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It is proposed the di�erence analogous of the Gauss-Newton method which don't
demand the evaluation of derivatives. It is received the conditions and estimates of
the rate of convergence of the proposed methods.

�.�.� å­®.�áá«¥¤®¢ ­¨¥ à §­¨ç­ëå  ­ «®£®¢ ¬¥â®¤  � ãáá -�ìîâ®­  // � â¥-
¬ â¨ç­÷ �âã¤÷ù. { 1998. { �.10, ü 2. { C.219{222.

�«ï à¥è¥­¨ï ­¥«¨­¥©­®© § ¤ ç¨ ® ­ ¨¬¥­ìè¨å ª¢ ¤à â å ¯à¥¤«®¦¥­ë à §-
­®áâ­ë¥  ­ «®£¨ ¬¥â®¤  � ãáá -�ìîâ®­ , ­¥ âà¥¡ãîé¨¥ ¢ëç¨á«¥­¨ï ¯à®¨§¢®¤-
­ëå. �áá«¥¤®¢ ­ë ãá«®¢¨ï ¨ ¯®àï¤®ª áå®¤¨¬®áâ¨ ¯à¥¤«®¦¥­­ëå ¬¥â®¤®¢.

1. �®áâ ­®¢ª  § ¤ çi. � ©¡i«ìè ¯®è¨à¥­¨¬¨ i ¥ä¥ªâ¨¢­¨¬¨ ¬¥â®¤ ¬¨
¤«ï à®§¢'ï§ã¢ ­­ï ­¥«i­i©­®ù § ¤ çi ¯à® ­ ©¬¥­èi ª¢ ¤à â¨: �­ ©â¨

min
x∈Rn

1
2
F (x)TF (x) =

1
2

m∑
i=1

Fi
2(x), m ≥ n, (1)

¤¥ F :Rn → Rm ­¥«i­i©­  ¯® x äã­ªæiï, õ ¬¥â®¤ � ãá -�ìîâ®­  â  ©®£® ¬®-
¤¨äiª æiù [1,2]. �¤­ ª ¢ái ¢®­¨ ¯®âà¥¡ãîâì ®¡ç¨á«¥­­ï ®¯¥à â®à  F ′(x), é®
­¥¡ ¦ ­®, ­ ¯à¨ª« ¤, ¯à¨ áª« ¤­®¬ã  ­ «iâ¨ç­®¬ã ¢¨à §i F ′(x). �®§£«ï­ãâ÷
¢ áâ ââ÷ à÷§­¨æ¥¢÷ ¬¥â®¤¨ ¬ îâì ¯®àï¤®ª §¡÷¦­®áâ÷ ­¥ ­¨¦ç¨©, ­÷¦ ¢ ¬¥â®¤÷
� ãá -�ìîâ®­ , ®¤­ ª ¢®­¨ ­¥ ¯®âà¥¡ãîâì ®¡ç¨á«¥­­ï F ′(x), ÷ ùå ¬®¦­  § áâ®-
á®¢ã¢ â¨ ­ ¢÷âì â®¤÷, ª®«¨ ¢÷¤áãâ­÷©  ­ «÷â¨ç­¨© ¢¨à § äã­ªæ÷ù,   § ¤ ­¨© «¨-
è¥ ¬ è¨­­¨©  «£®à¨â¬ ®¡ç¨á«¥­­ï äã­ªæ÷ù (â®¤÷ ¬¥â®¤ � ãá -�ìîâ®­  ¯à®áâ®
­¥§ áâ®á®¢­¨©). �®¬ã ¤«ï à®§¢'ï§ã¢ ­­ï (1) ¯à®¯®­ãõ¬® iâ¥à æi©­®-ài§­¨æ¥¢¨©
¬¥â®¤

xn+1 = xn − [HT
n Hn]−1HT

n F (xn), n = 1, 2, . . . , (2)

¤¥ «i­i©­  ®¯¥à æiï Hn = H(xn−1, xn) § «¥¦¨âì âi«ìª¨ ¢i¤ ¥«¥¬¥­âi¢ xn−1, xn,
¯à¨ç®¬ã

∥F ′(xn)−H(xn−1, xn)∥ = ∥F ′
n −Hn∥ ≤ 1

6
∥xn − xn−1∥2∥F ′′′(x)∥R, (3)

  x∗ | õ¤¨­¨© à®§¢'ï§®ª § ¤ çi (1) ¢ ¤¥ïªi© ®¡« áâi R = {x : ∥x − x∗∥ ≤
η}, η = const > 0. �¥â®¤ (2) ¯à®áâ¨© ¢ à¥ «i§ æiù, ¢®«®¤iõ â ª®î ¦ è¢¨¤ªiáâî
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§¡i¦­®áâi, ïª i ¬¥â®¤ � ãá -�ìîâ®­ , ¯à®â¥, ­  ¢i¤¬i­ã ¢i¤ ®áâ ­­ì®£®, ­¥ ¬i-
áâ¨âì ®¯¥à â®à  F ′(x). � ¢¨¯ ¤ªã m = n ¬¥â®¤ (2) ¯¥à¥â¢®àîõâìáï ¢ ¬¥â®¤
«i­i©­®ù i­â¥à¯®«ïæiù ¤«ï à®§¢'ï§ã¢ ­­ï ­¥«i­i©­®£® äã­ªæi®­ «ì­®£® ài¢­ï­­ï
F (x) = 0, ¤®á«i¤¦¥­¨¬ ¢ [3].

2. �®á«i¤¦¥­­ï §¡i¦­®áâi ¬¥â®¤ã (2). �¡i¦­iáâì i ®æi­ª  è¢¨¤ª®áâi
§¡i¦­®áâi ¯à®æ¥áã (2) ¢áâ ­®¢«îõâìáï ­ áâã¯­®î â¥®à¥¬®î.

�¥®à¥¬  1. �¥å ©: 1) �«ï ¯®ç âª®¢®£® ­ ¡«¨¦¥­­ï x0 iá­ãõ ®¡¥à­¥­  ®¯¥-
à æiï �0 = [F ′(x0)TF ′(x0)]−1; 2) ∥F ′(x0)∥ ≤ α; 3) ∥(F ′(x) − F ′(x∗))TF (x∗)∥ ≤
σ∥x− x∗∥; ∥F ′′(x)∥ ≤ M ; ∥F ′′′(x)∥ ≤ N ; ¢ ®¡« áâi R; 4) ∥F (x∗) ≤ η.

�®¤i ¤«ï x0, x1, ¤®áâ â­ì® ¡«¨§ìª¨å ¤® à®§¢'ï§ªã § ¤ çi (1), iâ¥à æi©­¨©
¯à®æ¥á (2) §¡i£ õâìáï ¤® à®§¢'ï§ªã §i è¢¨¤ªiáâî, ïª  å à ªâ¥à¨§ãõâìáï ­¥ài¢-
­iáâî

∥xn+1 − x∗∥ ≤ C1∥xn − x∗∥+ C2∥xn − x∗∥2, (4)
¤¥ C1, C2 | ¤¥ïªi ®¡¬¥¦¥­i ¤®¤ â­i ¯®áâi©­i.

�®¢¥¤¥­­ï. �®¢¥¤¥¬® á¯®ç âªã,  ­ «®£iç­® [3], é® ¤«ï xn−1, xn, ¤®áâ â­ì® ¡«¨§ì-
ª¨å ¤® x0, iá­ãõ ®¡¥à­¥­  ®¯¥à æiïA−1

n = [HT
n Hn]−1. �®§­ ç¨¬® �0 = [F ′(x0)TF ′(x0)]−1 =

[F ′
0

T
F ′
0]

−1. �®¤i ¤«ï xn−1, xn, ¤®áâ â­ì® ¡«¨§ìª¨å ¤® x0 , ®âà¨¬ õ¬®

∥�0(F ′
0

T
F ′
0 −HT

n Hn)∥ ≤ ∥�0∥∥F ′
0

T
F ′
0 −HT

n Hn)∥ =

= ∥�0∥∥F ′
0

T (F ′
0 −Hn) + (F ′

0

T −HT
n )(Hn − F ′

0 + F ′
0)∥ ≤ ∥�0∥[(M∥xn − x0∥+

+1

6
∥xn−1 − xn∥2)(2α+M∥xn − x0∥+ N

6
∥xn−1 − xn∥2)] = hn < 1,

(5)
¤¥ ¢¨ª®à¨áâ ­® ®æi­ªã ∥F ′

0 − Hn∥ = ∥F ′
0 − F ′

n + F ′
n − Hn∥ ≤ M∥xn − x0∥ +

N
6
∥xn−1 − xn∥2.
�£i¤­® â¥®à¥¬¨ � ­ å  ¢¨¯«¨¢ õ iá­ã¢ ­­ï ®¡¥à­¥­®ù ®¯¥à æiù �n = [I −

(F ′
0

T
F ′
0)

−1(F ′
0

T
F ′
0 − HT

n Hn)]−1 i ∥�n∥ ≤ 1

1−hn
. � ª¨¬ ç¨­®¬, ®¯¥à æiï �n�0 =

(HT
n Hn)−1 iá­ãõ i

∥A−1
n ∥ = ∥(HT

n Hn)−1∥ ≤ ∥�0∥/(1− hn). (6)

�¥¯¥à ¬®¦­  ¢áâ ­®¢¨â¨ §¡i¦­iáâì ¤®á«i¤¦ã¢ ­®£® ¬¥â®¤ã i ®âà¨¬ â¨ ®æi­ªã
è¢¨¤ª®áâi §¡i¦­®áâi. �«ïå®¬ â®â®¦­¨å ¯¥à¥â¢®à¥­ì ®âà¨¬ õ¬® xn+1 − x∗ =
xn − x∗ −A−1

n [HT
n F (xn)− F (x∗, x∗)TF (x∗)] = xn − x∗ −A−1

n {HT
n F (xn, x∗)(xn −

x∗) + [HT
n − F (xn, xn)T + F (xn, xn)T − F (x∗, x∗)T ]F (x∗)}, ¤¥ F (u, v) | ¯¥àè 

¯®¤i«¥­  ài§­¨æï ®¯¥à â®à  F (x), ¯à¨ç®¬ã F (u, u) = F ′(u) [4]. �®¤i

∥xn+1 − x∗∥ ≤ ∥xn − x∗∥∥I −A−1
n HT

n F (xn, x∗) + ∥A−1
n ∥∥HT

n −
− F (xn, xn)T ∥∥F (x∗)∥+ ∥A−1

n ∥∥F (xn, xn)T − F (x∗, x∗)T ∥∥F (x∗)∥. (7)

�æ÷­¨¬® ∥I −A−1
n HT

n F (xn, x∗)∥ ≤ ∥A−1
n ∥∥HT

n Hn −HT
n F (xn, x∗)∥ ≤

≤ ∥A−1
n ∥∥HT

n (∥Hn − F (xn, xn)∥+ ∥F (xn, xn)− F (xn, x∗)∥). (8)

�¥¯¥à i§ (7) § ¢à åã¢ ­­ï¬ (8),(3) â  ã¬®¢ â¥®à¥¬¨, ®âà¨¬ õ¬®

∥xn+1 − x∗∥ ≤ ∥xn − x∗∥∥A−1
n ∥[∥HT

n ∥∥(Hn − F ′
n)∥+ ∥F (xn, xn)−

− F (xn, x∗)∥+ ∥A−1
n ∥[∥HT

n − F ′
n
T ∥∥F (x∗)∥+ ∥(F ′

n
T − F ′

∗
T )F (x∗)∥] ≤

≤ ∥xn − x∗∥∥A−1
n ∥[(N

6
∥xn − xn−1∥2 + α)(N

6
∥xn − xn−1∥2 + 1

2
M∥xn − x∗∥)]+

+ ∥A−1
n ∥[N

6
∥xn − xn−1∥2η + σ∥xn − x∗∥].

(9)
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� ­¥ài¢­®áâi (9) ¢¨¯«¨¢ õ, é® è¢¨¤ªiáâì ¤®á«i¤¦ã¢ ­®£® ¬¥â®¤ã, ¢§ £ «i ª ¦ã-
ç¨, ­¥ ¯¥à¥¢¨é¨âì ª¢ ¤à â¨ç­®ù. �®¬ã

∥xn − xn−1∥2 ≤ C∥xn − x∗∥ (10)

�à å®¢ãîç¨ (10), § (9) ®âà¨¬ õ¬®

∥xn+1−x∗∥ ≤ ∥xn−x∗∥∥A−1
n ∥[(N

6
C∥xn−x∗∥+α)(N

6
C+ M

2
)∥xn−x∗∥+ N

6
η+σ],
(11)

§¢i¤ª¨ ¯iá«ï ¢i¤¯®¢i¤­¨å ¯¥à¥¯®§­ ç¥­ì ®âà¨¬ õ¬® ­¥ài¢­iáâì (4). �¥®à¥¬ã ¤®-
¢¥¤¥­®.

� ®æi­ª¨ (11) ¢¨¯«¨¢ õ, é® ã ¢¨¯ ¤ªã ­ã«ì®¢®ù ­¥¢'ï§ª¨ ¢ à®§¢'ï§ªã (â®¤i
η = 0, σ = 0) â  «i­i©­®ù äã­ªæiù F (x) (â®¤i N = 0, σ = 0) iâ¥à æi©­¨© ¯à®-
æ¥á (2) §¡i£ õâìáï § ª¢ ¤à â¨ç­®î è¢¨¤ªiáâî. �à®â¥, ®ç¥¢¨¤­®, ¤«ï § ¤ ç §
­¥­ã«ì®¢®î ­¥¢'ï§ª®î â  ­¥«i­i©­¨å § ¤ ç §¡i¦­iáâì ¡ã¤¥ «¨è¥ «i­i©­®î,   ¤«ï
á¨«ì­® ­¥«i­i©­¨å § ¤ ç â  § ¤ ç § ¢¥«¨ª®î ­¥¢'ï§ª®î ¢ à®§¢'ï§ªã ¬¥â®¤ (2) ¬®-
¦¥ ¢§ £ «i à®§¡i£ â¨áï. � ª¨¬ ç¨­®¬, ài§­¨æ¥¢¨© ¬¥â®¤ ¢®«®¤iõ ïª ¯¥à¥¢ £ ¬¨,
â ª i ­¥¤®«iª ¬¨ ¬¥â®¤ã � ãá -�ìîâ®­ .

�¥£ª® ¯¥à¥ª®­ â¨áï, é® ã¬®¢ã (3) § ¤®¢®«ì­ïõ ®¯¥à æiïH(xn−1, xn) = F (2xn−
xn−1, xn−1), ïª  i ¢¨ª®à¨áâ®¢ãõâìáï ­  ¯à ªâ¨æi. �®¤i ¯à®æ¥á (2){(3) ¯à¨©¬¥
¢¨£«ï¤

xn+1 = xn − F (2xn − xn−1, xn−1)TF (xn)
F (2xn − xn−1, xn−1)TF (2xn − xn−1, xn−1)

, (12)

n = 1, 2, . . . �ãâ F (u, v) | ¯¥àè  ¯®¤÷«¥­  à÷§­¨æï ¤«ï äã­ªæ÷ù F (x). �¥©
¯à®æ¥á ¢®«®¤iõ â ª®î ¦ è¢¨¤ªiáâî §¡i¦­®áâi, ïª i ¢ ¬¥â®¤i � ãá -�ìîâ®­ ,
®¤­ ª, ­  ¯à®â¨¢ £ã ®áâ ­­ì®¬ã, ­¥ ¢¨¬ £ õ ®¡ç¨á«¥­­ï ¯®åi¤­¨å.

3. I­èi ài§­¨æ¥¢i  ­ «®£¨ ¬¥â®¤ã � ãá -�ìîâ®­ . �®ç­ièi ®æi­ª¨
®âà¨¬ õ¬® ã ¢¨¯ ¤ªã ­ã«ì®¢®ù ­¥¢'ï§ª¨ ¢ à®§¢'ï§ªã ¤«ï äã­ªæiù F (x), â®¡â®
ïªé® F (x∗) = 0. �¥å © φ:Rn → Rn | ¤¥ïª¨© ¤®¯®¬i¦­¨© ®¯¥à â®à, ¤«ï ïª®£®
x∗ = φ(x∗). �¯¥à â®à φ(x) ¬®¦­  ®âà¨¬ â¨ § ¤®¢i«ì­¨å n ài¢­ï­ì Fi(x) = 0,
i = 1, 2, . . . ,m. � ¯à¨ª«a¤, ¬®¦­  ¢§ïâ¨ φi(x) = xi − Fi(x), i = 1, . . . , n. �®¤i
ài§­¨æ¥¢¨©  ­ «®£ ¬¥â®¤ã � ãá -�ìîâ®­  ¤®æi«ì­® § ¯¨á â¨ ã ¢¨£«ï¤i

xn+1 = xn − [F (xn, xn)TF (xn, xn)]−1F (xn, xn)TF (xn), n = 0, 1, . . . . (13)

Iâ¥à æi©­  ä®à¬ã«  (13) ­¥ ¢¨¬ £ õ ®¡ç¨á«¥­­ï ¯®åi¤­¨å i ¬®¦¥ ¡ãâ¨ ¢¨-
ª®à¨áâ ­  ­ ¢iâì â®¤i, ª®«¨ ¢i¤áãâ­i©  ­ «iâ¨ç­¨© ¢¨à § ¤«ï F (x),   ¢i¤®¬¨©
«¨è¥ ¬ è¨­­¨©  «£®à¨â¬ ®¡ç¨á«¥­­ï ®¯¥à â®à  F (x). � ã¢ ¦¨¬®, é® ¢ ¬¥â®¤i
â¨¯ã �â¥ää¥­á¥­  ¤«ï ¡¥§ã¬®¢­®ù ¬i­i¬i§ æiù, à®§£«ï­ãâ®¬ã ¢ [5], ¢¨ª®à¨áâ ­i
¯®¤i«¥­i ài§­¨æi ¤«ï ¯®åi¤­®ù f ′(x), é®¡ ã­¨ª­ãâ¨ ®¡ç¨á«¥­­ï ¤àã£®ù ¯®åi¤­®ù
f"(x).

�®§£«ï­¥¬® ¤¥ïªi ¢ ài ­â¨ xn.
 ). �¨¡¥à¥¬® xn = φ(xn). �¥à¥§ F (x, y, z) ¯®§­ ç¨¬® ¤àã£ã ¯®¤i«¥­ã ài§­¨æî

®¯¥à â®à  F (x). �®¤i ¤«ï iâ¥à æi©­®£® ¯à®æ¥áã (13) á¯à ¢¥¤«¨¢  â¥®à¥¬ .

�¥®à¥¬  2. �¥å © F :Rn → Rm (m ≥ n) i f(x) = 1

2
F (x)TF (x) ¤¢içi ­¥¯¥à¥à¢­®

¤¨ä¥à¥­æi©®¢­  ­  ¢i¤ªà¨âi© ®¯ãª«i© ¬­®¦¨­i D ⊂ Rn. �à¨¯ãáâ¨¬®, é®
∥F (x, y)∥ ≤ β, ∥φ′(x) ≤ α < 1, ∥F (x, y, x∗)∥ ≤ 1

2
L ¤«ï ¢áiå x, y ∈ D,   â ª®¦ é®

iá­ãîâì x∗ ∈ D i λ ≥ 0 â ªi, é® F (x∗) = 0,   λ | ­ ©¬¥­è¥ ¢« á­¥ ç¨á«® ¤«ï
F ′(x∗)TF ′(x∗). �®¤i iá­ãõ r0 â ª¥, é® ¤«ï ¢áiå x0 ∈ 
(x∗, r0) ¯®á«i¤®¢­iáâì,
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¯®à®¤¦¥­  ¬¥â®¤®¬ (13), ª®à¥ªâ­® ¢¨§­ ç¥­ , §¡i£ õâìáï ¤® à®§¢'ï§ªã x∗ i
§ ¤®¢®«ì­ïõ ­¥ài¢­®áâi

∥xn − x∗∥ ≤ β

2λ
Lα∥xn−1 − x∗∥2, ∥xn − x∗∥ ≤ (h0r0)2

n−1r0, n = 1, 2, . . . , (14)

¤¥ h0 =
β
2λLα < 1

r0
, r0 = ∥x0 − x∗∥, 
(x∗, r0) = {x : ∥x− x∗∥ ≤ r0}.

�®¢¥¤¥­­ï â¥®à¥¬¨ 2 §¤i©á­îõâìáï §  áå¥¬®î ¤®¢¥¤¥­­ï â¥®à¥¬¨ 1 [6].
¡). �¨¡à ¢è¨ ¢ (13) xn = (1−µ)xn+µφ(xn), ¤¥ 0 ≤ µ ≤ 1 | ç¨á«®¢¨© ¯ à -

¬¥âà, ¬¨ ®âà¨¬ õ¬® ài§­¨æ¥¢¨©  ­ «®£ ¬®¤¨äiª æiù ¬¥â®¤ã � ãá -�ìîâ®­ , ïª 
¤®á«i¤¦¥­  ¢ [6{8]. �«ï æì®£® ài§­¨æ¥¢®£® ¬¥â®¤ã á¯à ¢¥¤«¨¢  â¥®à¥¬ ,  ­ -
«®£iç­  â¥®à¥¬i 2. � ã¢ ¦¨¬®, é® ¯à¨ µ = 0 xn = xn, i â®¤i (13) ¯¥à¥â¢®à¨âìáï
ã ¬¥â®¤ � ãá -�ìîâ®­ .

¢). �¨¡¥à¥¬® xn = xn−1. �®¤i § (13) ®âà¨¬ õ¬® iâ¥à æi©­¨© ¯à®æ¥á

xn+1 = xn − [F (xn, xn−1)TF (xn, xn−1)]−1F (xn, xn−1)TF (xn), n = 1, 2, . . . ,
(15)

¤¥ x0, x1 | ¤¥ïªi ¯®ç âª®¢i ­ ¡«¨¦¥­­ï. Iâ¥à æi©­¨© ¯à®æ¥á (15) ¯à¨¤ â­¨©
¤«ï à®§¢'ï§ã¢ ­­ï ­¥«i­i©­®ù § ¤ çi ¯à® ­ ©¬¥­èi ª¢ ¤à â¨ (1). �®£® ¬®¦­ 
à®§£«ï¤ â¨ ïª § áâ®áã¢ ­­ï ¬¥â®¤ã áiç­¨å [1] ¤® § ¤ çi (1). � ¢¨¯ ¤ªã ­ã«ì®¢®ù
­¥¢'ï§ª¨ F (x∗) = 0 iâ¥à æi©­¨© ¯à®æ¥á §¡i£ õâìáï ¤® à®§¢'ï§ªã x∗ §i è¢¨¤ªiáâî,
ïª  å à ªâ¥à¨§ãõâìáï ­¥ài¢­iáâî

∥xn+1 − x∗∥ ≤ C∥xn − x∗∥∥xn−1 − x∗∥, n = 1, 2, . . . , (16)

¤¥ C | ®¡¬¥¦¥­  ¤o¤ â­  ¯®áâi©­ . � ­¥ài¢­®áâi (16) ¢¨¯«¨¢ õ, é® ¯®àï¤®ª
§¡i¦­®áâi ¯à®æ¥áã (15) ¤®ài¢­îõ 1+

√
5

2
≈ 1, 618.

�à®¢¥¤¥­÷ ­ ¬¨ ç¨á¥«ì­÷ à®§à åã­ª¨ ¯®ª § «¨, é® §  ª÷«ìª÷áâî ÷â¥à æ÷© ÷
§  § £ «ì­®î ª÷«ìª÷áâî ®¡ç¨á«¥­ì (ç á®¬ à åã­ªã) à¥§ã«ìâ â¨ §  à÷§­¨æ¥¢¨¬
 ­ «®£®¬ § ª¢ ¤à â¨ç­®î §¡÷¦­÷áâî ­¥ ¯®áâã¯ îâìáï ¢÷¤¯®¢÷¤­¨¬ à¥§ã«ìâ â ¬
§  ª« á¨ç­¨¬ ¬¥â®¤®¬ � ãá -�ìîâ®­ . �à å®¢ãîç¨, é® § ¯à®¯®­®¢ ­i ¬¥â®¤¨
¯à®áâi ¢ à¥ «i§ æiù i ¯®âà¥¡ãîâì «¨è¥ ®¡ç¨á«¥­­ï §­ ç¥­ì äã­ªæiù,   â ª®¦
¢®«®¤iîâì è¢¨¤ª®î §¡i¦­iáâî, â® ¢®­¨ ¬®¦ãâì è¨à®ª® ¢¨ª®à¨áâ®¢ã¢ â¨áï ­ 
¯à ªâ¨æi.
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