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The existence and the singularities character of generalized elliptic boundary value
problem solution under power singularities of data of an arbitrary order are estab-
lished.

� [1{3] â  i­è¨å ¯à æïå ¢¨¢ç õâìáï ¯®¢¥¤i­ª  ã§ £ «ì­¥­¨å à®§¢'ï§ªi¢ ¥«i¯-
â¨ç­¨å £à ­¨ç­¨å § ¤ ç, ¯à ¢i ç áâ¨­¨ ïª¨å ¬ îâì áâ¥¯¥­¥¢i ®á®¡«¨¢®áâi.
�áâ ­®¢«¥­®, é® ¤«ï iá­ã¢ ­­ï ã§ £ «ì­¥­®£® à®§¢'ï§ªã § ¤ çi ¢ á¥­ái [4] ¤®-
¯ãáª õâìáï áâ¥¯¥­¥¢¨© àiáâ ¤ ­¨å § ¤ çi ¯®àï¤ªã λ > −n ¢á¥à¥¤¨­i ®¡« áâi â 
λ > max{1− n,−n+ 2m− 1−m′} ­  ùù ¬¥¦i, ¤¥ m′ | ¬ ªá¨¬ «ì­¨© ¯®àï¤®ª
¯®åi¤­¨å ã ­ ¯àï¬i ­®à¬ «i ¢ £à ­¨ç­¨å ®¯¥à â®à å § ¤ çi,   ¯à¨ á¨«ì­iè®-
¬ã à®áâi á«i¤ ¯à®¢®¤¨â¨ à¥£ã«ïà¨§ æiî § ¤ ­¨å ã§ £ «ì­¥­¨å äã­ªæi© [1,2].
�¨ª®à¨áâ®¢ãîç¨ ®¤¥à¦ ­¥ ã [5] §®¡à ¦¥­­ï à®§¢'ï§ªã ã§ £ «ì­¥­®ù £à ­¨ç­®ù
§ ¤ çi, ¢áâ ­®¢«îõ¬® å à ªâ¥à ©®£® ¯®¢¥¤i­ª¨ ¯à¨ ¤®¢i«ì­¨å áâ¥¯¥­¥¢¨å ®á®¡-
«¨¢®áâïå ¤ ­¨å § ¤ çi, ­¥ ¯à®¢®¤ïç¨ à¥£ã«ïà¨§ æiù æ¨å ¤ ­¨å.

�®§£«ï¤ õ¬® § ¤ çã

A(x,D) = F0, x ∈ 
,

Bj(x,D)u|S = Fj , j = 1,m,
(1)

¢ ®¡« áâi 
 ⊂ Rn, ®¡¬¥¦¥­i© ¯®¢¥àå­¥î S ª« áã C∞. �ãâ A(x,D) | ¥«i¯-
â¨ç­¨© ®¯¥à â®à ¯®àï¤ªã 2m, {Bj(x,D)}mj=1 | ­®à¬ «ì­  á¨áâ¥¬  £à ­¨ç­¨å
¤¨ä¥à¥­æi «ì­¨å ¢¨à §i¢, ïª  ­ ªà¨¢ õ ®¯¥à â®à A(x,D), ª®¥äiæiõ­â¨ ®¯¥à -
â®ài¢ ¢¢ ¦ õ¬® ­¥áªi­ç¥­­® ¤¨ä¥à¥­æi©®¢­¨¬¨.

�¥å © B̂j , Tj , T̂j | £à ­¨ç­i ¤¨ä¥à¥­æi «ì­i ®¯¥à â®à¨, ¯à¨ ïª¨å ¯à ¢¨«ì­ 
ä®à¬ã«  �ài­ 

∫



(Auv − uA∗v) dx =
m∑
j=1

∫
S

(BjuT̂jv − TjuB̂jv)dS.
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Hexa© D(
) = C∞(
), D(S) = C∞(S), X(
) = {φ ∈ D(S) : B̂jv|S = 0, j =

1,m}, D′(
), D′(S), X ′(
) | ¯à®áâ®à¨ «i­i©­¨å ­¥¯¥à¥à¢­¨å äã­ªæi®­ «i¢ ¢i¤-
¯®¢i¤­® ­  D(
), D(S), X(
). �¥à¥§ (φ, F ) ¯®§­ ç õ¬® ¤iî F ∈ D′(
)(X ′(
))
­  φ ∈ D(
)(X(
)),   ç¥à¥§ ⟨φ,F ⟩ | ¤iî F ∈ D′(S) ­  φ ∈ D(S).

�à¨ F0 ∈ X ′(
), Fj ∈ D′(S), j = 1,m, à®§¢'ï§ª®¬ § ¤ çi (1) ­ §¨¢ õ¬® â ªã

ã§ £ «ì­¥­ã äã­ªæiî u ∈ D′(
), é®

(A∗ψ, u) = (ψ,F0) +

m∑
j=1

⟨T̂jψ, Fj⟩, ψ ∈ X(
). (2)

� [4,6] ¤®¢¥¤¥­® iá­ã¢ ­­ï ¢¥ªâ®à-äã­ªæiù �ài­  (G0(x, y), G1(x, y), . . . , Gm(x, y))
§ ¤ çi (1), õ¤¨­®ù ã ª« ái äã­ªæi©, ®àâ®£®­ «ì­¨å ¤® ï¤à  N § ¤ çi (1) (Pu =
0), â  ¢¨¢ç¥­i ùù ¢« áâ¨¢®áâi. �ªé®

(ψ,F0) +
m∑
j=1

⟨T̂jψ, Fj⟩ = 0 (3)

¤«ï ¤®¢i«ì­®ù φ ∈ N∗ (N∗ | ï¤à® á¯àï¦¥­®ù ¤® (1) § ¤ çi), â® iá­ãõ, õ¤¨­¨© ã
D′(
)/N , à®§¢'ï§®ª § ¤ çi (1) ¢ á¥­ái (2), ¢¨§­ ç¥­¨© ä®à¬ã«®î

(φ, u) =
(∫




φ(x)G0(x, y) dx, F0

)
+

m∑
j=1

⟨∫



φ(x)Gj(x, y), Fj

⟩
, φ ∈ D(
). (4)

�ã­ªæiï i§ á¨«ì­¨¬¨ áâ¥¯¥­¥¢¨¬¨ ®á®¡«¨¢®áâï¬¨ ­¥ ­ «¥¦¨âì ¯à®áâ®àãD′(
)
ç¨ X ′(
). �«¥ ä®à¬ã«ã (4) ¬®¦­  ¯®è¨à¨â¨ i ­  â ª¨© ¢¨¯ ¤®ª. �®§£«ï­¥¬®
á¯¥æi «ì­i ¯à®áâ®à¨ äã­ªæi©.

H¥å © x0 ∈ 
, ϱ(x, x0) = ϱ0(x − x0) | ­¥¢i¤'õ¬­  äi­iâ­  ­¥áªi­ç¥­­® ¤¨-
ä¥à¥­æi©®¢­  ¢ 
 äã­ªæiï, ϱ(x0, x0) = 0,   ¢ ®ª®«i â®çª¨ x0 ¬ õ ¯®àï¤®ª
d(x, x0) = |x− x0|.

�«ï k ∈ R1 ¢¨§­ ç¨¬®

Zk(
, x0) = {φ ∈ C∞(
 \ x0) : ϱ|α|(x, x0)Dαφ(x) = ϱk(x, x0)φα(x),

φα(x) ∈ C(
) ¤«ï ¤®¢i«ì­®£® ¬ã«ìâ¨i­¤¥ªá  α}.

�ª ¦¥¬®, é® ¯®á«i¤®¢­iáâì φν → 0 ã ¯à®áâ®ài Zk(
, x0), ïªé® ¤«ï ¤®¢i«ì­®-
£® ¬ã«ìâ¨i­¤¥ªá  α ¯®á«i¤®¢­iáâì φαν(x) = ϱ−k+|α|(x, x0)D

αφν(x) ài¢­®¬ià­®
§¡i£ õâìáï ¤® ­ã«ï ¯à¨ ν → ∞ ¢ 
.

�i¤§­ ç¨¬® ®á­®¢­i ¢« áâ¨¢®áâi äã­ªæi© i§ ¯à®áâ®àã Zk(
, x0):
1) Z0(
, x0) ⊂ C(
), C∞(
) ⊂ Zk(
, x0) ¤«ï ¤®¢i«ì­®£® k ≤ 0;
2) ïªé® φ ∈ Zk(
, x0), â® |x− x0|λφ ∈ Zk+λ(
, x0) ¤«ï ¤®¢i«ì­®£® λ ∈ R1;
3) ïªé® φ ∈ Zk(
, x0), â® D

γφ ∈ Zk−|γ|(
, x0) ¤«ï ¤®¢i«ì­®£® ¬ã«ìâ¨i­¤¥ªá  γ;

4) ïªé® φ ∈ Zk(
, x0), ψ ∈ Zp(
, x0), â® φψ ∈ Zk+p(
, x0);

5) Zk2(
, x0) ⊂ Zk1(
, x0) ¤«ï k1 < k2;
6) Zk(
, x0) ⊂ C [k](
) ¤«ï k ≥ 0 (âãâ [k] | æi«  ç áâ¨­  ç¨á«  k).

�®§­ ç õ¬® ç¥à¥§ Z ′
k(
, x0) ¯à®áâ®à¨ «i­i©­¨å ­¥¯¥à¥à¢­¨å äã­ªæi®­ «i¢ ­ 

Zk(
, x0). �®¤i:
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1) Z ′
k1
(
, x0) ⊂ Z ′

k2
(
, x0) ¤«ï k1 < k2; (C

[k](
))′ ⊂ Z ′
k(
, x0), ïªé® k ≥ 0;

®áªi«ìª¨ C∞(
) = D(
) ⊂ Z−k(
, x0) ¯à¨ k > 0, â® Z ′
−k(
, x0) ⊂ D′(
) ¯à¨

k ≥ 0.
2) �ªé® F ∈ Z ′

k(
, x0), â® ¢¨§­ ç¥­® (Dαφ,F ) ¤«ï Dαφ ∈ Zk(
, x0),   ®â-

¦¥ ¤«ï φ ∈ Zk+|α|(
, x0). �®¤i ¢¨§­ ç¥­¨© «i­i©­¨© ­¥¯¥à¥à¢­¨© äã­ªæi®­ «

DαF :(φ,DαF ) = (−1)|α|(Dαφ,F ), D|α|F ∈ Z ′
k+|α|(
, x0).

3) Z−k(
, x0) ⊂ Z ′
k(
, x0) ¤«ï k > 0.

�¯à ¢¤û, ïªé® f ∈ Z−k(
, x0), â® fα(x) = ϱk+|α|D|α|f ∈ C(
) ⊂ L1(
),  
â®¤i ¢¨§­ ç¥­i â ªi «i­i©­i ­¥¯¥à¥à¢­i äã­ªæi®­  «¨ fα ­  Zk(
, x0):

(φ, fα) =

∫



(−1)|α|φαfα dx =

∫



(−1)|α|ϱ−k+|α|Dαφfα dx =

=

∫



(−1)|α|ϱ−k+|α|Dαφϱ−k+|α|Dαf dx =

∫



(−1)|α|Dαφϱ2|α|Dαf dx,

¤«ï ¤®¢i«ì­®£® ¬ã«ìâ¨i­¤¥ªá  α, φ ∈ Zk(
, x0), §®ªà¥¬ ,

(φ, f) =

∫



φ0f0 dx =

∫



ϱ−kφϱkf dx =

∫



φf dx, φ ∈ Zk(
, x0).

�â¦¥, ïªé® f ∈ Z−k(
, x0), â® f |à¥£ã«ïà­  ã§ £ «ì­¥­  äã­ªæiï i§ Z ′
k(
, x0).

4) �¥å © gα ∈ L1(
) ¤«ï ¤®¢i«ì­®£® ¬ã«ìâ¨i­¤¥ªá  α, â®¤i ¤«ï ¤®¢i«ì­®ù φ ∈
Zk(
, x0) ¢¨§­ ç¥­i

∫


ϱ−k+|α|Dαφgα dx i ¯à¨ ¤®¢i«ì­®¬ã ­ âãà «ì­®¬ã ç¨á«iN

¬ õ¬® g(x) =
∑

|α|≤N Dα((−1)|α|gαϱ−k+|α|) (¯®åi¤­i à®§ã¬iõ¬® ¢ ã§ £ «ì­¥­®¬ã

á¥­ái) õ «i­i©­¨¬ ­¥¯¥à¥à¢­¨¬ äã­ªæi®­ «®¬ ­  Zk(
, x0):

(φ, g) =
∑

|α|≤N

∫



ϱ−k+|α|gα(−)|α|Dαφdx.

�®ªà¥¬ , ¯à¨ g0(x) ∈ L1(
) äã­ªæiï g(x) = g0(x)(x− x0)
−κ ∈ Z ′

|κ|(
, x0).

5) �«ï ¤®¢i«ì­®£® ¬ã«ìâ¨i­¤¥ªá  α, φ ∈ Zk(
, x0), ®¡¬¥¦¥­¨å ¢ 
 äã­ªæi©
gα(x) â  ¤®¢i«ì­¨å ç¨á¥« pα > −n ¢¨§­ ç¥­®

∫


gαϱ

pα+|α|−kDαφdx. �®¤i

g(x) =
∑

|α|≤N

Dα(gαϱ
pα+|α|−k) ∈ Z ′

k(
, x0).

�®ªà¥¬ , g(x) = g0(x)(x − x0)
pα−k ∈ Zk(
, x0), g(x) = g0(x)(x − x0)

−κ ∈
Zk(
, x0) ¯à¨ −|κ| = pα − k > −n− k, â®¡â®, ¯à¨ k > |κ| − n.

�â¦¥, ïªé® g0(x) | ®¡¬¥¦¥­  ¢ 
 äã­ªæiï, â®

g(x) = g0(x)(x− x0)
−κ ∈ Z ′

|κ|−n+ε(
, x0)

¤«ï ¤®¢i«ì­®£® ε > 0. � ã¢ ¦¨¬®, é® g(x) ∈ D′(
) ¯à¨ |κ| < n û g(x) ­¥
­ «¥¦¨âì D′(
) ¯à¨ |κ| > n.

�¥å © f0(x) | ®¡¬¥¦¥­  äã­ªæiï ¢ ®¡« áâi 
, F0(x) = f0(x)(x−x0)κ, |κ| ≥ 0,
F1 = · · · = Fm = 0. �®ª ¦¥¬®, é® ã ¢¨¯ ¤ªã N∗ = {0} à®§¢'ï§®ª u(x) § ¤ çi
(1) â ª¨©, é® Pu = 0, ­ «¥¦¨âì Z ′

|κ|−2m−n+ε(
, x0) ¤«ï ¤®¢i«ì­®£® ε > 0,  

®â¦¥ ¬®¦¥ ¬ â¨ áâ¥¯¥­¥¢ã ®á®¡«¨¢iáâì ã â®çæi x0 ¯®àï¤ªã |κ| − 2m − ε, ¡ãâ¨
à¥£ã«ïà­®î ã§ £ «ì­¥­®î äã­ªæiõî, ïªé® |κ| < 2m+ n. �¥ ¢¨¯«¨¢ õ i§ â ª®ù
â¥®à¥¬¨.
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�¥®à¥¬  1. �¥å © F0 ∈ Z ′
p(
, x0), p > 2m − n, F1 = · · · = Fm = 0, N∗ = {0},

u(x) | à®§¢'ï§®ª § ¤ çi (1) â ª¨©, é® Pu(x) = 0. �®¤i u(x) ∈ Z ′
p−2m(
, x0).

�¥ â¢¥à¤¦¥­­ï â®ç­¥ ã â®¬ã à®§ã¬i­­i, é® ¤«ï à®§¢'ï§ªã u(x) i§ Z ′
p−2m−ε(
, x0) ⊂

Z ′
p−2m(
, x0), ε > 0, § ¤ çi iá­ãõ äã­ªæûï F0(x) = Au(x) i§ Z ′

p(
, x0),   ¯à¨

u(x) ∈ Z ′
p−2m+ε(
, x0) ¬®¦¥ ­¥ iá­ã¢ â¨ â ª®ù F0 ∈ Z ′

p(
, x0), ¯à¨ ïªi© u(x) õ

à®§¢'ï§ª®¬ à®§£«ï¤ã¢ ­®ù § ¤ çi. �¯à ¢¤û, ¤«ï u(x) ∈ Z ′
p−2m+ε(
, x0) Au(x) ∈

Z ′
p+ε(
, x0),   ¯à¨ ε > 0 Z ′

p(
, x0) ⊂ Z ′
p+ε(
, x0).

�®¢¥¤¥­­ï â¥®à¥¬¨. � [5] ¯®ª § ­®, é® äã­ªæiï

ψ(y) = (G∗
0φ)(y) =

∫



φ(x)G(x, y) dx ∈ X(
) ⊂ D(
)

¤«ï ¤®¢i«ì­®ù φ ∈ D(
). �¨¢ç¨¬® ùù ¢« áâ¨¢®áâi ¯à¨ φ ∈ Zk(
, x0), x0 ∈ 
.

�¥å © h(x) ∈ D(
), 0 ≤ h(x) ≤ 1, h(x) =
{ 1, |x−x0|<η,

0, |x−x0|>2η,

ψ(y) = (G∗
0φ)(y) =

∫



h(x)φ(x)G(x, y) dx+

∫



(1−h(x))φ(x)G(x, y) dx = ψ1(y)+ψ2(y).

� õ¬® (1−h(y))ψ(y) = 0 ¯à¨ |y−x0| < η, â®¬ã (1−h(y))ψ(y) ∈ Zk+2m(
, x0)
¤«ï ¤®¢i«ì­®£® k ∈ R1 ¯à¨ ¤®¢i«ì­i© φ ∈ Zk(
, x0).

�®§£«ï­¥¬® äã­ªæiî h(y)ψ1(y). �à¨ φ ∈ Zk(
, x0), k > −n ¢®­  ¬ õ ¯®àï¤®ª
äã­ªæiù ϱ2m+k(y, x0). �®ª ¦¥¬®, é® ¤«ï ¤®¢i«ì­®£® ¬ã«ìâ¨i­¤¥ªá  α ¬ õ¬®
àû¢­ûáâì

vα(y) = ϱ|α|(y, x0)D
α

∫



h(x)φ(x)G0(x, y)h(y) dx = wα(y)ϱ
2m+k(y, x0),

¤¥ wα ∈ C(
).
�¯à ¢¤û, äã­ªæiî vα(y) ¯®¤ ¬® ã ¢¨£«ï¤i áã¬¨ v1α(y)+v2α(y)+v3α(y) âàì®å

¤®¤ ­ªi¢ ¢i¤¯®¢i¤­® ¤® à®§¡¨ââï ®¡« áâi 
 ­  
1 = {x ∈ 
 : |x− x0| < |y−x0|
2 },


2 = {x ∈ 
 : |x− y| < |y−x0|
2 }, 
3 = 
 \ (
1 ∪ 
2).

�«ï x ∈ 
1 ¬ õ¬® |x− y| ≤ |y − x0|+ |x− x0| < 3
2 |y − x0|, |x− y| ≥ |y − x0| −

|x − x0| > 1
2 |y − x0|, â®¤i 1

|x−y|n−2m+|α| < ( 2
|y−x0| )

n−2m+|α| ¯à¨ n − 2m + |α| >
0, |x − y|−(n−2m+|α|) < ( 32 |y − x0|)−(n−2m+|α|) ¯à¨ n − 2m + |α| < 0,   ®â¦¥

|Dα(G0(x, y)h(y))| < C1ϱ
−(n−2m+|α|)(y, x0)) ¤«ï ¤®¢i«ì­®£® ¬ã«ìâ¨i­¤¥ªá  α.

�®¤i ¯à¨ k > −n

v1α(y) = ϱ|α|(y, x0)

∫

1

h(x)φ(x)Dα(G0(x, y)h(y)) dx =

= w1α(y)ϱ
|α|−n+2m−|α|+k+n(y, x0) = w1α(y)ϱ

2m+k(y, x0),

¤¥ w1α ∈ C(
). �«ï x ∈ 
2 ¬ õ¬® |x−x0| ≤ |y−x0|+|x−y| < 3
2 |y−x0|, |x−x0| ≥

|y − x0| − |x− y| > 1
2 |y − x0|, â®¬ã |h(y)φ(y)| < C2ϱ

k(y, x0), k ∈ R1. �áªi«ìª¨

Dα
y = (−Dx +Dy +Dx)

α =
∑

|β|≤∥α|

Cαβ(−Dx)
β(Dx +Dy)

α−β , Cαβ |
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¯¥¢­i áâ «i, i (Dx+Dy)
α−β(G0(x, y)h(y)) = O( 1

|x−y|n−2m ) ¤«ï ¤®¢i«ì­¨å |α| ≥ |β|,
â®

v2α(y) = ϱ|α|(y, x0)

∫

2

∑
|β|≤∥α|

Cαβ(Dx)
β(h(x)φ(x))(Dx +Dy)

α−β(G0(x, y)h(y)) dx =

=
∑

|β|≤∥α|

w2αβ(y)ϱ
k+2m+|α|−|β|(y, x0) = w2α(y)ϱ

k+2m(y, x0), w2α ∈ C(
).

�«ï x ∈ 
3 ¯i¤i­â¥£à «ì­  äã­ªæiï ã ¢¨à §i v3α õ ­¥áªi­ç¥­­® ¤¨ä¥à¥­æi©-
®¢­®î i v3α(y) = w3α(y)ϱ

k+2m(y, x0) ¤«ï ¤®¢i«ì­®£® k ∈ R1. �â¦¥, h(y)ψ1(y) ∈
Zk+2m(
, x0), ïªé® φ ∈ Zk(
, x0) i k > −n.

� õ¬® (1−h(x))φ(x) = 0 ¯à¨ |x−x0| < η, â®¬ã â ª®¦ h(y)ψ2(y) ∈ Zk+2m(
, x0)
¤«ï ¤®¢i«ì­®ù φ ∈ Zk(
, x0) ¯à¨ ¤®¢i«ì­®¬ã k ∈ R1.

� ª¨¬ ç¨­®¬, (G∗
0φ)(y) ∈ Zk+2m(
, x0), ïªé® φ ∈ Zk(
, x0) i k > −n,  ¡®

(G∗
0φ)(y) ∈ Zp(
, x0), ¤«ï φ ∈ Zp−2m(
, x0) i p > 2m− n.
�®¤i ¢i¤®¡à ¦¥­­ï F0 → u, §¤i©á­î¢ ­¥ §  ä®à¬ã«®î (φ, u)(G∗

0φ,F0), ¤«ï
¤®¢i«ì­®ù ã§ £ «ì­¥­®ù äã­ªæiù F0 ∈ Z ′

p(
, x0) ¯à¨ p > 2m − n ¢¨§­ ç õ u ∈
Z ′
p−2m(
, x0) ¯à¨ p > 2m− n.
�­ «®£iç­® ¢¢®¤¨¬® ¯à®áâ®à¨ Zk(S, x0), x0 ∈ S, i ¯à®¢®¤¨¬® ¤®á«i¤¦¥­­ï ¢i-

¤®¡à ¦¥­ì ψj(y) = (G∗
jφ)(y), j = 1,m. �¤¥à¦ãõ¬®, é® ψj(y) ∈ Zk+mj+1(S, x0)

¯à¨ φ ∈ Zk(
, x0), k > −n.
�®¬ã ¢i¤®¡à ¦¥­­ï Fj → uj , §¤i©á­î¢ ­¥ §  ä®à¬ã«®î

(φ, uj) =
⟨∫




φ(x)Gj(x, y) dx, Fj

⟩
,

¤«ï ¤®¢i«ì­®ù Fj ∈ Z ′
p(S, x0) ¯à¨ p > mj + 1− n ¢¨§­ ç õ uj ∈ Z ′

p−mj−1(
, x0).

�¥å © F0 ∈ Z ′
p(
, x0), Fj ∈ Z ′

pj
(S, xj), x0 ∈ 
, xj ∈ S, j = 1,m, p =

(p, p1, . . . , pm),

Zp = Zp(
, x0, x1, . . . , xm) =
{
φ(x) ∈ Zp(
, x0) ∩

( m∩
j=1

Zpj
(S, xj)

)
: B̂jφ|S = 0

}
(¯à¨ xi = xj Zpi ∩Zpj § ¬i­ïõ¬® ­  Zk(S, xi), k = max{pi, pj}). �®ª ¦¥¬®, é®
¯à¨ N∗ = {0} äã­ªæiï (4) § ¤®¢®«ì­ïõ â®â®¦­®áâi (2) ¤«ï ¤®¢i«ì­®ù ψ ∈ Zp.

�  ¢« áâ¨¢®áâï¬¨ ¯à®áâ®ài¢ Zp(
, x0) äã­ªæiï φ(x) = A∗ψ(x) ∈ Zp(
, x0)

¯à¨ ψ ∈ Zp(
, x0) ¤«ï ¤®¢i«ì­®£® p, (G
∗
0φ)(y) ∈ Zp(
, x0) ¯à¨ φ ∈ Zp−2m(
, x0),

p > 2m−n (§  â¥®à¥¬®î 1), i G∗
0(A

∗ψ) = ψ ∈ Zp(
, x0),   ®â¦¥ (G
∗
0(A

∗ψ), F0) =

(ψ,F0), ψ ∈ Zp(
, x0). �ªé® x0 ∈ 
, â® B̂lψ ∈ D(S) ¤«ï ¤®¢i«ì­®£® p. �à¨

x0 ∈ S B̂lψ ∈ Zp−2m+1+µl
(S, x0), l = 1,m. �®¡ (B̂lψ)(x0) = 0, ­¥®¡åi¤­®, é®¡

p − 2m + 1 + µl > 0, â®¡â® p > 2m − 1 − µl, l = 1,m. �®á¨âì ¢§ïâ¨ p > m′′, ¤¥

m′′ | ¬ ªá¨¬ «ì­¨© ¯®àï¤®ª ®¯¥à â®ài¢ B̂l, l = 1,m.

�­ «®£iç­® ¯à¨ Fj ∈ Zpj (S, xj), ψ ∈ Zpj+2m−1−mj (
, xj) ¬ õ¬® T̂jψ ∈ Zpj (S, xj),

φ = A∗ψ ∈ Zpj−1−mj (
, xj) i G
∗
j (A

∗ψ) = T̂jψ ∈ Zpj (S, xj), pj > 1−n+mj ,   â®¤i

⟨G∗
j (A

∗ψ), Fj⟩ = ⟨T̂jψ, Fj⟩, ψ ∈ Zpj+2m−1−mj (
, xj). B̂lψ ∈ Zpj−mj+µl
(S, xj), i



34 �.�. �����������

¤«ï â®£®, é®¡ (B̂lψ)(xj) = 0, ­¥®¡åi¤­®, é®¡ pj > mj − µl, l = 1,m,   ¤«ï æì®£®
¤®á¨âì ¢§ïâ¨ pj > mj − 2m+ 1 +m′′.

�â¦¥, äã­ªæiï (4) á¯à ¢¤û õ à®§¢'ï§ª®¬ § ¤ çi (1) ¯à¨ F0 ∈ Z ′
p(
, x0), Fj ∈

Z ′
pj
(S, xj), x0 ∈ 
, xj ∈ S, j = 1,m ¢ á¥­ái ¢¨ª®­ ­­ï â®â®¦­®áâi (2) ¤«ï

¤®¢i«ì­®ù ψ ∈ Zp, ïªé® p > 2m − n(x0 ∈ 
), p > max{2m − n,m′′}(x0 ∈ S),
pj > max{1− n+mj ,mj + 1− 2m+m′′}, j = 1,m.

�¨ïá­¨¬®, ¯à¨ ïª®¬ã ¬ ªá¨¬ «ì­® ¬®¦«¨¢®¬ã à®áâi F0, F1, . . . , Fm iá­ãõ
à®§¢'ï§®ª § ¤ çi (1) u(x), Pu(x) = 0, ¢¨§­ ç¥­¨© ä®à¬ã«®î (4).

�¨ ¯®ª § «¨, é® ¤«ï N∗ = {0} ¯à¨ F0 = f0(x)(x − x0)
−κ, Fj = fj(x)(x −

xj)
−κj , f0(x) ∈ L∞(
), fj(x) ∈ L∞(S) (â®¤i F0 ∈ Z ′

|κ|−n+ε|(
, x0), Fj ∈ Z ′
|κj |−n+1+εj

(S, xj),

ε > 0, εj > 0), j = 1,m, ä®à¬ã«®î (4) ¢¨§­ ç¥­® u(x) = u0(x) +
∑m

j=1 uj(x), ¤¥

u0(x) ∈ Z ′
|κ|−n+ε−2m(
, x0), uj(x) ∈ Z ′

|κj |−n−mj+εj
(
, xj), ε > 0, εj > 0,

ïªé® |κ| > 2m−ε(x0 ∈ 
), |κ| > max{2m,n+m′′}−ε(x0 ∈ S), |κj | > max{mj , n−
2m+mj +m′′} − εj , ε, εj | ¤®¢i«ì­i ¤®¤ â­i ç¨á« , j = 1,m.

�â¦¥, ¯à¨ ¤®¢i«ì­®¬ã áâ¥¯¥­¥¢®¬ã à®áâi ¤ ­¨å § ¤ çi ä®à¬ã«®î (4) ¢¨§­ -
ç¥­® ùù ã§ £ «ì­¥­¨© à®§¢'ï§®ª ¢ á¥­ái ¢¨ª®­ ­­ï â®â®¦­®áâi (2) ¤«ï ¤®¢i«ì­®ù
ψ ∈ X(
) ∩ Zκ−n+ε(
, x0) ∩ (

∩m
j=1 Zpj

(
, xj)) (¯à¨ xj = xi § ¬i­ïõ¬® Zpi
∩ Zpj

­  Zp(
, xj), p = max{pi, pj}, pj = |κ| − n+ 2m−mj + εj). �¥© à®§¢'ï§®ª ¬®¦¥
¬ â¨ áâ¥¯¥­¥¢i ®á®¡«¨¢®áâi ¯®àï¤ªã |κ| − 2m+ ε ¢á¥à¥¤¨­i ®¡« áâi 
, ¯®àï¤ªã
|κj | −mj + 1 + ε ­  ùù ¬¥¦i S, j = 1,m. �à¨ |κ| < n, |κj | < n − 1 F0 ∈ D′(
),

Fj ∈ D′(S), j = 1,m, i â®¤i u(x) ∈ D′(
),   ®â¦¥ u(x) ∈ Z ′
−k(
, x0) ¯à¨ ¤¥ïª®¬ã

k > 0. � æì®¬ã ¢¨¯ ¤ªã |κ|−2m+ ε < n−2m+ ε, |κj |−mj + ε+1 < n−mj + ε,

  ®â¦¥ u(x) ¬®¦¥ ¡ãâ¨ à¥£ã«ïà­®î ã§ £ «ì­¥­®î äã­ªæiõî ¢ 
.

�­ «®£iç­®  ­ «i§ãõ¬® à®§¢'ï§®ª (4) ã ¢¨¯ ¤ªã áâ¥¯¥­¥¢¨å ®á®¡«¨¢®áâ¥© äã­ª-
æiù F0 ­  ¤®¢i«ì­®¬ã £« ¤ª®¬ã ¬­®£®¢¨¤i S1 ¢á¥à¥¤¨­i 
: F0(x) = O(|x−x0|−κ),
x0 ∈ S1, κ > 0. �®§£«ï¤ õ¬® ¯à®áâ®à¨ äã­ªæi© Zk(
, S1), ïªi ¢¢®¤¨¬® â ª á ¬®,
ïª Zk(
, x0), § ¬i­¨¢è¨ ϱ(x, x0) ­  ϱ(x, S1) | ­¥¢i¤'õ¬­ã ­¥áªi­ç¥­­® ¤¨ä¥à¥­-
æi©®¢­ã äi­iâ­ã ¢ 
 äã­ªæiî, ïª  ¤®ài¢­îõ ­ã«¥¢i ¢ â®çª å S1,   ¢ ®ª®«i S1
¬ õ ¯®àï¤®ª ¢i¤áâ ­i ¢i¤ â®çª¨ x ¤® S1.

�® æì®£® ¢¨¯ ¤ªã §¢®¤¨âìáï £à ­¨ç­  § ¤ ç  ¤«ï ¥«i¯â¨ç­®£® ài¢­ï­­ï i§
á¨«ì­¨¬ áâ¥¯¥­¥¢¨¬ ¢¨à®¤¦¥­­ï¬

z(x)A(x,D)u(x) = f0(x),

¤¥ z(x) = O( 1
|x−x0|κ ), κ > 0, x0 ∈ S1. �¤¥à¦ãõ¬® ¯®¯¥à¥¤­i à¥§ã«ìâ â¨, § ¬i-

­¨¢è¨ â ª¥ ài¢­ï­­ï ài¢­ï­­ï¬

A(x,D)u(x) =
1

z(x)
f0(x), x ∈ 
.

2. �®§£«ï­¥¬® § ¤ çã ­  ¢« á­i §­ ç¥­­ï

Au(x) = λq(x)u(x), x ∈ 
, Bju|S = 0, j = 1,m, (6)
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¤¥ q(x) = |x − x0|−κq0(x), q0(x) ∈ C∞(
), x0 { ¤®¢i«ì­  â®çª  ¢ 
. �« áâ¨-
¢®áâi ¢« á­¨å §­ ç¥­ì â  ¢« á­¨å äã­ªæi© â ª®ù § ¤ çi i§ ¯¥¢­¨å ­®à¬®¢ ­¨å
¯à®áâ®ài¢ ¤®á«i¤¦ã¢ «¨áì ã [7,8] â  i­è¨å ¯à æïå.

�  ¤®¢¥¤¥­¨¬ ¢¨é¥ äã­ªæiï ψ(y) = λq(y)
∫


φ(x)G0(x, y) dx ∈ Zp+2m−κ(
, x0)

¤«ï ¤®¢i«ì­®ù φ ∈ Zp(
, x0), k > −n. �ài¬ â®£®, Zp(
, x0) ⊂ Zp+2m−κ(
, x0)

¯à¨ κ > 2m, Zp+2m−κ(
, x0) ⊂ Zp(
, x0) ¯à¨ κ < 2m, â®¬ã ®¯¥à â®à

(Kφ)(y) = q(y)

∫



φ(x)G0(x, y) dx

¤iõ ã ¯à®áâ®ài Zl(
, x0) ¯à¨ l = min(p, p+ 2m− κ), p > −n.
I§ ä®à¬ã«¨ (4) (φ, u) = (λKφ, u), â®¬ã ¤«ï iá­ã¢ ­­ï ¢« á­¨å äã­ªæi© u ∈

Z ′
l(
, x0) § ¤ çi (6) ­¥®¡åi¤­® i ¤®á¨âì iá­ã¢ ­­ï ¢« á­¨å äã­ªæi© φ ∈ Zl(
, x0)

®¯¥à â®à  K.

3. �®¤i¡­¨¬¨ ¢« áâ¨¢®áâï¬¨ ¢®«®¤iîâì à®§¢'ï§ª¨ ¤¥ïª¨å £à ­¨ç­¨å § ¤ ç
¤«ï ®¯¥à â®ài¢ ã ¤à®¡®¢¨å ¯®åi¤­¨å [9]

Au(x) =
1

(2π)−n

∫
Rn

a(x, ξ)Fu(ξ)ei(x,ξ) dξ, (7)

¤¥ Fu{ ¯¥à¥â¢®à¥­­ï �ãà'õ äã­ªæiù u(x),

a(x, ξ) =
∑
|α|≤s

aα(x)(−iξ)α,

(æ¥ áª®à®ç¥­¨© § ¯¨á ¢i¤ a(x, ξ) =
∑N

j=1

∑
|α|=sj≤s aα(x)(−iξ)α), α = (α1, . . . , αn),

αi | ­¥¢i¤'õ¬­i ç¨á« , ïªi ¬®¦ãâì ¡ãâ¨ ¤à®¡®¢¨¬¨, aα(x) ∈ C∞(Rn).
�¥å © fα(x) = fα1(x1)×· · ·×fαn(xn) | ¯àï¬¨© ¤®¡ãâ®ª ã§ £ «ì­¥­¨å äã­ª-

æi©

fαj (xj) =

{
θ(xj)x

αj−1
j , αj > 0,

f ′αj+1(xj), αj ≤ 0,
θ(x) =

{
1, x > 0,

0, x < 0,

fαj (xj) | ®¯¥à â®à¨ ¤à®¡®¢®£® ¤¨ä¥à¥­æiî¢ ­­ï [10]. �®¤i

(2π)−n

∫
Rn

(−iξ)αFu(ξ)ei(x,ξ)dξ = (2π)−n

∫
Rn

∫
Rn

(−iξ)αei(x−y,ξ)u(y) dydξ

== (−2π)−n

∫
Rn

∫
Rn

(−iξ)αei(t,ξ)u(x− t)dtdξ = (−2π)−n

∫
Rn

(−iξ)α(u(x) ∗ ei(x,ξ))dξ =

= (−2π)−nu(x) ∗
∫
Rn

(−iξ)αei(x,ξ)dξ = u(x) ∗ f−α(x).

�â¦¥, ®¯¥à â®à (7) ¬®¦¥¬® § ¯¨á â¨ ã ¢¨£«ï¤i

Au(x) =
∑
|α|≤s

aα(x)(f−α(x) ∗ u(x)), u ∈ E(Rn). (8)

�«ï ¤®¢i«ì­¨å u, v ∈ D(Rn) ¬ õ¬®
∫
Auv dx =

∫ ∑
|α|≤s aα(x)(f−α(x)∗u(x))v(x) dx =∫ ∑

|α|≤s u(x)(f−α(x)∗̂aα(x)v(x)) dx, ¤¥ (f ∗̂φ)(x) = (φ(x+t), f(t)). �â¦¥, A∗v(x) =∑
|α|≤s f−α∗̂(aαv), A∗v(x) =

∑
|α|≤s f−α∗̂(aαv), ïªé® aα ¤i©á­i.

�­ «®£iç­® [11] ¤®¢®¤¨âìáï



36 �.�. �����������

�¥®à¥¬  2. �¥å © ω(x, y) | ­®à¬ «ì­  äã­¤ ¬¥­â «ì­  äã­ªæiï ¯á¥¢¤®¤¨-
ä¥à¥­æi «ì­®£® ®¯¥à â®à  A, (φ(x), ω(x, y)) ∈ E(Rn) ¤«ï ¤®¢i«ì­®ù φ ∈ D(Rn)(E(Rn)).
�§ £ «ì­¥­  äã­ªæiï

u(x) = ω(x, y)⊛ F (y) (9)

(â®¡â® (φ, u)=((φ(x), ω(x, y)), F (y)), φ ∈ D(Rn)(E(Rn))) õ à®§¢'ï§ª®¬ ã D′(Rn)(E ′(Rn))
ài¢­ï­­ï Au = F , õ¤¨­¨¬ ã ¯à®áâ®ài E ′(Rn).

�ã­¤ ¬¥­â «ì­ã äã­ªæiî ω0(x) = ω(x, 0) ®¤­®ài¤­®£® ¥«i¯â¨ç­®£® ®¯¥à -
â®à  ã ¤à®¡®¢¨å ¯®åi¤­¨å A =

∑
|α|=s aαf−α i§ áâ «¨¬¨ ª®¥äiæiõ­â ¬¨ ¬®¦-

­  ¯®¡ã¤ã¢ â¨, ­ ¯à¨ª« ¤, ¬¥â®¤®¬ � ¤®­  [12],   á ¬¥ ã ¢¨£«ï¤i ω0(x) =∫
σn
ω0p(ξ)dp, ¤¥ σn | ®¤¨­¨ç­  áä¥à  ¢ Rn, p ∈ σn, ξ = (p, x). �  ¢« áâ¨¢iáâî

§£®àâª¨ ∑
|α|=s

aαf−α(x) ∗ ω0p((p, x)) =
∑
|α|=s

aαp
α(f−s ∗ ω0p)(ξ).

�áªi«ìª¨ δ(x) = cn
∫
σn
(ξ − i0)−ndp, cn = n−1)!

(2πi)n , â® ¤«ï §­ å®¤¦¥­­ï ω0p(ξ)

®¤¥à¦ãõ¬® ài¢­ï­­ï ã §£®àâª å
∑

|α|=s aαp
α(f−s ∗ω0p)(ξ) = cn(ξ− i0)−n, §¢i¤ª¨

ω0p(ξ) =
cnfs∗(ξ−i0)−n∑

|α|=s
aαpα

.

�¥å © n | ­¥¯ à­¥. � õ¬®

(fs ∗ δ(n−1))(ξ)) = f (n−1)
s (ξ) = fs−n+1(ξ) = �

n−1
2

x fs((p, x)),

  â®¤i

ω0(x) = an�
n−1
2

x

∫
σn

(p, x)s−1
+ dp∑

|α|=s aαp
α
,

¤¥ an = (−1)
n−1
2

2(2π)n−1 .

�áªi«ìª¨, §  ¥«i¯â¨ç­iáâî ®¯¥à â®à  A, |
∑

|α|=s aαp
α| ≥ C1(1+ |p|)s = 2sC1,

â®, ¢¨ª®­ãîç¨ ¯¥à¥â¢®à¥­­ï ¯®¢®à®âã â  ¯¥à¥å®¤ïç¨ ¤® áä¥à¨ç­®ù á¨áâ¥¬¨
ª®®à¤¨­ â, ®¤¥à¦ãõ¬® ω0(x) = O(|x|s−n). �®¤i¡­® ã ¢¨¯ ¤ªã ¯ à­®£® n.

� ¤ «i ¢¢ ¦ â¨¬¥¬® ®¯¥à â®à A ¥«i¯â¨ç­¨¬, ¯à¨¯ãáª â¨¬¥¬® iá­ã¢ ­­ï
­®à¬ «ì­®ù äã­¤ ¬¥­â «ì­®ù äã­ªæiù ω(x, y) i à®§£«ï¤ â¨¬¥¬® â ªi ®¯¥à â®-
à¨ A, ¤«ï ïª¨å ω(x, y) ∈ C∞(x ̸= y) i

|ω(x, y)| ≤
{
C|x− y|s−n, n | ­¥¯ à­¥

C|x− y|s−n(ln |x|+ 1), n | ¯ à­¥.
(10)

�¥å © 2m− 2 < s ≤ 2m, § ¯¨è¥¬® ®¯¥à â®à (8) ã ¢¨£«ï¤i

Au(x) =
∑
|α|≤s

∑
|β|≤2m

aα(x)D
β(fβ−α(x) ∗ u(x)),

¢¢ ¦ õ¬® å®ç ®¤¨­ i§ â ª¨å ¬ã«ìâ¨i­¤¥ªái¢ β, é® |β| = 2m, ¢i¤¬i­­¨¬ ¢i¤ ­ã«ï.
� à®§¯àï¬«ïîç¨å «®ª «ì­¨å ª®®à¤¨­ â å

∑
|α|≤s

∑
|β|≤2m

aα(x)D
β =

∑
|α|≤s

2m∑
k=1

∑
β,γ:|γ|+k=|β|≤2m

aαγ(ξ)D
γ
ξ′D

k
ν ,
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γ = (γ1, . . . , γn−1). I­â¥£àãîç¨ ç áâ¨­ ¬¨, ¤«ï u, v ∈ D(
) ®¤¥à¦ãõ¬®

∫



(Auv − uA∗v) dx =
2m∑
t=1

∫
S

Dt−1
ν uCtv dS, (11)

¤¥ Ctv =
∑2m

k=t

∑
|α|≤s

∑
β,γ:|γ|+k=|β|≤2mDk−t

ν (fβ−α∗̂Dγ(aαγv)).

�®§£«ï­¥¬® § ¤ çã

Au(x) = F0, x ∈ 
, Dj−1
ν |S = Fj , j = 1, 2m. (12)

�¥å © ũ(x) =
{ u(x), x∈


0, x/∈
 . �ª ã [11], à®§¢'ï§ª®¬ § ¤ çi (12) ¯à¨ F0 ∈ D′(
),

F1, . . . , Fm ∈ D′(S) ­ §¨¢ õ¬® â ªã ã§ £ «ì­¥­ã äã­ªæiî ũ(x) ∈ D′(Rn), ïª  ã
D′(Rn) § ¤®¢®«ì­ïõ ài¢­ï­­ï

Aũ = F0 +
2m∑
j=1

C∗
j Fj , (13)

¤¥ Fm+1, . . . , F2m | ­¥¢i¤®¬i ã§ £ «ì­¥­i äã­ªæiù § ­®áiï¬¨ ­  S, C∗
j | á¯àï-

¦¥­i ­  S ®¯¥à â®à¨ ¤® ®¯¥à â®ài¢ Cj , j = 1, 2m.
�  â¥®à¥¬®î 2 ã§ £ «ì­¥­  äã­ªæiï

ũ(x) = ω(x, y)⊛ (F0 +

2m∑
j=1

C∗
j Fj) (14)

õ õ¤¨­¨¬ ã E ′(Rn) à®§¢'ï§ª®¬ ài¢­ï­­ï (13) ¯à¨ ¢i¤®¬¨å Fm+1, . . . , F2m. �«ï
§­ å®¤¦¥­­ï Fm+1, . . . , F2m ¢¨ª®à¨áâ®¢ãõ¬® ã¬®¢ã: ũ(x) = 0, x ∈ Rn \ 
 = 
e,
ïª  ­ ¡ã¢ õ ¢¨£«ï¤ã

(∫

e

φ(x)ω(x, y) dx, F0

)
+

2m∑
j=1

⟨∫

e

φ(x)Cjyω(x, y) dx, Fj

⟩
= 0, φ ∈ D(
e),

(15)
 ¡®

(ω(x, y), F0) +
2m∑
j=1

⟨Cjyω(x, y), Fj⟩ = 0, x ∈ 
e. (15′)

I§ (14) â  (15) ®¤¥à¦ãõ¬®, é® à®§¢'ï§®ª u(x) § ¤ çi (12), â ª¨© é® Pu = 0,
¢¨§­ ç õâìáï ä®à¬ã«®î

(φ, u) =
(∫




φ(x)ω(x, y) dx, F0

)
+

2m∑
j=1

⟨∫



φ(x)Cjyω(x, y) dx, Fj

⟩
, φ ∈ D(
).

(16)
�®ª ¦¥¬®, é® ä®à¬ã«®î (16) â ª®¦ ¢¨§­ ç õâìáï à®§¢'ï§®ª § ¤ çi (12) ¯à¨

­ ï¢­®áâi áâ¥¯¥­¥¢¨å ®á®¡«¨¢®áâ¥© § ¤ ­¨å ã§ £ «ì­¥­¨å äã­ªæi©.
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�­®¢ã ¬iàªãîç¨, ïª ¯à¨ ¤®¢¥¤¥­­i â¥®à¥¬¨ 1, ¯®ª §ãõ¬®, é®∫



φ(x)ω(x, y) dx ∈ Zk+s(
, x0),

∫



φ(x)Cjyω(x, y) dx ∈ Zk+j(S, x0)

¯à¨ φ ∈ Zk(
, x0), k > −n. �®¤i ä®à¬ã«®î (16) ¤«ï ¤®¢i«ì­¨å

F0 ∈ Z ′
k+s(
, x0), x0 ∈ 
, Fj ∈ Z ′

k+j(S, xj), xj ∈ S, j = 1, 2m, k > −n,

¢¨§­ ç¥­® ã§ £ «ì­¥­ã äã­ªæiî

u(x) = u0(x) +
2m∑
j=1

uj(x), (17)

u0(x) ∈ Z ′
k(
, x0), uj ∈ Z ′

k(
, xj), j = 1, 2m, k > −n.

I§ ¢« áâ¨¢®áâ¥© äã­¤ ¬¥­â «ì­®ù äã­ªæiù ¢¨¯«¨¢ õ, é® ¤«ï ¤®¢i«ì­®ù φ ∈
D(
e)

∫

e
φ(x)ω(x, y) dx ∈ Zp(
, y), y|¤®¢i«ì­  â®çª  
, p ≤ s,

∫

e
φ(x)Cjyω(x, y) dx ∈

Zpj (S, y), pj ≤ j, j = 1, 2m, y | ¤®¢i«ì­  â®çª  S. �®¬ã á¯i¢¢i¤­®è¥­­î (15)

ç¨ (15′) ¬®¦ãâì § ¤®¢®«ì­ïâ¨ F0 ∈ Z ′
p(
, x0), Fj ∈ Z ′

pj
(S, xj), x0 ∈ 
, xj ∈ S,

¯à¨ p ≤ s, pj ≤ j, j = 1, 2m. �à¨ x0, xj ∈ S ¬®¦­  ¯®§¡ãâ¨áì ®¡¬¥¦¥­ì §¢¥àåã
§ â ª¨å ¬iàªã¢ ­ì.

�¥å © Sε | ¯ à «¥«ì­  ¤® S ¯®¢¥àå­ï, à®§¬ié¥­  ­  ¢i¤áâ ­i ε ¢i¤ S, Sε =
{xε = x + εν(x), x ∈ S}, ν(x) | ®àâ §®¢­iè­ì®ù ­®à¬ «i ¤® S ã â®çæi x. �  Sε

¢¨§­ ç¨¬® φ(xε = φ(x), xε = x+ ν(x)ε, x ∈ S ¤«ï ¤®¢i«ì­®ù φ ∈ D(S). I§ (15′)
¢¨¯«¨¢ õ

lim
ε→0

∫
Sε

φ(x)(
∂

∂ν
)i−1

[
(ω(x, y), F0) +

2m∑
j=1

⟨Cjyω(x, y), Fj⟩
]
dS = 0, (15′′)

i = 1,m, φ ∈ D(S).
�ªé® ã§ £ «ì­¥­  § ¤ ç  �®èi ¤«ï ®¯¥à â®à  A ¢ ®¡« áâi 
e ®¤­®§­ ç­®

à®§¢'ï§­ , â® ã¬®¢¨ (15′′) i (15′) õ ài¢­®á¨«ì­¨¬¨. � ¢¨¯ ¤ªã ¤¨ä¥à¥­æi «ì­®£®
®¯¥à â®à  A iá­ã¢ ­­ï ­®à¬ «ì­®ù äã­¤ ¬¥­â «ì­®ù äã­ªæiù ¢ ¤¥ïªi© ®¡« áâi
õ ¥ª¢i¢ «¥­â­¨¬ ®¤­®§­ ç­i© à®§¢'ï§­®áâi § ¤ çi �®èi ¢ æi© ®¡« áâi [13].

�áªi«ìª¨ Cj(y,D)
∫
S
φ(x)( ∂

∂ν )
i−1ω(x, y)dS ∈ Zk+j−i(S, x0) ¯à¨ φ ∈ Zk(S, x0),

x0 ∈ S, k > 1 − n, â® ã¬®¢i (15′′) ¬®¦ãâì § ¤®¢®«ì­ïâ¨ ã§ £ «ì­¥­i äã­ªæiù
F0 ∈ Z ′

k−m+1(
, x0), Fj ∈ Z ′
k+j−i ⊂ Z ′

k+j , j − 1, i = 0,m− 1. � ª¨¬ ç¨­®¬
¯à ¢¨«ì­ 

�¥®à¥¬  3. �¥å © A | ®¯¥à â®à ã ¤à®¡®¢¨å ¯®åi¤­¨å ¯®àï¤ªã s, 2m − 2 <
s ≤ 2m, ¤«ï ïª®£® iá­ãõ ­®à¬ «ì­  äã­¤ ¬¥­â «ì­  äã­ªæiï ω(x, y) i§ ¢« -

áâ¨¢iáâî (10) i ®¤­®§­ ç­® à®§¢'ï§­  ã§ £ «ì­¥­  § ¤ ç  �®èi, F0 ∈ Z ′
p+s(
, x0),

Fj ∈ Z ′
p+j(S, xj), x0 ∈ 
 xj ∈ S, −n ≤ p ≤ 0 ¯à¨ x0 ∈ 
, p > −n ¯à¨ x0 ∈ S,

j = 1,m, Fm+l ∈ Z ′
p+m+l(S, xj), j, l = 1,m, i § ¤®¢®«ì­ïîâì ã¬®¢ã (15′′). Iá­ãõ

à®§¢'ï§®ª u(x) ¢¨£«ï¤ã (17) § ¤ çi (12), ¢¨§­ ç¥­¨© ä®à¬ã«®î (16), Pu = 0,
u0(x) ∈ Z ′

p(
, x0), uj(x) ∈ Z ′
p(S, xj), j = 1, 2m.
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�­ «®£iç­® ¬®¦­  ¯à®¢®¤¨â¨ ¤®á«i¤¦¥­­ï § ¤ çi § â ª¨¬¨ ­ ªà¨¢ îç¨¬¨
®¯¥à â®à A £à ­¨ç­¨¬¨ ¤¨ä¥à¥­æi «ì­¨¬¨  ¡® ¯á¥¢¤®¤¨ä¥à¥­æi «ì­¨¬¨ ã¬®-
¢ ¬¨ Pju|S = Fj , j = 1,m, é®

∫



(Auv − uA∗v) dx =
2m∑
t=1

∫
S

PjuP̂jv dS, u, v ∈ D(
).

�à¨ª« ¤. �¥å © Au =
∑3

i=1 f−2αhi∗u, ¤¥ α ∈ ( 12 ; 1], h1 = (1, 0, 0), h2 = (0, 1, 0),

h3 = (0, 0, 1). � ¯¨áãîç¨ æ¥© ®¯¥à â®à ã ¢¨£«ï¤i Au =
∑3

i=1(f(2−2α)hi
∗ u)xixi ,

¢¨¢®¤¨¬® ä®à¬ã«ã �ài­ ∫



(Auv − uA∗v) dx =

∫
S

(Bαuv − uB̂αv) dS,

¤¥ Bαu(x) =
∑3

i=1(f(2−2α)hi
∗ u)xiνi(x), B̂αu(x) =

∑3
i=1(f(2−2α)hi

∗̂u)xiνi(x). �
æì®¬ã ¢¨¯ ¤ªã

ω0(x) = − 1

8π2�(2α)
�x

∫
σ3

(p, x)2α−1
+ dp

p2α1 + p2α2 + p2α3
= O(|x|2α−3)

i õ ­¥áªi­ç¥­­® ¤¨ä¥à¥­æi©®¢­®î ¯à¨ x ̸= y. �®¦­  ¢¨¢¥áâ¨, é®
∫
S
Bα(y)ω0(x−

y)dS =

=

{
1, x∈
,
1
2
, x∈S,

0, x/∈
.

�§ £ «ì­¥­  äã­ªæiï ũ(x) § ¤®¢®«ì­ïõ ài¢­ï­­ï

Aũ = F0 +B∗
αF1 − F2,

¤¥ F1 = u|S , F2 = Bαu|S , ⟨φ, B∗
αF1⟩ = ⟨Bαφ,F1⟩, φ ∈ D(S), ã§ £ «ì­¥­i äã­ªæiù

F0, F1, F2 §¢'ï§ ­i ã¬®¢®î

(ω0(x− y), F0) = ⟨B̂α(y)ω0(x− y), F1(y)⟩ − ⟨ω0(x− y), F2⟩, x ∈ 
e. (18)

�®§£«ï­¥¬® ã§ £ «ì­¥­ã § ¤ çã â¨¯ã �¥©¬ ­ 

Au(x) = F0, x ∈ 
, Bαu|S = F2. (19)

�¨ª®à¨áâ®¢ãîç¨  ­ «®£ ¯eàè®ù ä®à¬ã«¨ �ài­ 

∫



Auv dx =

∫
S

BαuvdS −
∫



3∑
i=1

uxi(f(2−2α)hi
∗ v)xi dx

â  ¯¥à¥â¢®à¥­­ï �ãà'õ, ¤®¢®¤¨¬® õ¤¨­iáâì ùù à®§¢'ï§ªã § â®ç­iáâî ¤®  ¤¨â¨¢-
­®ù áâ «®ù. �i©á­®, ïªé® u1, u2 | ¤¢  à¥£ã«ïà­i à®§¢'ï§ª¨ § ¤ çi, u = u1−u2, â®∫



∑3
i=1(uxi ∗̂uxi)f(2−2α)hi

dx = 0,   ¯iá«ï ¯¥à¥â¢®à¥­­ï �ãà'õ
∫
Rn

∑3
i=1 σ

2α
i |Fu|2dσ =

0. �â¦¥, suppFu = {0}. �®¬ã u(x) | ¯®«i­®¬,   ®áªi«ìª¨ u(x) | äi­iâ­ 
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äã­ªæiï, â® u(x) = C = const. ô¤¨­iáâì à®§¢'ï§ªã § ¤ çi ã D′(
) ¤®¢®¤¨âìáï
 ­ «®£iç­® [5].

�®ª ¦¥¬®, é® (18) ®¤­®§­ ç­® ¢¨§­ ç õ ­¥¢i¤®¬ã ã§ £ «ì­¥­ã äã­ªæiî F1,
ïªé® ⟨1, F2⟩ = 0. �¥å © Sε | ¯ à «¥«ì­  ¤® S ¯®¢¥àå­ï, à®§¬ié¥­  ­  ¢i¤áâ ­i
ε ¢i¤ S, Sε = {xε = x + εν(x), x ∈ S}, ν(x) | ®àâ §®¢­iè­ì®ù ­®à¬ «i ¤® S ã
â®çæi x. I§ (18)

lim
ε→0

∫
Sε

φ(x)[(ω0(x− y), F0) + ⟨B̂α(y)ω0(x− y), F1(y)⟩ − ⟨ω0(x− y), F2⟩] dS = 0,

φ ∈ D(S), φ(xε) = φ(x), x ∈ S. �®¤i⟨
lim
ε→0

∫
Sε

φ(x)B̂α(y)ω0(x− y) dS, F1(y)
⟩
=

⟨∫
S

φ(x)ω0(x− y)dS, F2

⟩
−

−
(∫

S

φ(x)ω0(x− y)dS, F0

)
, φ ∈ D(S),

 ¡® ⟨
−1

2
φ(y) +

∫
S

φ(x)B̂α(y)ω0(x− y)dS, F1(y)
⟩
= ⟨φ, T ⟩, φ ∈ D(S),

¤¥ ⟨φ, T ⟩ = ⟨
∫
S
φ(x)ω0(x− y)dS, F2⟩ − (

∫
S
φ(x)ω0(x− y)dS, F0), φ ∈ D(S).

I­â¥£à «ì­¥ ài¢­ï­­ï

−1

2
φ(y) +

∫
S

φ(x)B̂α(y)ω0(x− y)dS = g(y)− Cg, (20)

¤¥ Cg = 1
|S|

∫
S
gdS, |S| | ¯«®é  ¯®¢¥àå­i S, ¬ õ ¤«ï ¤®¢i«ì­®ù g ∈ D(S)

à®§¢'ï§®ª φ ∈ D(S), φ1
g − φ2

g = φ0, ¤¥ φ0 | à®§¢'ï§®ª ¢i¤¯®¢i¤­®£® ®¤­®ài¤-
­®£® ài¢­ï­­ï. �®¤i ¢i¤®¡à ¦¥­­ï

⟨g, F1⟩ = ⟨φg, T ⟩, g ∈ D(S), (21)

φg | à®§¢'ï§®ª ài¢­ï­­ï (20), õ i§®¬®àäi§¬®¬ ¯i¤¯à®áâ®àã D′
1(S) = {F ∈

D′(S) : ⟨1, F ⟩ = 0} ­  D′
0(S) = {F ∈ D′(S) : ⟨φ0, F ⟩ = 0}. �¡¥à­¥­¨¬ ¤®

(21) õ ¢i¤®¡à ¦¥­­ï⟨
φ, T ⟩ = ⟨−1

2
φ(y) +

∫
S

φ(x)B̂α(y)ω0(x− y)dS, F1

⟩
, φ ∈ D(S).

I§ ¢« áâ¨¢®áâ¥© φ0 ¢¨¯«¨¢ õ, é® T ∈ D′
0(S). �®¬ã (21) ®¤­®§­ ç­® ¢¨§­ ç õ

F1 ∈ D′
1(S),   à®§¢'ï§®ª § ¤ çi (19) ¬ õ ¢¨£«ï¤

(φ, u) =
(∫




φ(x)ω0(x− y) dx, F0

)
+
⟨∫




φ(x)B̂α(y)ω0(x− y) dx, F1(y)
⟩
−

−
⟨∫




φ(x)ω0(x− y) dx, F2

⟩
, φ ∈ D(
).

(22)
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�i¤®¡à ¦¥­­ï (21) ¤iõ ã ¯à®áâ®ài Z ′
k(S, x̂), x̂ ∈ S, k ≤ 0. �¥¯¥à §  â¥®à¥¬®î 3

¯à¨ F0 ∈ Z ′
p+2α(
, x0), F2 ∈ Z ′

p(S, x̂) ⊂ Z ′
p+2α(S, x̂), x0 ∈ 
, x̂ ∈ S, −2 < p ≤ 0,

§­ å®¤¨¬® F1 ∈ Z ′
p(S, x̂) ⊂ Z ′

p+2α(S, x̂). � ¯¨áãîç¨ à®§¢'ï§®ª (22) ã ¢¨£«ï¤i
u = u0 + u1 + u2, ®¤¥à¦ãõ¬®, é®

u0(x) ∈ Z ′
p(
, x0), u1(x), u2(x) ∈ Z ′

p(
, x̂).
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