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We study one class of semilinear parabolic equations de�ned in unbounded do-
mains with space variables and strongly degenerating in the initial moment of time.
The theorems of uniqueness and existence of generalized solutions of this equations
which satis�ed boundary conditions �rst type (no initial data) are proved. No con-
ditions on the behaviour of solutions and increasing of data-in when t → +0 and
|x| → +∞ are required.

Introduction

The boundary value problems for di�erential equations which degenerate in some
subsets of a domain in which they are posed, were examined in many works (see,
for example, [1{7]). It has been shown there that one must put some restriction on
the behaviour of the solution in the neighbourhood of the initial moment of time
instead of the usual initial condition for linear and many quasiliniear parabolic
equations which degenerate strongly at the initial moment of time (t = 0). In
the case when the domain is unbounded by space variables we must put some
conditions on the behaviour of the solution at in�nity. For the proof of existence
of the solution some behaviour of data-in near the initial moment of time and on
the in�nity is necessary. In this work some class of nonlinear parabolic equations has
been marked and it has been shown that the boundary value problem in bounded
by time and unbounded by space variables domain is well-posed without initial
conditions (nor usual, nor its analogue as the conditions on the behaviour of solution
on arriving to start moment of time) and without any restrictions on the increasing
of the solution and data-in on in�nity.

The authors are very grateful to S. Lavrenyuk for his valuable remarks in the dis-
cussion of the results of the paper.

1. Statement of problem

Let Q be an unbounded domain in Rn+1
x,t and it lays in a zone {0 < t < T}, where

T < +∞. Every section of it by a hyperplane {t = τ} are not empty for arbitrary
τ ∈ (0, T ). Let us suppose that ∂Q = � ∪ 
0 ∪ 
1, where � is a partly-smooth
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PROBLEM WITHOUT INITIAL CONDITIONS... 17

surface and it lays in a zone {0 < t < T}, and 
0(
1) is a domain on the hyperplane
{t = 0}({t = T}).

We consider the problem

p(x, t)ut − aij(t)uxixj + c(x, t, u) = f(x, t) in Q, (1)

u = h on �. (2)

Here and later in the text by indexes which are reiterated we consider the sum
from 1 to n. We put the following conditions on the data-in:

(A1) p, pt ∈ L∞
loc(Q), p(x, t) ⩾ 0 for almost all (x, t) ∈ Q;

(A2) aij ∈ L∞[δ, T ] for arbitrary δ ∈ (0, T ), aij(t) = aji(t) (i, j = 1, . . . , n, t ∈ (0, T ));
aij(t)ξiξj ⩾ 0 for arbitrary ξ ∈ Rn, t ∈ (0, T );

∑n
i=1 aii(t) > 0 for almost all

t ∈ (0, T );
(A3) c(x, t, s) is de�ned on Q × R function, measured on (x, t) for arbitrary s, con-

tinuous on s for almost all (x, t) and such that sups∈[a,b] c(x, t, s) ∈ Lr
loc(Q) for

an arbitrary closed interval [a, b] ⊂ R, where r > 1;
(A4) f ∈ L1

loc(Q); h ∈ C(�).

De�nition 1. Let the generalized solution of problem (1),(2) be a function u(x, t)

which is continuous on Q \ 
0, belongs to the space W 2,1
q,loc(Q) for some q > 1 and

for which equation (1) holds almost everywhere in Q and condition (2) everywhere.

Let us mark that the initial condition in the statement of problem is absent
whereas such a condition is necessary in analogous cases. So we must additionally
put some conditions on the coe�cients of the equation for well-posedness of this
problem. Let us suppose that the function φ(t), which is continuous on [0, T ] and

di�erential on (0, T ], exists and φ(0) = 0, φ(t) > 0 whenever t > 0,
∫ T

0
ds

φ(s) = +∞,

and one of two following conditions holds:
(B1) there exists partly-smooth and positive on (0, T ) function χ(t) such that

(
pχ
φ

)
t
⩽

0 almost everywhere on Q;
(B2)

(
p
φ

)
t
⩾ 0 almost everywhere on Q

and condition
(C) for arbitrary s1, s2 ∈ R, (x, t) ∈ Q the following inequality(

c(x, t, s1)− c(x, t, s2)
)
(s1 − s2) ⩾ µ(x, t)|s1 − s2|m+1 + µ1(x, t)|s1 − s2|2

holds, where m > 1, µ(x, t) is positive on Q function satisfying the condition

sup
Q∩PR

[
p(x, t)

φ(t)
+

n∑
i,j=1

|aij(t)|
]
µ−1(x, t) = o(1)R2 whenever R → ∞,

where PR = {(x, t) : |x|2 +
∣∣∫ T

t
ds

φ(s)

∣∣ < R2, 0 < t < T} is a bounded paraboloid;

µ1(x, t) = 0, if condition (B1) holds, and µ1(x, t) =
(p(x,t)

φ(t)

)
t
, if condition (B2)

holds.

Remark. Let us make note that as a partial case of equation (1) for which the above
mentioned conditions holds we have the equation

tαut −∆u+ |u|m−1u = f(x, t) in Q,

where α ⩾ 1, m > 1. Condition (B1) takes place with χ(t) = 1. Condition (C)
follows from the results of [9].
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2. Formulation of main results

Let us formulate the theorem of uniqueness of generalized solution.

Theorem 1. The generalized solution of problem (1),(2) is unique.

Now we are going to consider the problem of existence of generalized solution.
We need the additional assumptions for that. Let {Qk} be a family of bounded
subsets Qk of the domain Q which satis�es the following conditions:

(D1) for any k ∈ N we haveQk ⊂ Qk+1 and dist(∂Qk\∂Q, ∂Qk+1\∂Q) > 0, dist(∂Qk\
∂Q,O) → +∞, whenever k → +∞, where O is the origin of coordinates;

(D2) ∂Qk = �k ∪
k ∪
k1, where 
k0 is a domain on the hyperplane {t = τk}, where
0 < τk < T (τk → 0 whenever k → +∞); 
k1 is a domain on the hyperplane
{t = T}; �k ⊂ {τm < t < T} is a partly-smooth surface such that νn+1 =
cos(ν, t) ̸= ±1, where ν is the outside unit normal to the surface �k;

(D3) Q =
∪

k∈N Qk.

Let �(Qk) = 
k0∪�k, fk = fζk, hk = hζk on �(Qk+1)∩� and hk = 0 on �(Qk+1)\
� for any k ∈ N, where ζk(x, t) is the function of the class C∞(Q) which is 1 on Qk

and 0 of Qk+1 and 0 ⩽ ζk(x, t) ⩽ 1 on Q.
We consider the family of problems

p(x, t)ukt − aij(t)ukxixj + c(x, t, uk) = fk(x, t) in Qk+1, (3k)

uk = hk on �(Qk+1).
(4k)

where k ∈ N.

De�nition 2. Let the generalized solution of problem (3k), (4k) for arbitrary k ∈ N
be a function uk(x, t) ∈ C(Qk+1) ∩ W 2,1

q (Qk+1) for some q > 1 which satis�es
equation (3k) almost everywhere and condition (4k) everywhere.

Theorem 2. Let's assume that all the conditions which have been formulated above
hold, and besides the data-in of problem (1),(2) are such that

(E1) for any k ∈ N problem (3k),(4k) has a generalized solution;
(E2) for arbitrary point (x0, t0) ∈ Q and numbers r, r1 > 0 such that 0 < r < r1 <

+∞, G = {(x, t) : |x − x0| ⩽ r, t0 − r ⩽ t ⩽ t0} ⊂ G1 = {(x, t) : |x − x0| ⩽
r1, t0−r1 ⩽ t ⩽ t0} ⊂ Q, and for arbitrary function ϑ ∈ C(G1)∩W 2,1

q (G1), q > 1
which satis�es equation (1) nearly everywhere on G1, the following estimate holds

||ϑ||W 2,1
q

⩽ K(x0, t0, r, r1,M), (5)

where K(x0, t0, r, r1,M) is a positive constant depending only on r, r1, M =
maxG1

|ϑ| and contractious aij on the closed interval [t0−r1, t0], p, f on the cylin-

der G1, c on the set G1 × [−M,M ].
Then a (unique) generalized solution of problem (1),(2) exists and it is a limit of

a uniform-converging on compacta from Q\
0 sequense of the solutions of problems
(3k),(4k) (k ∈ N) which are equal to zero on Q \Qk+1.

Remark 2. Theorem 2 has a conditional character. When we do some restrictions
on data-in, unconditional assertions about existence of generalized solution follow
from Theorem 2. Let us pass to one of them.
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Corollary. Let Q = 
×(0, T ) and let � be a surface of class C1. Besides, suppose
that the conditions hold:

(F1) p, pxi (i = 1, n) belongs to L∞(Q′) and ess infQ′ p > 0 for an arbitrary bounded
domain Q′ ⊂ Q such that dist(Q′; 
0) > 0;

(F2) λ(t)|ξ|2 ⩽ aij(t)ξiξj ⩽ λ−1(t)|ξ|2 for all ξ ∈ Rn, t ∈ (0, T ), where λ > 0 is a
continuous on (0, T ] function (λ(t), can converge to in�nity as t → 0);

(F3) there is r > n + 2 such that f(x, t) ∈ Lr(D), sups∈[a,b] c(x, t, s) ∈ Lr(D) for

an arbitrary closed interval [a, b] ⊂ R and for an arbitrary bounded measured set
D ⊂ Q such that dist(D,
0) > 0;

(F4) h ∈ Cβ
loc(�), 0 < β < 1.

Then there exists a unique generalized solution of problem (1),(2) belonging to

the space C
γ,γ/2
loc (Q \ 
0) ∩W 2,1

2,loc(Q), γ ∈ (0, 1).

3. Proof of basic results

Proof of Theorem 1. The idea of the proof is such as in [8] in the proof of Theorem 1.
Let u1, u2 be two generalized solutions of problem (1),(2). From (1) we'll get
the equation for w = u1 − u2:

p(x, t)wt−aij(t)wxixj+(c(x, t, u1)−c(x, t, u2)) = 0 almost everywhere on Q. (6)

Let us �x a number R > 0 and consider the function

V (x, t, R) = η(R)Rα

[
R2 − |x|2 −

∣∣ T∫
t

ds

φ(s)

∣∣]−α

,

where α = 2
m−1 ,

η(R) = sup
PR∩Q

(
α
[p(x,t)

φ(t) + 2
∑n

i=1 |aii(t)|+ 4(α+ 1)
∑n

i,j=1 |aij(t)|
]

µ(x, t)

)α/2

.

This function is de�ned on the set PR. From condition (�) η(R) = 0(1)Rα as
R → +∞, and thus V (x1, t1, R) → 0 as R → +∞ for arbitrary �xed point (x1, t1)
such that 0 < t1 ⩽ T . It is easy to show that the inequality

p(x, t)Vt − aij(t)Vxixj + µ(x, t)V m ⩾ 0 (7)

holds for the function V on the set PR ∩Q, independently of that, whether (B1) or
(B2) holds, and the inequality

(p(x, t)V )t − aij(t)Vxixj + µ(x, t)V m ⩾ 0 (8)

holds, if so does condition (B2). Thinking like in the proof of Theorem 1 in [8],
starting from the inequalities [6], [7], we'll obtain

|w(x, t)| ⩽ V (x, t, R) on Q ∩ PR. (9)
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Let us �x an arbitrary point (x, t) ∈ Q and take the limit, as R → +∞ in [9]. So
we'll obtain that w(x, t) = 0. Since (x, t) is an arbitrary point of the domain Q, we
have w ≡ 0 on Q, that is u1 = u2 on Q. The theorem is proved.

Proof of Theorem 2 and Corollary. We'll argue like in [8]. Let us remark that we'll
take the function V (x, t;x, t, R) which is de�ned in the proof of Theorem 1, and
the paraboloid PR from the condition (C) instead of the function V (x, t;x0, t0, R)
and the paraboloid PR(x0, t0) from [8] respectively. Theorem 2 and Corollary are
proved.
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