Rn−1 × [−h, 0]

)
, ψ (x) ∈ C2

(
Rn
+

)
, f (x, t) ∈ C1,0

(

1

)
,

g (x, t) ∈ C1,0
(

2

)
, ν (x′, t) ,κ (x′, t) ∈ C1,0

(
DT

)
, µ (t) ∈ C1 [0, T ];

2) äãªæ÷ù φ (x), ψ (x), f (x, t), g (x, t), ν (x′, t), κ (x′, t)  ¡á®«îâ® ÷â¥£à®¢÷ § 
§¬÷®î x′ ¢ Rn−1;
� (xn) ∈ C1 [−h, 0], 	 (xn) ∈ C1[0,∞), F (xn, t) ∈ C1,0

(
[−h, 0]× [0, T ]

)
,

N (t) ,M (t) ∈ C1 [0, T ], G (xn, t) ∈ C1,0 ([0,∞)× [0, T ]), ¤¥

� (xn) =

∫
Rn−1

φ (x) dx′, 	(xn) =

∫
Rn−1

ψ (x) dx′, F (xn, t) =

∫
Rn−1

f (x, t) dx′,

G (xn, t) =

∫
Rn−1

g (x, t) dx′, N (t) =

∫
Rn−1

ν (x′, t) dx′, M (t) =

∫
Rn−1

κ (x′, t) dx′;

3) φ (x′, 0) = ψ (x′, 0), φxn (x
′, 0) = ψxn (x

′, 0), � (0) = 	 (0) = 0,
ν (x′, 0) = φxn (x

′,−h), κ (x′, 0) = φ (x′, 0), µ (0) = � (−h) .

2. (A) i (B)

�¢ ¦ îç¨ ¢÷¤®¬¨¬¨ § ç¥ï

uxn (x
′, 0, t) = r (x′, t) , (x′, t) ∈ DT , (2.1)

â 
a (t) vxn (x

′, 0, t) = r (x′, t) , (x′, t) ∈ DT , (2.2)

§ ©¤¥¬® §  ¤®¯®¬®£®î äãªæ÷ù �à÷  à®§¢'ï§ª¨ § ¤ ç (1.1), (1.3), (1.5), (2.1)
â  (1.2), (1.4), (2.2):

u (x, t) =
1

2n−1π
n
2

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

r (ξ′, τ)
∞∑

k=−∞

exp

(
−|x′ − ξ′|2 + (xn + 2kh)

2

4 (t− τ)

)
dξ′−

− 1

2n−1π
n
2

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

ν (ξ′, τ)
∞∑

k=−∞

exp

(
−|x′ − ξ′|2 + (xn + (2k + 1)h)

2

4 (t− τ)

)
dξ′+

+
1(

2
√
πt
)n ∫

Rn−1

dξ′
0∫

−h

φ (ξ)

∞∑
k=−∞

(
exp

(
−
|x′ − ξ′|2 + (xn − ξn + 2kh)

2

4t

)
+

+ exp

(
−|x′ − ξ′|2 + (xn + ξn + 2kh)

2

4t

))
dξn +

1

(2
√
π)

n

t∫
0

dτ

(t− τ)
n
2

×

×
∫

Rn−1

dξ′
0∫

−h

f (ξ, τ)
∞∑

k=−∞

(
exp

(
−
|x′ − ξ′|2 + (xn − ξn + 2kh)

2

4 (t− τ)

)
+

+ exp

(
−|x′ − ξ′|2 + (xn + ξn + 2kh)

2

4 (t− τ)

))
dξn, (2.3)
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v (x, t) =
1

(2
√
πθ(t))n

∫
Rn
+

ψ (ξ)

(
exp

(
−
|x′ − ξ′|2 + (xn − ξn)

2

4θ(t)

)
+

+ exp

(
−|x′ − ξ′|2 + (xn + ξn)

2

4θ(t)

))
dξ +

1

(2
√
π)

n

t∫
0

dτ

(θ(t)− θ(τ))
n
2

∫
Rn
+

g (ξ, τ)×

×
(
exp

(
−
|x′ − ξ′|2 + (xn − ξn)

2

4 (θ(t)− θ(τ))

)
+ exp

(
−|x′ − ξ′|2 + (xn + ξn)

2

4 (θ(t)− θ(τ))

))
dξ−

− 1

2n−1π
n
2

t∫
0

dτ

(θ (t)− θ (τ))
n
2

∫
Rn−1

r (ξ′, τ) exp

(
−|x′ − ξ′|2 + xn

2

4(θ(t)− θ(τ))

)
dξ′,

(2.4)

¤¥

θ (t) =

t∫
0

a (τ) dτ, |x′ − ξ′|2 =
n−1∑
i=1

(xi − ξi)
2
.

�÷¤áâ ¢¨¬® (2.3), (2.4) ¢ ã¬®¢¨ (1.8) i (1.6):

t∫
0

R (τ)√
t− τ

∞∑
k=−∞

exp

(
− (2k + 1)

2
h2

4 (t− τ)

)
dτ = q1 (t) ,

(2.5)

−
t∫

0

dτ

(θ (t)− θ (τ))
n
2

∫
Rn−1

r (ξ′, τ) exp

(
− |x′ − ξ′|2

4(θ(t)− θ(τ))

)
dξ′+

+

t∫
0

dτ

(θ(t)− θ(τ))
n
2

∫
Rn
+

g (ξ, τ) exp

(
− |x′ − ξ′|2 + ξ2n
4 (θ(t)− θ(τ))

)
dξ−

−
t∫

0

dτ

(t− τ)
n
2

∫
Rn−1

r (ξ′, τ)

∞∑
k=−∞

exp

(
−|x′ − ξ′|2 + 4k2h2

4(t− τ)

)
dξ′+

+
1

θ
n
2 (t)

∫
Rn
+

ψ (ξ) exp

(
−|x′ − ξ′|2 + ξ2n

4θ(t)

)
dξ = q2 (x

′, t) ,
(2.6)

¤¥

q1 (t) =
√
πµ (t)− 1√

t

0∫
−h

�(ξn)
∞∑

k=−∞

exp

(
−
(ξn + (2k + 1)h)

2

4t

)
dξn−

−
t∫

0

dτ√
t− τ

0∫
−h

F (ξn, τ)

∞∑
k=−∞

exp

(
− (ξn + (2k + 1)h)

2

4(t− τ)

)
dξn+

+

t∫
0

N (τ)√
t− τ

∞∑
k=−∞

exp

(
− k2h2

t− τ

)
dτ,
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q2 (x
′, t) =

1

t
n
2

∫
Rn−1

dξ′
0∫

−h

φ (ξ)
∞∑

k=−∞

exp

(
−
|x′ − ξ′|2 + (ξn + 2kh)

2

4t

)
dξn−

−
t∫

0

dτ

(t− τ)
n
2

∫
Rn−1

ν (ξ′, τ)
∞∑

k=−∞

exp

(
−|x′ − ξ′|2 + (2k + 1)2h2

4 (t− τ)

)
dξ′+

+

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

dξ′
0∫

−h

f (ξ, τ)

∞∑
k=−∞

exp

(
−
|x′ − ξ′|2 + (ξn + 2kh)

2

4 (t− τ)

)
dξn,

R (t) =

∫
Rn−1

r (x′, t) dx′. (2.7)

�à¨ æì®¬ã ¡ã«® ¢à å®¢ ®, é®

1(
2
√
πt
)n−1

∫
Rn−1

exp

(
−|x′ − ξ′|2

4t

)
dξ′ = 1.

�âà¨¬ «¨ á¨áâ¥¬ã à÷¢ïì (2.5), (2.6) ¢÷¤®á® ¥¢÷¤®¬¨å a(t) â  r(x′, t).
�¥£ª® ¯¥à¥ª® â¨áì, é® á¨câ¥¬  (2.5), (2.6) õ ¥ª¢÷¢ «¥â®î § ¤ ç÷ (�).

�÷¤áâ ¢¨¬® (2.3), (2.4) ¢ ã¬®¢¨ (1.9), (1.10):

t∫
0

R(τ)

(
1√

θ (t)− θ (τ)
+

1√
t− τ

∞∑
k=−∞

exp

(
− k2h2

t− τ

))
dτ−

−
t∫

0

dτ√
θ (t)− θ (τ)

∞∫
0

G (ξn, τ) exp

(
− ξ2n
4 (θ (t)− θ (τ))

)
dξn−

− 1√
θ (t)

∞∫
0

	(ξn) exp

(
− ξ2n
4θ (t)

)
dξn = q3 (t) , (2.8)

1

2n−1π
n
2

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

r (ξ′, τ)
∞∑

k=−∞

exp

(
−|x′ − ξ′|2 + (2k + 1)

2
h2

4 (t− τ)

)
dξ′ =

= q4 (x
′, t) , (2.9)

¤¥

q3 (t) = − 1√
t

0∫
−h

�(ξn)

∞∑
k=−∞

exp

(
−
(ξn + 2kh)

2

4t

)
dξn −

t∫
0

dτ√
t− τ

0∫
−h

F (ξn, τ)×

×
∞∑

k=−∞

exp

(
− (ξn + 2kh)

2

4(t− τ)

)
dξn +

t∫
0

N (τ)√
t− τ

∞∑
k=−∞

exp

(
− (2k + 1)2h2

4(t− τ)

)
dτ,
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q4 (x
′, t) = κ (x′, t)− 1

2n−1π
n
2

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

dξ′
0∫

−h

f (ξ, τ)×

×
∞∑

k=−∞

exp

(
−|x′ − ξ′|2 + (ξn + (2k + 1)h)

2

4(t− τ)

)
dξn−

− 1

2n−1π
n
2 t

n
2

∫
Rn−1

dξ′
0∫

−h

φ (ξ)
∞∑

k=−∞

exp

(
−
|x′ − ξ′|2 + (ξn + (2k + 1)h)

2

4t

)
dξn+

+
1

2n−1π
n
2

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

ν (ξ′, τ)

∞∑
k=−∞

exp

(
−|x′ − ξ′|2 + 4k2h2

4 (t− τ)

)
dξ′. (2.10)

�¨áâ¥¬  à÷¢ïì (2.8), (2.9) õ ¥ª¢÷¢ «¥â®î § ¤ ç÷ (�).

3. ’ ()

� áâ®áãõ¬® ¯¥à¥â¢®à¥ï � ¯« á  ¤® ®¡¨¤¢®å ç áâ¨ à÷¢ïï (2.5). �®§ -
ç îç¨ ¯¥à¥â¢®à¥ï � ¯« á  ç¥à¥§

~p (s) =

∞∫
0

p (x) exp (−xs) dx

÷ ¢¨ª®à¨áâ®¢ãîç¨ ©®£® ¢« áâ¨¢®áâ÷, ®âà¨¬ãõ¬®

2 ~R (s)

√
π

s

∞∑
k=0

exp
(
− (2k + 1)h

√
s
)
= ~q1 (s) . (3.1)

�¢÷¤á¨

~R (s) = ~q1 (s)

√
s

π
sh h

√
s. (3.2)

�áâ ®¢¨¬® ã¬®¢¨, ¯à¨ ïª¨å § (3.2) ¬®¦  ¢¨§ ç¨â¨ ¥¯¥à¥à¢ã äãªæ÷î
R(t). �«ï æì®£® § å®¤¨¬® § (2.7)

~q1(s) =
√
π~µ (s)−

√
π

s

0∫
−h

(
�(ξn) + ~F (ξn, s)

) ∞∑
k=1

(
exp

(
−
√
s (ξn + (2k − 1)h

))
+

+ exp
(
−
√
s ((2k − 1)h− ξn)

))
dξn + ~N (s)

√
π

s

(
1 +

∞∑
k=1

exp
(
−2kh

√
s
))
.

�®¤÷

~R (s) =

√
s

2

(
exp (h

√
s)− exp (−h

√
s)
)
~µ (s) +

1

2

(
exp (h

√
s) + exp (−h

√
s)
)
~N (s)−

− 1

2

0∫
−h

(
�(ξn) + ~F (ξn, s)

) (
exp (−ξn

√
s) + exp (ξn

√
s)
)
dξn. (3.3)
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öâ¥£àãîç¨ ç áâ¨ ¬¨, ¯¥à¥â¢®à¨¬® ÷â¥£à «

0∫
−h

(
�(ξn) + ~F (ξn, s)

) (
exp (−ξn

√
s) + exp (ξn

√
s)
)
dξn =

=
1√
s

(
exp (h

√
s)− exp (−h

√
s)
) (

�(−h) + ~F (−h, s)
)
+

+
1√
s

0∫
−h

(
�′ (ξn) + ~Fξn (ξn, s)

) (
exp (−ξn

√
s)− exp (ξn

√
s)
)
dξn.

� ¢« áâ¨¢®áâ¥© ¯¥à¥â¢®à¥ï � ¯« á  ¬ õ¬®

~µ (s) =
1

s

(
~µ′ (s) + µ (0)

)
.

�à å®¢ãîç¨ ®âà¨¬ ÷ à÷¢®áâ÷, §¢®¤¨¬® (3.3) ¤® ¢¨£«ï¤ã

~R (s) =
1

2
exp (h

√
s)

(
~N (s) +

~µ′ (s)− ~F (−h, s)√
s

− 1√
s

0∫
−h

(
�′ (ξn) + ~Fξn (ξn, s)

)
×

× exp (−(h+ ξn)
√
s)dξn

)
+
1

2
exp (−h

√
s)

(
~N (s) +

~F (−h, s)− ~µ′ (s)√
s

)
+

+
1

2
√
s

0∫
−h

(
�′ (ξn) + ~Fξn (ξn, s)

)
exp (ξn

√
s)dξn. (3.4)

�¢ ¦ îç¨   ¥®¡å÷¤ã ®§ ªã §®¡à ¦¥ï, § (3.4) ¢¨¯«¨¢ õ, é® à÷¢ïï (2.5)
¬ õ ¥¯¥à¥à¢¨© à®§¢'ï§®ª â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ÷áãõ ¥¯¥à¥à¢  äãªæ÷ï
γ(t) â ª , é®

~γ(s) =
1

2
exp (h

√
s)

(
~N (s) +

~µ′ (s)− ~F (−h, s)√
s

−

− 1√
s

0∫
−h

(
�′ (ξn) + ~Fξn (ξn, s)

)
exp (− (h+ ξn)

√
s)dξn

)
,

 ¡®, ¯¥à¥©è®¢è¨ ¤® ®à¨£÷ «÷¢,

t∫
0

µ′ (τ)− F (−h, τ)√
t− τ

dτ − 1√
t

0∫
−h

�′ (ξn) exp

(
− (h+ ξn)

2

4t

)
dξn−

−
t∫

0

dτ√
t− τ

0∫
−h

Fξn (ξn, τ) exp

(
− (h+ ξn)

2

4 (t− τ)

)
dξn +

√
πN (t) =

= h

t∫
0

γ (τ)

(t− τ)
3
2

exp

(
− h2

4 (t− τ)

)
dτ. (3.6)
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�¬®¢  (3.6)  ¡® ¥ª¢÷¢ «¥â  ù© ã¬®¢  ¢ §®¡à ¦¥ïå (3.5) õ ¥®¡å÷¤®î ÷ ¤®-
áâ âì®î ã¬®¢®î ÷áã¢ ï à®§¢'ï§ªã à÷¢ïï (2.5).

�÷¤áâ ¢«ïîç¨ (3.5) ¢ (3.4) ÷ ¯®¢¥àâ îç¨áì ¤® ®à¨£÷ «÷¢, § å®¤¨¬® à®§¢'ï§®ª
à÷¢ïï (2.5):

R (t) = γ (t) +
1

2
√
π

t∫
0

F (−h, τ)− µ′ (τ)√
t− τ

exp

(
− h2

4 (t− τ)

)
dτ+

+
h

4
√
π

t∫
0

N (τ)

(t− τ)
3
2

exp

(
− h2

4 (t− τ)

)
dτ +

1

2
√
πt

0∫
−h

�′ (ξn) exp

(
−ξ

2
n

4t

)
dξn+

+
1

2
√
π

t∫
0

dτ√
t− τ

0∫
−h

Fξn (ξn, τ) exp

(
− ξ2n
4 (t− τ)

)
dξn. (3.7)

�¥à¥©¤¥¬® ¤® à®§¢'ï§ã¢ ï à÷¢ïï (2.6). �¥à¥â¢®à¨¬® ©®£®, ÷â¥£àãîç¨
¯® x′ ¯® Rn−1 :

t∫
0

dτ√
θ (t)− θ (τ)

∞∫
0

G (ξn, τ) exp

(
− ξ2n
4 (θ (t)− θ (τ))

)
dξn+

+
1√
θ (t)

∞∫
0

	(ξn) exp

(
− ξ2n
4θ (t)

)
dξn −

t∫
0

R (τ) dτ√
θ (t)− θ (τ)

= Q (t) , (3.8)

¤¥

Q (t) =
1

(2
√
π)

n−1

∫
Rn−1

q2 (x
′, t) dx′ +

t∫
0

R (τ)√
t− τ

∞∑
k=−∞

exp

(
− k2h2

t− τ

)
dτ.

�¨ª®à¨áâ®¢ãîç¨ ä®à¬ã«¨ (2.7), (3.6), (3.7) ÷ ¯à¨¯ãé¥ï �(0) = 0, § å®¤¨¬®
Q(t):

Q (t) =

t∫
0

γ (τ) dτ√
t− τ

− 1

2

t∫
0

N (τ)√
t− τ

exp

(
− h2

4 (t− τ)

)
dτ+

+
h

4

t∫
0

µ (τ)

(t− τ)
3
2

exp

(
− h2

4 (t− τ)

)
dτ +

1

2
√
t

0∫
−h

�(ξn) exp

(
−ξ

2
n

4t

)
dξn+

+
1

2

t∫
0

dτ√
t− τ

0∫
−h

F (ξn, τ) exp

(
− ξ2n
4 (t− τ)

)
dξn +

√
π

2

t∫
0

F (0, τ) dτ.
(3.9)

�¢¥¤¥¬® à÷¢ïï (3.8) ¤® à÷¢ïï ¤àã£®£® à®¤ã. �«ï æì®£® ¯®ª« ¤¥¬® ¢ (3.8)
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t = σ, ¤®¬®¦¨¬®   a(σ)√
θ(t)−θ(σ)

÷ ¯à®÷â¥£àãõ¬® ¯® σ ¢÷¤ 0 ¤® t:

t∫
0

a (σ) dσ√
(θ (t)− θ (σ)) θ (σ)

∞∫
0

	(ξn) exp

(
− ξ2n
4θ (σ)

)
dξn −

t∫
0

a (σ) dσ√
θ (t)− θ (σ)

×

×
σ∫
0

R (τ) dτ√
θ (σ)− θ (τ)

+

t∫
0

a (σ) dσ√
θ (t)− θ (σ)

σ∫
0

dτ√
θ (σ)− θ (τ)

∞∫
0

G (ξn, τ)×

× exp

(
− ξ2n
4 (θ (σ)− θ (τ))

)
dξn =

t∫
0

Q (σ) a (σ) dσ√
θ (t)− θ (σ)

. (3.10)

�¨ä¥à¥æ÷îîç¨ (3.10) ¯® t ÷ ¢¨ª®ãîç¨ ¥áª« ¤÷ ¯¥à¥â¢®à¥ï, ®âà¨¬ãõ¬®
à÷¢ïï ¢÷¤®á® a(t):

a (t) =
√
πR (t)

(
1√
θ (t)

∞∫
0

	′ (ξn) exp

(
− ξ2n
4θ (t)

)
dξn − 1√

π

t∫
0

Q′ (τ) dτ√
θ (t)− θ (τ)

+

+
1

2

t∫
0

dτ

(θ (t)− θ (τ))
3
2

∞∫
0

Gξn (ξn, τ) ξn exp

(
− ξ2n
4 (θ (t)− θ (τ))

)
dξn

)−1

, (3.11)

¤¥

Q′ (t) = −h
4

t∫
0

F (−h, τ)− µ′ (τ)

(t− τ)
3
2

exp

(
− h2

4 (t− τ)

)
dτ +

t∫
0

γ′ (τ) dτ√
t− τ

+

+
1

4t
3
2

0∫
−h

�′ (ξn) ξn exp

(
−ξ

2
n

4t

)
dξn − 1

2

t∫
0

N ′ (τ)√
t− τ

exp

(
− h2

4 (t− τ)

)
dτ+

+
√
πF (0, t) +

1

4

t∫
0

dτ

(t− τ)
3
2

0∫
−h

Fξn (ξn, τ) ξn exp

(
− ξ2n
4 (t− τ)

)
dξn,

  R(t) ¢¨§ ç¥® ä®à¬ã«®î (3.7).
�à¨¯ãáâ¨¬®, é® ¢¨ª®ãîâìáï

�¬®¢¨ (D):

1) γ(t) ∈ C[0, T ] ∩ C1(0, T ], |γ′(t)| = O(t−
1
2 ) ¯à¨ t→ 0;

2) γ (t) ≥ 0, γ′ (t) ≤ 0, F (−h, t) − µ′ (t) ≥ 0, N (t) ≥ 0, N ′ (t) ≥ 0, F (0, t) ≤ 0,
t ∈ [0, T ];

3) �′ (ξn) > 0, ξn ∈ [−h, 0], 	′ (ξn) > 0, ξn ∈ [0,∞);
4) Fξn (ξn, t) ≥ 0, (ξn, t) ∈ (−h, 0)× (0, T ), Gξn (ξn, t) ≥ 0, (ξn, t) ∈ (0,∞)× (0, T ).

� áâ®áãõ¬® ¤® à÷¢ïï (3.11) ¯à¨æ¨¯ � ã¤¥à  ¯à® ¥àãå®¬ã â®çªã æ÷«-
ª®¬ ¥¯¥à¥à¢®£® ®¯¥à â®à . �¥àè §  ¢á¥, § ã¬®¢ (D) ¢¨¯«¨¢ õ, é® à®§¢'ï§ª¨
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à÷¢ïï (3.11) õ ¤®¤ â¨¬¨. �à÷¬ â®£®, ¬ õ ¬÷áæ¥ ®æ÷ª 

min
[0,T ]

a (t) ≥
√
π min
[−h,0]

�′ (ξn)

(
2
√
π sup
[0,∞]

	′ (ξn)+

+
(
min
[0,T ]

a (t)
)− 1

2 max
[0,T ]

t∫
0

(t− τ)
− 1
2

(
sup
[0,∞)

Gξn (ξn, τ)−Q′ (τ)
)
dτ

)−1

.

�¢÷¤á¨ ¬ õ¬®
a (t) ≥ amin > 0, (3.12)

¤¥ ç¨á«® amin ¢¨§ ç õâìáï ¢¨å÷¤¨¬¨ ¤ ¨¬¨ § ¤ ç÷ ÷ ¥ § «¥¦¨âì ¢÷¤ a(t).
� îç¨ ®æ÷ªã a(t) §¨§ã, § à÷¢ïï (3.11) § å®¤¨¬®

max
[0,T ]

a (t) ≤
√
πmax

[0,T ]
R (t)

(
max
[0,T ]

a (t)
) 1
2

(
min
[0,T ]

1√
t

∞∫
0

	′ (ξn) exp

(
− ξ2n
4tamin

)
dξn

)−1

,

é® ¤ õ ®æ÷ªã a(t) §¢¥àåã
a (t) ≤ amax <∞ (3.13)

§ ç¨á«®¬ amax, ¥§ «¥¦¨¬ ¢÷¤ a(t).
� ¯¨è¥¬® à÷¢ïï (3.11) ã ¢¨£«ï¤÷

a(t) = Pa(t).

� ®æ÷®ª (3.12), (3.13) ¢¨¯«¨¢ õ, é® ®¯¥à â®à P ¯¥à¥¢®¤¨âì ®¯ãª«ã § ¬ª¥ã
¢ C[0, T ] ¬®¦¨ã N = { a(t) ∈ C[0, T ] : 0 < amin ≤ a(t) ≤ amax < ∞} ¢ á¥¡¥.
�¥à¥ª®ãîç¨áì ã â®¬ã, é® ®¯¥à â®à P õ æ÷«ª®¬ ¥¯¥à¥à¢¨¬   ¬®¦¨÷ N
  «®£÷ç® ¤® â®£®, ïª æ¥ §à®¡«¥® ¢ [5], ¢áâ ®¢«îõ¬® ÷áã¢ ï ¥¯¥à¥à¢®£®
à®§¢'ï§ªã a(t) à÷¢ïï (3.11). �÷¤áâ ¢«ïîç¨ ©®£® ¢ (2.6), ®âà¨¬ãõ¬® â ª¥
à÷¢ïï é®¤® r(x′, t):

t∫
0

dτ

∫
Rn−1

r (ξ′, τ)

(
1

(θ (t)− θ (τ))
n
2

exp

(
− |x′ − ξ′|2

4 (θ (t)− θ (τ))

)
+

+
1

(t− τ)
n
2

∞∑
k=−∞

exp

(
−|x′ − ξ′|2 + 4k2h2

4 (t− τ)

))
dξ′ = q5 (x

′, t) , (3.14)

¤¥

q5 (x
′, t) = q2 (x

′, t)− 1

θ
n
2 (t)

∫
Rn
+

ψ (ξ) exp

(
−|x′ − ξ′|2 + ξ2n

4θ (t)

)
dξ−

−
t∫

0

dτ

(θ (t)− θ (τ))
n
2

∫
Rn
+

g (ξ, τ) exp

(
− |x′ − ξ′|2 + ξ2n
4 (θ (t)− θ (τ))

)
dξ.
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�¢¥¤¥¬® à÷¢ïï (3.14) ¤® «÷÷©®£® ÷â¥£à «ì®£® à÷¢ïï �®«ìâ¥àà  ¤àã-
£®£® à®¤ã § ÷â¥£à®¢¨¬ ï¤à®¬. �«ï æì®£® ¯®ª« ¤¥¬® ¢ (3.14) t = σ, x′ = η′,
¤®¬®¦¨¬®   ¢¨à §

a (σ)

(θ (t)− θ (σ))
n
2

exp

(
− |x′ − η′|2

4 (θ (t)− θ (σ))

)
÷ ¯à®÷â¥£àãõ¬® ¯® σ ÷ η′ ¯® ®¡« áâ÷ Dt. �¬÷îîç¨ ¯®àï¤®ª ÷â¥£àã¢ ï, ®â-
à¨¬ õ¬®

t∫
0

dτ

∫
Rn−1

r (ξ′, τ) dξ′
t∫

τ

a (σ) dσ

(θ (t)− θ (σ))
n
2 (θ (σ)− θ (τ))

n
2

∫
Rn−1

exp

(
− |x′ − η′|2

4 (θ (t)− θ (σ))
−

− |η′ − ξ′|2

4 (θ (σ)− θ (τ))

)
dη′ +

t∫
0

dτ

∫
Rn−1

r (ξ′, τ) dξ′
t∫

τ

a (σ) dσ

(θ (t)− θ (σ))
n
2 (σ − τ)

n
2

×

×
∫

Rn−1

exp

(
− |x′ − η′|2

4 (θ (t)− θ (σ))
− |η′ − ξ′|2

4 (σ − τ)

)
= q6 (x

′, t) , (3.15)

¤¥

q6 (x
′, t) =

t∫
0

a (σ) dσ

(θ (t)− θ (σ))
n
2

∫
Rn−1

q5 (η
′, σ) exp

(
− |x′ − η′|2

4 (θ (t)− θ (σ))

)
dη′.

� ¯¥àè®¬ã ÷â¥£à «÷ à÷¢ïï (3.15) §à®¡¨¬® § ¬÷ã §¬÷¨å,   «®£÷çã ¤®
§ ¬÷¨ ¢ «¥¬÷ 3 [7,c.28]:

zi =
1

2

√
θ (t)− θ (τ)

(θ (t)− θ (σ)) (θ (σ)− θ (τ))
(ηi − ξi)+

+
1

2

√
θ (σ)− θ (τ)

(θ (t)− θ (σ)) (θ (t)− θ (τ))
(ξi − xi) . (3.16)

�¢÷¤á¨

|x′ − η′|2

4 (θ (t)− θ (σ))
+

|ξ′ − η′|2

4 (θ (σ)− θ (τ))
= |z′|2 + |x′ − ξ′|2

4 (θ (t)− θ (τ))
. (3.17)

� ¤àã£®¬ã ÷â¥£à «÷ à÷¢ïï (3.15) §à®¡¨¬® â ªã § ¬÷ã §¬÷¨å:

ζi =
1

2

√
θ (t)− θ (σ) + σ − τ

(θ (t)− θ (σ)) (σ − τ)
(ηi − xi)+

+
1

2

√
θ (t)− θ (σ)

(θ (t)− θ (σ) + σ − τ) (σ − τ)
(xi − ξi) , (3.18)



64 �.ö. ö������, �.�. ���������

é® ¤ õ

|x′ − η′|2

4 (θ (t)− θ (σ))
+

|ξ′ − η′|2

4 (σ − τ)
= |ζ ′|2 + |x′ − ξ′|2

4 (θ (t)− θ (τ) + σ − τ)
. (3.19)

�à å®¢ãîç¨ (3.16){(3.19), §¢¥¤¥¬® à÷¢ïï (3.15) ¤® ¢¨£«ï¤ã

t∫
0

dτ

(θ (t)− θ (τ))
n−1
2

∫
Rn−1

r (ξ′, τ) exp

(
− |x′ − ξ′|2

4 (θ (t)− θ (τ))

)
dξ′+

+
1

π

t∫
0

dτ

∫
Rn−1

κ (ξ′, τ) dξ′
t∫

τ

∞∑
k=−∞

exp

(
− |x′ − ξ′|2

4 (θ (t)− θ (σ) + σ − τ)
− k2h2

σ − τ

)
×

× a (σ) dσ√
(θ (t)− θ (σ)) (σ − τ) (θ (t)− θ (σ) + σ − τ)

n−1
=

q6 (x
′, t)

(2
√
π)

n−1 . (3.20)

�®¤÷õ¬®   à÷¢ïï (3.20) ®¯¥à â®à®¬ ∂
∂t − a (t)�n−1 ÷ ¢¨ª®à¨áâ õ¬® ¢« áâ¨-

¢®áâ÷ ®¡'õ¬¨å â¥¯«®¢¨å ¯®â¥æ÷ «÷¢ [7]. �à¨¯ãáª îç¨ â¨¬ç á®¢®, é® a (t) ∈
C1 [0, T ], ®âà¨¬ õ¬®

r (x′, t) +
1

π

(
∂

∂t
− a (t)�n−1

)( t∫
0

dτ

∫
Rn−1

r (ξ′, τ) dξ′×

×
t∫

τ

a (σ)√
(θ (t)− θ (σ)) (σ − τ) (θ (t)− θ (σ) + σ − τ)

n−1

∞∑
k=−∞

exp

(
− k2h2

σ − τ
−

− |x′ − ξ′|2

4 (θ (t)− θ (σ) + σ − τ)

)
dσ

)
=

(
∂

∂t
− a (t)�n−1

)
q6 (x

′, t) . (3.21)

�®§ ç¨¬® ÷â¥£à « ã «÷¢÷© ç áâ¨÷ (3.21) ç¥à¥§ I ÷ ¯®¤ ¬® ©®£® ã ¢¨£«ï¤÷

I =
√
a (t)

t∫
0

dτ

(t− τ)
n−1
2

∫
Rn−1

r (ξ′, τ) dξ′
t∫

τ

exp

(
−|x′ − ξ′|2

4 (t− τ)

)
×

× dσ√
(t− σ) (σ − τ)

+

t∫
0

dτ

∫
Rn−1

r (ξ′, τ) dξ′
t∫

τ

(
− exp

(
−|x′ − ξ′|2

4 (t− τ)

)
×

×
√
a (t)√

(t− σ) (σ − τ) (t− τ)
n−1

+ exp

(
− |x′ − ξ′|2

4 (θ (t)− θ (σ) + σ − τ)

)
×

× a (σ)√
(θ (t)− θ (σ)) (σ − τ) (θ (t)− θ (σ) + σ − τ)

n−1

)
dσ+

+ 2

t∫
0

dτ

∫
Rn−1

r (ξ′, τ) dξ′
t∫

τ

∞∑
k=1

exp

(
− |x′ − ξ′|2

4 (θ (t)− θ (σ) + σ − τ)
− k2h2

σ − τ

)
×
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× a (σ) dσ√
(θ (t)− θ (σ)) (σ − τ) (θ (t)− θ (σ) + σ − τ)

n−1
= I1 + I2 + I3.

(3.22)

� ©¤¥¬®( ∂
∂t

− a (t)�n−1

)
I1 =

( ∂
∂t

−�n−1

)
I1 + (1− a (t))�n−1I1 =

= π
√
a (t)r (x′, t) + (1− a (t))�n−1I1 +

π

2
a′ (t) I1. (3.23)

�¤à  ÷â¥£à «÷¢ I2 â  I3 ¬ îâì ¬¥èã ®á®¡«¨¢÷áâì, ÷¦ I1, ÷ ¯à¨ § áâ®áã¢ ÷

¤® ¨å ®¯¥à â®à 
∂

∂t
− a (t)�n−1 ¥ ¤ îâì ¯®§ ÷â¥£à «ì¨å ç«¥÷¢. �®¬ã

¯÷¤áâ ¢«ïîç¨ (3.22) â  (3.23) ¢ (3.21) ÷ ¯à®¢®¤ïç¨ ¥®¡å÷¤÷ ®æ÷ª¨, ®âà¨¬ãõ¬®
à÷¢ïï

(
1 +

√
a (t)

)
r (x′, t) +

t∫
0

dτ

∫
Rn−1

K (x′, t, ξ′, τ) r (ξ′, τ) dξ′ = q (x′, t) , (3.24)

ï¤à® ïª®£® ¬ õ ÷â¥£à®¢ã ®á®¡«¨¢÷áâì. �¥£ª® ¯¥à¥ª® â¨áì, é® ã¬®¢¨ (�) § -
¡¥§¯¥çãîâì  «¥¦÷áâì q(x′, t) ¤® C1,0(DT ). �â¦¥, ÷áãõ à®§¢'ï§®ª r(x′, t) ∈
C
(
DT

)
à÷¢ïï (3.24), ïª¨© õ ®¤®ç á® ÷ à®§¢'ï§ª®¬ à÷¢ïï (3.14). �®

áâ®áãõâìáï ¯à¨¯ãé¥ï a(t) ∈ C1[0, T ], â®  ¡«¨¦ îç¨ a(t) ∈ C[0, T ] ¯®á«÷-
¤®¢÷áâî äãªæ÷© {an(t)} ∈ C1[0, T ], ¯÷¤áâ ¢«ïîç¨ ùå ¢ (3.14) ÷ ¯¥à¥å®¤ïç¨ ¤®
£à ¨æ÷ ¯à¨ n → ∞, ¯¥à¥ª®ãõ¬®áì ã â®¬ã, é® § ©¤¥  äãªæ÷ï r(x′, t) õ
à®§¢'ï§ª®¬ à÷¢ïï (3.14) ÷ ¯à¨ a(t) ∈ C[0, T ]. �â¦¥, ¢áâ ®¢«¥® ÷áã¢ ï
à®§¢'ï§ªã § ¤ ç÷ (�).

�¥®à¥¬  1. �à¨¯ãáâ¨¬®, é® ¢¨ª®ãîâìáï ã¬®¢¨ (�), (D) ÷ (3.6). �®¤÷ ÷áãõ
õ¤¨¨© à®§¢'ï§®ª § ¤ ç÷ (�).

�áâ ®¢¨¬® õ¤¨÷áâì à®§¢'ï§ªã § ¤ ç÷ (�). �à¨¯ãáª îç¨, é® ÷áãîâì ¤¢ 
à®§¢'ï§ª¨ § ¤ ç÷ (�) (ai (t) , ui (x, t) , vi (x, t)), i = 1, 2, ¤«ï à÷§¨æì a (t) = a1 (t)−
a2 (t) ,
u (x, t) = u1 (x, t)− u2 (x, t) , v (x, t) = v1 (x, t) − v2 (x, t) ®âà¨¬ãõ¬® â ª÷ á¯÷¢¢÷¤-
®è¥ï:

ut = �u, (x, t) ∈ 
1, (3.25)

vt = a1 (t)�v + a (t)�v2, (x, t) ∈ 
2, (3.26)

u (x, 0) = 0, x ∈ Rn−1 × [−h, 0] , (3.27)

v (x, 0) = 0, x ∈ Rn
+, (3.28)

uxn (x
′,−h, t) = 0, (x′, t) ∈ DT , (3.29)∫

Rn−1

u (x′,−h, t) dx′ = 0, t ∈ [0, T ] , (3.30)

u (x′, 0, t) = v (x′, 0, t) , (x′, t) ∈ DT , (3.31)

uxn(x
′, 0, t) = a1(t)vxn(x

′, 0, t) + a(t)v2xn(x
′, 0, t), (x′, t) ∈ DT .

(3.32)
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�®§ ç¨¬®
uxn (x

′, 0, t) = p (x′, t) , (x′, t) ∈ DT . (3.33)

�®¤÷
vxn (x

′, 0, t) = p (x′, t)− a (t) v2xn
(x′, 0, t) , (x′, t) ∈ DT . (3.34)

�÷¤áâ ¢«ïîç¨ à®§¢'ï§®ª § ¤ ç÷ (3.25), (3.27), (3.29), (3.33) ¢ ã¬®¢ã (3.30), ®â-
à¨¬ õ¬®

t∫
0

P (τ)

(t− τ)
3
2

∞∑
k=−∞

exp

(
− (2k − 1)

2
h2

4 (t− τ)

)
dτ = 0, (3.35)

¤¥

P (t) =

∫
Rn−1

p(x′, t) dx′.

� (3.35) §  â¥®à¥¬®î �÷âç¬ àè  [8, c.233] ¬ õ¬® P (t) ≡ 0 ÷ u(x, t) ≡ 0.
� ©¤¥¬® à®§¢'ï§®ª § ¤ ç÷ (3.26), (3.28), (3.34) ÷ ¯÷¤áâ ¢¨¬® ©®£® ¢ ã¬®¢ã∫

Rn−1

v (x′, 0, t) dx′ =

∫
Rn−1

u (x′, 0, t) dx′ = 0.

�âà¨¬ õ¬® à÷¢ïï é®¤® a(t):

t∫
0

a (τ) dτ√
θ1 (t)− θ1 (τ)

∞∫
0

exp

(
− ξ2n
4 (θ1 (t)− θ1 (τ))

)
dξn

∫
Rn−1

�v2 (ξ, τ) dξ
′+

+

t∫
0

a (τ) dτ√
θ1 (t)− θ1 (τ)

∫
Rn−1

v2xn
(ξ′, 0, τ) dξ′ = 0, (3.36)

¤¥ θ1 (t) =
t∫
0

a1 (τ) dτ. �®§ ç¨¬®∫
Rn−1

v2 (x
′, ξn, t) dx

′ = w (ξn, t) . (3.37)

�®¤÷ à÷¢÷áâì (3.36)  ¡ã¤¥ ¢¨£«ï¤ã

t∫
0

a (τ)√
θ1 (t)− θ1 (τ)

(
wξn (0, τ)+

+

∞∫
0

wξnξn (ξn, τ) exp

(
− ξ2n
4(θ1 (t)− θ1 (τ))

)
dξn

)
dτ = 0. (3.38)

öâ¥£àãîç¨ ¯® ç áâ¨ å, §¢¥¤¥¬® (3.38) ¤® ¢¨£«ï¤ã

t∫
0

a (τ) dτ

(θ1 (t)− θ1 (τ))
3
2

∞∫
0

wξn (ξn, τ) ξn exp

(
− ξ2n
4(θ1 (t)− θ1 (τ))

)
dξn = 0. (3.39)
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�â¦¥, a(t) õ à®§¢'ï§ª®¬ ÷â¥£à «ì®£® à÷¢ïï �®«ìâ¥àà  ¯¥àè®£® à®¤ã (3.39).
�«ï â®£®, é®¡ §¢¥áâ¨ ©®£® ¤® ÷â¥£à «ì®£® à÷¢ïï ¤àã£®£® à®¤ã, à®§£«ï¥¬®
¤®¯®¬÷¦ã § ¤ çã

Ut = a1(t)Uxnxn + a(t)wxn(xn, t), (xn, t) ∈ (0,∞)× (0, T ),
(3.40)

U(x, 0) = 0, x ∈ [0,∞), (3.41)

U(0, t) = 0, t ∈ [0, T ], (3.42)

Uxn(0, t) = 0, t ∈ [0, T ]. (3.43)

�ªé® à®§¢'ï§®ª § ¤ ç÷ (3.40){ (3.42) ¯÷¤áâ ¢¨â¨ ¢ ã¬®¢ã (3.43), â® ®âà¨¬ õ¬®
à÷¢ïï (3.39). �ç¥¢¨¤®, é® à÷¢ïï (3.39) ¥ª¢÷¢ «¥â¥ à÷¢ïî

t∫
0

a (τ) dτ√
(θ1 (t)− θ1 (τ))

∞∫
0

wξn (ξn, τ) exp

(
− ξ2n
4(θ1 (t)− θ1 (τ))

)
dξn = 0, (3.44)

ïª¥ ®âà¨¬ãõâìáï, ïªé® à®§¢'ï§®ª § ¤ ç÷ (3.40), (3.41), (3.43) ¯÷¤áâ ¢¨â¨ ¢ ã¬®¢ã
(3.42). �¤÷©áîîç¨ § ¬÷ã §¬÷¨å

z =
ξn

2
√
θ1(t)− θ1(τ)

,

§¢¥¤¥¬® à÷¢ïï (3.44) ¤® ¢¨£«ï¤ã

t∫
0

a(τ)dτ

∞∫
0

wξn

(
2z

√
θ1(t)− θ1(τ), τ

)
exp

(
−z2

)
dz = 0.

�¨ä¥à¥æ÷îîç¨ ¯® t, §¢÷¤á¨ ®âà¨¬ãõ¬®

√
π

2
a(t)wxn

(0, t)+a1(t)

t∫
0

a(τ)dτ√
θ1(t)− θ1(τ)

∞∫
0

wξnξn(2z
√
θ1(t)− θ1(τ), τ)z exp(−z2)dz = 0.

 ¡®

a(t)wxn(0, t) +
a1(t)

2
√
π

t∫
0

a(τ)dτ

(θ1(t)− θ1(τ))
3
2

∞∫
0

wξnξn (ξn, τ)×

× ξn exp

(
− ξ2n
4(θ1(t)− θ1(τ))

)
dξn = 0. (3.45)

�®ª ¦¥¬®, é® wxn
(0, t) > 0, t ∈ [0, T ]. �à å®¢ãîç¨ ¯®§ ç¥ï (3.37) ÷ ã¬®¢ã

a2(t)

∫
Rn−1

v2xn
(x′, 0, t)dx′ =

∫
Rn−1

u2xn
(x′, 0, t)dx′,
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¬ õ¬®

a2(t)wxn(0, t) =

∫
Rn−1

u2xn
(x′, 0, t)dx′. (3.46)

� ÷è®£® ¡®ªã, ¢¨ª®à¨áâ®¢ãîç¨ ¤«ï äãªæ÷ù R2(t) =
∫
Rn−1 u2xn

(x′, 0, t)dx′ ä®à-
¬ã«ã (3.7) ÷ ¢à å®¢ãîç¨ ã¬®¢¨ (D), ¢áâ ®¢«îõ¬®, é® R2(t) > 0   [0, T ],  ,
®â¦¥, ÷ wxn(0, t) > 0   [0, T ]. �¥ ®§ ç õ, é® (3.45) õ ÷â¥£à «ì¨¬ à÷¢ï-
ï¬ �®«ìâ¥àà  ¤àã£®£® à®¤ã é®¤® a(t),   â®¬ã a(t) ≡ 0, t ∈ [0, T ]. �¢÷¤á¨
¢¨¯«¨¢ õ, é® § ¤ ç  (3.25){(3.32) ¯¥à¥å®¤¨âì ¢ ®¤®à÷¤ã § ¤ çã á¯àï¦¥ï,
ïª  §¢®¤¨âìáï ¤® ®¤®à÷¤®£® ÷â¥£à «ì®£® à÷¢ïï (3.24), ÷ â®¬ã ¬ õ â÷«ìª¨
âà¨¢÷ «ì¨© à®§¢'ï§®ª. ô¤¨÷áâì à®§¢'ï§ªã § ¤ ç÷ (A) ¢áâ ®¢«¥®.

4. ’ (B)

öâ¥£àãîç¨ à÷¢ïï (2.9) §  §¬÷®î x′ ¯® Rn−1, ®âà¨¬ãõ¬® ¤®á«÷¤¦¥ã
¢ § ¤ ç÷ (�) á¨áâ¥¬ã à÷¢ïì (2.5), (3.8), ¤¥ ¢ q1(t) á«÷¤ § ¬÷áâì µ(t) ¡à â¨∫
Rn−1 κ(x′, t)dx′. � á¨áâ¥¬¨ (2.5), (3.8) § å®¤¨¬® ¥¢÷¤®¬¨© ª®¥ä÷æ÷õâ a(t),
¯à¨¯ãáª îç¨ ¯à¨ æì®¬ã, é® ¢¨ª®ãîâìáï ã¬®¢¨ (�), (D) ÷ ã¬®¢  (3.6) § ¤¥ïª®î
äãªæ÷õî γ(t).

�«ï ¢¨§ ç¥ï ¥¢÷¤®¬¨å u(x, t) â  v(x, t) ¯®âà÷¡® § ©â¨ à®§¢'ï§®ª à÷¢ï-
ï (2.9). �à¨¯ãáâ¨¬®, é® ÷áãõ â ª  äãªæ÷ï γ(x′, t) ∈ C(DT ), é® ¢¨ª®ãõâìáï
ã¬®¢ :

h

t∫
0

dτ

(t− τ)
n+2
2

∫
Rn−1

γ(ξ′, τ) exp

(
−|x′ − ξ′|2 + h2

4(t− τ)

)
dξ′ =

= π
n
2 ν(x′, t) +

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

(
κτ (ξ

′, τ)− F (ξ′,−h, τ)
)
exp

(
−|x′ − ξ′|2

4(t− τ)

)
dξ′−

−
t∫

0

dτ

(t− τ)
n
2

∫
Rn−1

dξ′
0∫

−h

fξn(ξ, τ) exp

(
−|x′ − ξ′|2 + (ξn + h)2

4(t− τ)

)
dξn−

−t−n
2

∫
Rn−1

dξ′
0∫

−h

φ(ξ) exp

(
−|x′ − ξ′|2 + (ξn + h)2

4t

)
dξn. (4.1)

�®¤÷ ¡¥§¯®á¥à¥¤ì®î ¯¥à¥¢÷àª®î ¬®¦  ¯¥à¥ª® â¨áì, é® à÷¢ïï (2.9) ¬ õ
à®§¢'ï§®ª

r (x′, t) = γ (x′, t) +
1

2π
n
2 t

n
2

∫
Rn−1

dξ′
0∫

−h

φ (ξ) exp

(
−|x′ − ξ′|2 + ξ2n

4t

)
dξn+

+
1

2π
n
2

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

(f (ξ′,−h, τ)− κτ (ξ
′, τ)) exp

(
−|x′ − ξ′|2 + h2

4 (t− τ)

)
dξ′+

+
h

4π
n
2

t∫
0

dτ

(t− τ)
n
2
+1

∫
Rn−1

ν (ξ′, τ) exp

(
−|x′ − ξ′|2 + h2

4 (t− τ)

)
dξ′+
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+
1

2π
n
2

t∫
0

dτ

(t− τ)
n
2

∫
Rn−1

dξ′
0∫

−h

fξn (ξ, τ) exp

(
−|x′ − ξ′|2 + ξ2n

4 (t− τ)

)
dξn. (4.2)

�¥£ª® ¡ ç¨â¨, é® ÷â¥£àã¢ ï¬ (4.1) §  x′ ¯® Rn−1 ã¬®¢  (4.1) §¢®¤¨âìáï ¤®
ã¬®¢¨ (3.6), ¢ ïª÷©

µ (t) =

∫
Rn−1

κ (x′, t) dx′, γ (t) =

∫
Rn−1

γ (x′, t) dx′. (4.3)

�¥ ®§ ç õ, é® ã¬®¢  (3.6) § ¤®¢®«ìïõâìáï ÷ § á¨áâ¥¬¨ (2.5), (3.8) ¢¨§ -
ç õâìáï ª®¥ä÷æ÷õâ a(t). �÷¤áâ ¢«ïîç¨ ©®£® â  (4.2) ¢ (2.3), (2.4), § å®¤¨¬®
¥¢÷¤®¬÷ u(x, t),
v(x, t). Oâ¦¥, ¬ õ ¬÷áæ¥

�¥®à¥¬  2. �à¨¯ãáâ¨¬®, é® ¢¨ª®ãîâìáï ã¬®¢¨ (4.1), (�) â  ã¬®¢  (D) §
¯®§ ç¥ï¬¨ (4.3). �®¤÷ ÷áãõ õ¤¨¨© à®§¢'ï§®ª § ¤ ç÷ (�).

�«ï ¤®¢¥¤¥ï õ¤¨®áâ÷ à®§¢'ï§ªã § ¤ ç÷ (�) ¯à¨¯ãáâ¨¬®, é® ÷áãîâì ¤¢ 
à®§¢'ï§ª¨ (ai (t) , ui (x, t) , vi (x, t)), i = 1, 2.�®ª« ¤ îç¨ a (t) = a1 (t)−a2 (t) , u (x, t) =
u1 (x, t)−u2 (x, t) , v (x, t) = v1 (x, t)−v2 (x, t) , § å®¤¨¬®, é® äãªæ÷ù a(t), u(x, t), v(x, t)
§ ¤®¢®«ìïîâì ã¬®¢¨ (3.25){(3.29), (3.32) â 

u (x′,−h, t) = 0, (x′, t) ∈ DT , (4.4)∫
Rn−1

u (x′, 0, t) dx′ =

∫
Rn−1

v (x′, 0, t) dx′, t ∈ [0, T ] . (4.5)

�¢÷¤á¨ ¢áâ ®¢«îõ¬®, ïª ÷ ¢ § ¤ ç÷ (�), ®¤®§ ç÷áâì ¢¨§ ç¥ï ª®¥ä÷æ÷õâ 
a(t). �®¤÷ § ¤ ç  (3.25){(3.29), (3.32) áâ õ ®¤®à÷¤®î. �¨ª®à¨áâ®¢ãîç¨ ¯®§ -
ç¥ï (3.33), ®âà¨¬ãõ¬® ®¤®à÷¤¥ ÷â¥£à «ì¥ à÷¢ïï ¢¨£«ï¤ã (2.9) é®¤®
äãªæ÷ù p(x′, t). � ¢« áâ¨¢®áâ¥© ¯¥à¥â¢®à¥ï �ãà'õ â  â¥®à¥¬¨ �÷âç¬ àè  [8]
¢¨¯«¨¢ õ, é® p(x′, t) ≡ 0,  , ®â¦¥, u(x, t) ≡ 0, v(x, t) ≡ 0. �¥®à¥¬ã ¤®¢¥¤¥®.
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