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A NEW APPLICATION OF FUCHS-HAYMAN’S FUNCTION
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In this paper we use Fuchs-Hayman’s function to solve a generalized “narrow”

inverse problem of the Nevanlinna’s theory in the class of analytic in the closed
half-plane functions.

I. In 1962 W.H.J. Fuchs and W.K. Hayman [6] constructed the entire function
F(z) of infinite order with given finite deficient values and deficiencies satisfing
the condition ), 6, < 1. In 1976 M.O. Girnyk [2] showed that the function F(1£2)
was a solution of the “narrow” inverse problem of Nevanlinna’s theory in the class
of analytic in the unit disc functions. Later on E.D. Fineberg [4] solved the same
problem in the class of analytic in the half-plane functions of infinite order in terms
of Tsuji characteristics. She also used the function F(z).

Tsuji’s characteristics and Nevanlinna’s characteristics are usually used in the
value distribution theory of functions which are analytic or meromorphic in the half-
plane. Tsuji’s characteristics naturally define the deficient values and the deficien-
cies in sense of Tsuji. Introduce these characteristics as in [1]:

m—2¢(T)
, do
mrf) =5 [ logt |frsinge ) mirna,f) =m(r ).
(r)
N(r, f) = / w, N(r,a, f) = ‘ﬁ(r, ﬁ),

1

where 7 > 1, a € C, »(r) = arcsin 2, n(¢, f) is a number of poles of the function f(z)
which belong to the set {z : [z] > 1,[z—%| < L}. Finally, T(r, ) = m(r, f)+0N(r, f).
Further, we put

. log ‘I(T, f) m(r, a, f)

L T Y

Values pr[f] and ér(a, f) are called the order and the deficiency in the point a in
the sense of Tsuji respectively.
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In 1981 M.O. Girnyk [3] proved a generalization of the defect relation

Y@ +d > e fM) <1 (1.1)

a#oo k=1 a#0,00

which holds in the subclass of entire functions that satisfy the condition log T'(2r, f(*))
= o(T(r, f®) as r — oo, k € Z,. Sharpness of relation (1.1) was shown.

In first part of this paper we shall prove the analog of Girnyk’s result for the case
of analytic in the closed half-plane functions. In the second part we generalize
Fineberg’s result.

Consider the class K of analytic in C, = {z : Im 2z > 0} functions f that satisfy
the condition

log T(2r, f*)) = o(f(r,f(k)), r—oo, keZ,. (1.2)

If f € K then (compare with [1], p.128)

> or(a, fP) < o0, fFHY), kezZ. (1.3)
a#oo

Inequality (1.3) gives

Vfek) > drlaf)+> > or(a fM) <1 (1.4)

a#o0o k=1 a#0,00

Sharpness of inequality (1.3) is established by the following theorem.

Theorem 1. Let (ax ) be an arbitrary sequence of finite complex numbers such
that ap; # arj as j # i, arp #0ask >1, ke Zy, 1 <n <N <oo, (0pn)
a sequence of positive numbers such that ZZOZO Zivil Orn < 1. There is a function

f € K such that pr[f] = 00, 67(akn, f*)) = 0rn and %) has no other finite
deficient values.

To prove Theorem 1 we need the following lemma (analog of Lemma 4.3 [6],
p.84).

Lemma 1. Let ¢(t) be a non-negative, bounded, local-integrable on positive ray
function such that

lim 1/gp(t)dt:l.

r—4oco r

Then

/2, _ ,
o) — 1 / e"sin" 9 (L1 sin 26)d6 _ (I+o(1))e r — +oo,

™ rsin? 6 Co2yaryr

(r)

1

r

where »(r) = arcsin
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Proof of Lemma 1. Let’s consider the case ¢(f) = 1. Then
w/2

1 ersin29d9
I(r) = p / 2,

rsin® 6
2(r)

Let t = rsin®#@ be a new variable of integration. This replacement yieds 6 =
: 13 / __ 1 . . . .
arcsin \/: and 6'(t) T Hence, integrating by parts and using the equality

dt _ 2 [fr—t :
f Wm = - - we obtain

/2

1 / ersin” 0 p 1 / etdt _ et Ir —t r— dt
7 rsin20 2w B2 r—t  7r t -
;{(7") 1/7‘ 1 1/7'
S e e A 7 7 I +1
:e 1——2—|——< / et " dt+ / et " dt) = 1+ 2 0(1)
™ r r t r

Here 0 < a < 1. It is easy to see that

—t
/ UT dt = 27"’"), r — +00,

1/r

r —¢ (1 (1
IQZ/et r—t - (L+o) +O / t/r — tdt = + / —rr — tdt =

t
1+o(1))e" | 1+ o(1 r
_ (L+o(1))e” /“\/_d (1+ of ))ﬁe’ oo
VT 2\/1
0
/2 'r’sin29d6 (1+0(1))e”
Hence, we have % f ersing 0 = avmrdr AT — +00. It remains to show that

2(r)

w/2

/ e”’Singg(cp(%rsin%)—l)dﬁ B ( e’ )
rsin? 0 - ry/r/’

r — +00.

2(r)
Putting e(r) = —5, we evidently have

/2

/ e;:?;j;le _ O<eri(7“)> _ O(y«i?) and

w/2—e(r)
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/3
r

[ e ol =l e

#(r)

Thus, it is enough to show that the relation

w/2—e(r)
(&

rsin29(¢(§rsin20) —1)df _ 0( e ) (1.5)

v

rsin’ 6
/3

holds. Following [1], p.168-169 we define for 6 € (3,5 — (7))

%rsin 20

®(0) = / o(t)dt — %r sin 26.
0

Then ®'(#) = (p(37sin260) — I)r cos 2. The range of § provides that there exists

a constant K; > 0 such that inequality rsin20 > K73 holds uniformly on 6.
Lemma’s conditions give

®(0) = o(rsin20), r — 400 (1.6)
uniformly on 6. Let x(6) = %, then
w/2—e(r . 5 m/2—e(r)
e 0 (p(Lrsin 20) — 1)df
WerB) DB [ o) =
rsin” 0
/3 w/3
5 _e(r) w/2—e(r)
=x@20|" - [ o6 (1.7

w/3

A simple calculation yields x'(¢) < 0 for 0 € (3, 5 —¢&(r)) if r is sufficiently large.
Therefore relation (1.6) implies

w/2—e(r) w/2—e(r)
X' (0)®(6)do = o(1) / X' (0)r sin 26d6.
/3 /3

But integrating by parts we get

w/2—e(r) x _e(r) 7w /2—e(r)
Z—e(r
/ X' (0)rsin 20d9 = x(6)r sin 26| —2 / x(0)r cos 20d6 =
/3 ; w/3
. T _e(r w/2—e(r) .
_ ersin®f cos 6 | o) 9 ersin® 0 g _ (2+0(1))e(r)e” n 463/4T_
rsinfcos20 | rsin?@ r V3r

3 w/3



A NEW APPLICATION OF FUCHS-HAYMAN’S FUNCTION 11

w/2—e(r) . w/2—e(r) o
e’ sin 9d(9 e’ e’ sin Ode
rsin® 0 ry/T rsin® 0
/3 /3

Thus, (1.6), (1.7) and (1.8) yield relation (1.5). The lemma is proved.

Proof of Theorem 1. Our proof follows closely that given in [3]. We write dg 9 =

1->00 Zgil dk.n. Define a bijective conformity between (ax,) and N. Let
»y,.n € N corresponds to ay . If S be an arbitrary subset of Z, then the value

d(s) = lim card(S N[0, n))

n—00 n

is called the density of S whenever the limit exists. According to Lemma 4.4 ([6],
p.86), we can choose Sk, such that Zy = JSkn, Si; N Sij = @ as i # 1 or
J# 7, d(Skn) = Opn and v > (1 + |ag n])2% as n > 0, v € Sk p.

For every v € Z we write

62, ’V‘ € SO,07
Yu(2) = {

k
aenys V] € Sknsn > 0.

The function we are looking for is defined by the equality

+o00
f(z) =exp(—e " +iz) Y ¥(2)Ey(—iz),

V=—0o0

where E,(z) is an entire function, v € Z, from Lemma 4.1 ([6], p.81-82).

Lemma 2. There is an asymptotic representation

F(2) = Y (2) + O(|2Pel*l | exp(—e ™" + i)
z—=00, Reze(—(2m+ lm,—(2m —1)7), meZ.
(1.9)

Lemma 2 follows from Lemma 1 [3].
For arbitrary h € (0,1) we put

L cos(|t +2mv| 4+ h), [t+27mv| < § —h,|v| € Skp,
@k,n(t) =

0, otherwise.
For |v| € Sk, one obtains

27’r1/+7r 71'/2—h 7T/2—h
/ cos(|[t+2mv|+h) dt = / cos(|t|4+h) dt =2 / cos(t+h) dt = 2(1—sin h).

2y —m —7/2+h 0
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It is obvious that lim,_ % for @Zvn(t) dt = 5’“7’”(1 —sinh). Let z = x + iy and
|z 4+ 2mv| < § —h, |v] € Skn. We write C, = {¢ : |[( — 2| = h}. Then, using
Cauchy’s Theorem and Lemma 2, we have Vk € Z, n > 0

f(O) =¥ (Q)
(€ —2)**!

k! . _
< K2m(|2| + h)zeleh exp(—ey hgoz,n(x)),

k!
0@ = aal = 110 -9 @) =[5 | ac| <

where K> is a constant independent of z and h.

Thus,
1
+ —h, h
08| gy | 2 @)+ O(eD), 2 0
Putting z = rsinfe, we get © = Lrsin26, y = rsin® 6. Now using Lemma 1 one
obtains
1 1—sinh e
m () = (14 o(1))o%. e 0
f(k')(Z) — a’k‘,n ( ( )) k eh 2 7_(_37.\/; ( )

Futhermore, we have (see Lemma 3 for the details)

“+oo
L
From (1.9) and (1.11) it is easy to deduce that |¢)(2)] < K3|z|?el*l, where K3 is
a constant independent of v. Using Lemma 2 we give an estimate log™ |f(2)| <
e¥(—cosz)™ + O(|z|). Thus, by Lemma 1

w—(r)

1 / log™ | f(rsin 8e%)|d6

r

®

(E(rvf) :m(r,f) = %

rsin® 6 +0r) < (1+0(1))27T

e

r

-
(1.12)

From the definition of the class K and the logarithmic derivative lemma ([1],
p.141) we conclude that

()

(Vk e N)  Z(r, f*) < (14 o(1)Z(r, f* V), r = 0. (1.13)
Using inequalities (1.10) and (1.12) and tending h to the zero, we obtain
o7 (agn, fF) > 0pm, n>0,kcZy. (1.14)
Similarily one can show that
o070, f —e*) > dg 0. (1.15)

To complete the proof it is sufficient to show that

> or(a )+ > drla f) + 670, f —€e*) < L. (1.16)

a#o00 k=1 a#0,00
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Let s €N, ¢q1,...,qs € N. Using the inequality

> wm(ra, f) <m(r,0,f) +Q(r, f),

a7£o0o

where Q(r, f) = o(‘Z(r, f)), outside, perhaps, a set F, with mesE < oo, we yield

s q;j

SN w0, f — ajn) +m(r,0, f — ) <

7=0n=1

< m(r,0, f*) + m(r,0, f+) — ) + Q(r, f). (117)
One writes h(z) = e~ f(571(2) + 1. We note that T(r,e*) = O(logr). Then

m(r,1,h) + m(r,2,h) = m(r, 0, fCTD) 4 m(r, 0, fFEFY — &%) + O(T(r,e%)) <
< Z(r,h) + O(logr) < Z(r, fETY) + O(logr). (1.18)

It follows from (1.17) that
(Vs e N)  Z(r,h) = T(r, fTV) + O(log ).

Thus, taking into account (1.13), (1.17) and the definition of h(z) we give (1.16).
The statement of Theorem 1 follows from (1.14) and (1.15).
The theorem is proved.

Remark. The relation (1.4) holds for functions from the class K’ of analytic in
Cy ={z:Imz > 0} and in a some neighborhood of the zero functions f satisfing
condition (2). Theorem 1 reminds correct if we require f € K instead of f € K.

II. Theorem 2. Let f(z) be an analytic and not constant in the closed half-
plane, ¥p(2), k= 1,...,p, p > 2 distinict analytic functions such that Z(r,vy) =
O(T(T, f)), k=1,...,p. Then

p

S mr, v, f) < T f) + S(r), (2.1)

k=1

where S(r) = O(log T(r, f) + log 7“) outside, perharps, a set E of finite measure in
the case when f has an infinite order.

In the case f is entire this is a result of Chuang Chi-tai [5]. His proof used
elementary properties of the characteristics, the basic theorems and the logarithmic
derivative lemma. It can be see that applying the scheme of the proof from [5] one
deduces Theorem 2.

Relation (2.1) implies

ZfST(wk,f) <1, (2.2)
2

where i, are functions defined for £ € N. In order to state our next theorem, we
must introduce a notation. Let M (r,g) = max{g(sin fe®’) : 0 € [0, 7]}, where g(2)
is analytic in the closed half-plane.
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Theorem 3. Let a(z) be an analytic in CL function such that log™ M(r,a) =
0(%), (ar) a sequence of analytic in C, functions satisfing logt M(r,ay) =
o(log™M(r,a)), r — 0o, (6) a sequence of positive numbers such that >, 6 < 1
holds. There exists an analytic in Co function f(2) satisfing 67 (ax, f) = k. For
any analytic in CL function b(z) satisfing M(r,b) = O(M(T‘, a)), r — oo and
b(z) # ar(2), k € N, the equality 67(b, f) = 0 holds.

Proof. We put §p = 1 — ZkZI 0. Using the properties of ai(z) we can write for
z =rsinfe'? 0 € [0, 7]

(Var(z)) (Fbr € Ry):Vr>1 M(r,ar) < bpM(r,a).

According to Lemma 4.4 [6] there are sets S, with the following properties: i)
Uy Sk = Zy; i) S, NS, = @ iff i # j; iil) d(Sk) = 0k, k € Zy; iv) k > 0,
v E Sy = v > (1+b)2k.

Define ¢,(2), v € Z and f(z) b

(z) = { a(z), |v| € So,

ak( ) |I/’ € Sk,

f(z) = exp(— ZZ+ZZ Z% E,(—iz).

V=——00

Lemma 3. There is an asymptotic representation

f(2) = ¥m(2) + O(|z° M (r, @) | exp(—e~"* + i2)|),
z=rsinfe?’ - 0o, Rezec (—2m+ V)m,—(2m —1)7), meZ (2.3)

Proof of Lemma 3. We prove the relation

Z (] M(r, ). (2.4)

1+1/2

Simple calculations yield (z = 7sin §e®?),

y R |
EH,,Q:(z £ ) comay Yy

|1/|€S0 n>1|v|esS, v=0

+Z Z +V2<6M(?"a +2Mraz Z l_l:_nﬂg

v>1|v|eSy, n>1v>(1+by)2™

!b| _

<6M(r,a) +2M(r, «) Z

Further, arguing as in Lemma 4.2 ([6],p.83-84), we obtain the assertion of Lemma 3.
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We put
cost, —(2m+Hr<t<—-2m—-YHr,me S,
o0 = (~eost, ult) = { (2m+ 3) (2m =)
0, otherwise.
Evidently,
1 /" 1 " Ok
lim - t)ydt = — li t)ydt = —.
dim 7,/0 p()ydt=—,  lim i i (1) -

It is easy to conclude from (2.4) and Lemma 2 that |1, (2)| < K4|2|> M (r, ), here

K, is a constant independent from v, z = rsin fe??.
Thus, using (2.3) we obtain

log® |f(2)| < e¥(—cost)™ + O(M(r,a)).
Then applying Lemma 1 one has

(1+0(1))e"
2m3/2r\/r

Analogously, z = rsin e,

|f(2) = ar(2)] < K5 (|2* M (r, o) |exp(—e ™" + iz)]),

(1 + o(1)e”

< A A
‘Z(TJ f) — 27_‘_3/270\/7—“ Y

+ O(log™ M(r,a)) =

and

1 .
log+‘ ‘ > Re(e™” —iz) + O(log|z|* + log M (r,a)) =

f(z) —ar(2)1 —

r — +o0.

(2.5)

= eYoi(z) + O(logr + log™ M(r,a)).

Using Lemma 1 again we obtain dr(ag, f) > k. Similarly one can prove that
dr(a, f) > dg. Therefore from (2.2) we give ér(ag, f) = 0 and dp(b, f) = 0 when

M(r,b) = o(M(r,a)).
Theorem 1 is proved.
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