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Stefan problem for general strictly hyperbolic equation of the second order with
a unknown right part f(t) is considered. With the help of a method characteristic
and theorem Banach is proved correct solvability of a problem for small t.
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� áá¬ âà¨¢ ¥âáï § ¤ ç  �â¥ä   ¤«ï ®¡é¥£® áâà®£® £¨¯¥à¡®«¨ç¥áª®£® ãà ¢-
¥¨ï ¢â®à®£® ¯®àï¤ª  á ¥¨§¢¥áâ®© ¯à ¢®© ç áâìî f(t). � ¯®¬®éìî ¬¥â®¤ 
å p ªâ¥p¨áâ¨ª ¨ â¥®à¥¬ë �  å  ¤®ª §   ª®pp¥ªâ ï p §p¥è¨¬®áâì § ¤ ç¨
¤«ï ¬ «ëå t.

� ¤ ç÷ § ¥¢÷¤®¬¨¬¨ £p ¨æï¬¨ (§ ¤ ç÷ �â¥ä  ) ¬ îâì ¢ ¦«¨¢¥ ¯p¨ª« ¤¥
§ ç¥ï. �¥â «ì¨©   «÷§ æ÷õù ¯p®¡«¥¬ â¨ª¨ ¤«ï ¯ p ¡®«÷ç¨å â  ¥«÷¯â¨ç-
¨å p÷¢ïì ¤ ® ¢ ¯à æ÷ [1]. �÷§÷ ¬ â¥¬ â¨ç÷ ¬®¤¥«÷ ¯p®¡«¥¬ £ §®¢®ù ¤¨-
 ¬÷ª¨, â¥¯«®¯p®¢÷¤®áâ÷ (ª®«¨ è¢¨¤ª÷áâì p®§¯®¢áî¤¦¥ï â¥¯«  áª÷ç¥ )
¯p¨¢®¤ïâì ¤® p®§¢'ï§ã¢ ï § ¤ ç § ¥¢÷¤®¬¨¬¨ £p ¨æï¬¨ ¤«ï £÷¯¥p¡®«÷ç¨å
p÷¢ïì [2,4,9,10]. �p ©®¢÷ § ¤ ç÷ ¯p® § å®¤¦¥ï p®§¢'ï§ªã â  ª®¥ä÷æ÷õ-
â÷¢ £÷¯¥p¡®«÷ç®£® p÷¢ïï ç¨ £p ¨ç¨å ã¬®¢ (®¡¥p¥÷ § ¤ ç÷) ¢¨¨ª îâì
¢ ¯p®¡«¥¬ å ª¢ â®¢®ù â¥®p÷ù ¯®«ï,  â®¬®ù ä÷§¨ª¨, â¥®p÷ù ª®«¨¢ ì, á¥©á¬÷ª¨
[6{8]. �¤¨ ÷§ ä÷§¨ç¨å ¯p®æ¥á÷¢, ¬ â¥¬ â¨ç  ¬®¤¥«ì ïª®£® §¢®¤¨âìáï ¤® ¢¨¢-
ç¥ï ®¡¥p¥®ù £÷¯¥p¡®«÷ç®ù § ¤ ç÷ �â¥ä    ¢¥¤¥® ¢ [3].

� ¤ ÷© áâ ââ÷ p®§£«ï¤ õâìáï ¯¨â ï ¯p® § å®¤¦¥ï p®§¢'ï§ªã £p ¨ç®ù
§ ¤ ç÷ ¤«ï £÷¯¥p¡®«÷ç®£® p÷¢ïï ¤pã£®£® ¯®pï¤ªã § ¥¢÷¤®¬¨¬ ª®¥ä÷æ÷õâ®¬
¯p ¢®ù ç áâ¨¨, ¯p¨ç®¬ã £p ¨æ÷ ®¡« áâ÷ â ª®¦  ¯p÷®p÷ õ ¥¢÷¤®¬¨¬¨. �®¤ âª®-
¢  ã¬®¢  ¤«ï ¢¨§ ç¥ï ª®¥ä÷æ÷õâ  § ¤ õâìáï ¢ ÷â¥£p «ì÷© ä®p¬÷,   ã¬®¢ 
  ªp î ®¡« áâ÷ õ   «®£®¬ § ª®ã Hìîâ®  ¤«ï pãåã £p ¨æ÷ [10]. � ª®£®
¢¨£«ï¤ã ¯pï¬÷ § ¤ ç÷ (ª®¥ä÷æ÷õâ¨ ¢÷¤®¬÷) ¢¨¨ª îâì ¯p¨ ¢¨¢ç¥÷ ª®«¨¢ ì
¯'õ§®¥«¥ªâp¨ç®£® ¯¥p¥â¢®pî¢ ç  [11], ã â¥®p÷ù ¡÷®¯®¯ã«ïæ÷© [12], ¢ § ¤ ç å ¯p®
pãå ¯®pèï [9,10].

�  ¤®¯®¬®£®î ¬¥â®¤ã å p ªâ¥p¨áâ¨ª, ¢¨ª®p¨áâ®¢ãîç¨ p¥§ã«ìâ â¨ ¯à æì [2,4,5],
¯®áâ ¢«¥  § ¤ ç  §¢®¤¨âìáï ¤® á¨áâ¥¬¨ ¥«÷÷©¨å ÷â¥£p «ì¨å p÷¢ïì â¨¯ã
�®«ìâ¥pp  ¤pã£®£® p®¤ã. �®á«÷¤¦¥ï ®áâ ì®ù ¯p®¢®¤¨âìáï §  ¤®¯®¬®£®î
¯p¨æ¨¯ã áâ¨á¨å ¢÷¤®¡p ¦¥ì.
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H¥å © G | ¯÷¢¯«®é¨  ¯p¨ t > 0, GT ⊂ G | ®¡« áâì, ®¡¬¥¦¥   ¯¥p¥¤
¥¢÷¤®¬¨¬¨ ªp¨¢¨¬¨ γi : x = ai(t), ai(0) = a0i (i = 1, 2) â  ¯pï¬®î t = T , a0i |
¢÷¤®¬÷ ª®áâ â¨. � ®¡« áâ÷ GT p®§£«ï¥¬® áâp®£® £÷¯¥p¡®«÷ç¥ p÷¢ïï

utt + a1(x, t)uxt + a2(x, t)uxx = b1(x, t)ut + b2(x, t)ux + b(x, t)u+ f(t)g(x, t), (1)

¢ ïª®¬ã ªp÷¬ äãªæ÷ù u(x, t) ¥¢÷¤®¬®î õ â ª®¦ ÷ äãªæ÷ï f(t). � ¤ ¬® ¯®ç â-
ª®¢÷ ã¬®¢¨

u(x, 0) = β1(x), ut(x, 0) = β2(x), x ∈ [a01, a
0
2], (2)

£p ¨ç÷ ã¬®¢¨

ux(a1(t), t) = ν1(t), ux(a2(t), t) = ν2(t), t ∈ [0, T ], (3)

¤®¤ âª®¢ã ã¬®¢ã ∫ a2(t)

a1(t)

α(x, t)u(x, t) dx = h(t), t ∈ [0, T ], (4)

â  ã¬®¢¨   ¥¢÷¤®¬÷ £p ¨æ÷

a′′i (t) = Hi

(
t, a1(t), a2(t), a

′
1(t), a

′
2(t), u(a1(t), t), u(a2(t), t)

)
,

ai(0) = a0i , a′i(0) = α0
i , i = 1, 2. (5)

� ¤ «÷ ¢¢ ¦ â¨¬¥¬®, é®

λ1(a
0
i , 0)− α0

i > 0, λ2(a
0
i , 0)− α0

i < 0, i = 1, 2, (6)

¤¥ λ1, λ2 | ª®p¥÷ å à ªâ¥à¨áâ¨ç®£® à÷¢ïï λ2 + a1(x, t)λ+ a2(x, t) = 0.

�§ ç¥ï. �®§¢'ï§ª®¬ § ¤ ç÷ (1){(5)  §¢¥¬® äãªæ÷ù ai(t) ∈ C2
(
[0, T ]

)
(i =

1, 2), â  ã§ £ «ì¥¨© p®§¢'ï§®ª
(
u(x, t), f(t)

)
∈ C1,1( �GT )× C([0, T ]) § ¤ ç÷ (1){

(4) (§¬÷áâ ïª®£® ¡ã¤¥ ãâ®ç¥® ¯÷§iè¥), ïª÷ § ¤®¢®«ìïîâì ã¬®¢ã (5).

�¯à ¢¥¤«¨¢¥  áâã¯¥ â¢¥p¤¦¥ï.

�¥®à¥¬ . �¥å ©
1) ai(x, t) ∈ C2,1(P 0), bi(x, t) ∈ C1,0(P 0) (i = 1, 2), b(x, t) ∈ C1,0(P 0), g(x, t) ∈

C1,0(P 0), ¤¥ P0 = {(x, t) : 0 < t < ε0, x ∈ R} ¤«ï ¤¥ïª®£® ε0 ∈ (0, T ];
2) α(x, t) ∈ C1,2(P 0), h(t) ∈ C2([0, ε0]), βi(x) ∈ C3−i([a01, a

0
2]), νi(t) ∈ C1([0, ε0])(i =

1, 2);
3) Hi(t, x1, x2, y1, y2, z1, z2) ¢¨§ ç¥÷ ÷ ¥¯¥à¥à¢÷ ¢ ®¡« áâ÷ P1 = [0, ε0] × R6 ÷

§ ¤®¢®«ìïîâì ã¬®¢ã �÷¯è¨æï §÷ áâ «¨¬¨ LHi §  ¢á÷¬  §¬÷¨¬¨ ªà÷¬ t;

4)

∫ a0
2

a0
1

α(x, 0)g(x, 0) dx ̸= 0;

5) ¢¨ª®ãîâìáï ã¬®¢¨ ã§£®¤¦¥ï ã«ì®¢®£®

β′
1(a

0
i ) = νi(0), i = 1, 2,

∫ a0
2

a0
1

α(x, 0)β1(x) dx = h(0),
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â  ¯¥pè®£® ¯®pï¤ª÷¢(
λ1(a

0
i , 0)− λ2(a

0
i , 0)

)(
β2(a

0
i ) + ν′i(0)− β′′

1 (a
0
i )α

0
i

)
= 2β′

1(a
0
i )
(
λ1λ

′
2x − λ2λ

′
1x

)∣∣
(a0

i
,0)
,

2∑
i=1

(−1)iα(a0i , 0)β1(a0i )α0
i +

∫ a0
2

a0
1

[
αt(x, 0)β1(x) + α(x, 0)β2(x)

]
dx = h′(0).

�®¤÷ ¤«ï ¤¥ïª®£® ε ∈ (0, ε0] ¢ ®¡« áâ÷ Gε ÷áãõ õ¤¨¨© ã§ £ «ì¥¨© à®§¢'ï§®ª
§ ¤ ç÷ (1){(5).

�®¢¥¤¥ï. � ¯à®áâ®à÷ ¥¯¥p¥p¢¨å ¢¥ªâ®p-äãªæ÷© a(t) =
(
a1(t), a2(t), a

′
1(t), a

′
2(t)

)
∈[

C[0, ε1]
]4
, ¤¥ ε1 ∈ (0, ε0] ¢¨¡¥p¥¬® ¬®¦¨ã

Dε1 =
{
a(t) : a(t) ∈

[
C1[0, ε1]

]4 (
â®¡â® ai(t) ∈ C2

(
[0, ε1]

))
,

|ai(t)− a0i | ≤ ε1
(
α0
i +Kiε1/2

)
, |a′i(t)− α0

i | ≤ Kiε1, i = 1, 2
}
,

¤¥ Ki | áâ «÷, ïª÷ ®¡¬¥¦ãîâì ¥¯¥à¥à¢÷ äãªæ÷ù Hi(...). �p¨ æì®¬ã, §  ¥¯¥-
à¥à¢÷áâî äãªæ÷© λi(x, t), a

′
i(t) § ã¬®¢¨ (6) ¢¨¯«¨¢ õ, é® ¬®¦  ¢¨¡à â¨ ε1

â ª, é®¡ ¤«ï ¢á÷å t ∈ [0, ε1]

λ1(ai(t), t)− a′i(t) > 0, λ2(ai(t), t)− a′i(t) < 0, i = 1, 2.

� ¤ ¬®   Dε1 ¬¥âà¨ªã

ϱ
(
a1(t), a2(t)

)
=

2∑
i=1

{
max
t∈[0,ε1]

|a1i (t)− a2i (t)|+ max
t∈[0,ε1]

|a1
′

i (t)− a2
′

i (t)|
}
.

�«ï ª®¦®ù ¢¥ªâ®à-äãªæ÷ù a(t) ∈ Dε1 ®âp¨¬ õ¬® ®¡¥à¥ã § ¤ çã (1){(4) (§ -
¤ çã ¯p® § å®¤¦¥ï f(t) â  u(x, t)).

�¢¥¤¥¬® à÷¢ïï (1) ¤® á¨áâ¥¬¨ à÷¢ïì ¯¥àè®£® ¯®àï¤ªã ¢ ¯p¨¯ãé¥÷,
é® äãªæ÷ï u(x, t) õ ¤¢÷ç÷ ¥¯¥p¥p¢® ¤¨ä¥p¥æ÷©®¢  ¢ �Gε1 ,   f(t) ∈ C([0, ε1])
÷ á¯p ¢¤¦ãîâìáï p÷¢®áâ÷ (1){(4). �«ï æì®£® ¢¢¥¤¥¬® ®¯¥à â®à¨

Mi

(
x, t,

∂

∂x
,
∂

∂t

)
=

∂

∂t
− λ3−i(x, t)

∂

∂x
, i = 1, 2. (7)

�ç¥¢¨¤®, é® £®«®¢  ç áâ¨  à÷¢ïï (1) §¡÷£ õâìáï §

( ∂
∂t

− λi(x, t)
∂

∂x

)
Mi

(
x, t,

∂

∂x
,
∂

∂t

)
u, i = 1, 2.

�¢®¤ïç¨ vi(x, t) = Mi

(
x, t, ∂∂x ,

∂
∂t

)
u, ¯÷á«ï ¯¥à¥â¢®à¥ì § ¯¨è¥¬® à÷¢ïï (1)

ã ¢¨£«ï¤÷ á¨áâ¥¬¨

∂vi
∂t

− λi(x, t)
∂vi
∂x

= b1(x, t)
∂u

∂t
+
(
b2(x, t)−

∂λ3−i
∂t

+ λi(x, t)
∂λ3−i
∂x

)∂u
∂x

+

+ b(x, t)u+ f(t)g(x, t), i = 1, 2.
(8)
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� ¯®§ ç¥ì, §®ªp¥¬ , ¢¨¯«¨¢ õ, é®

∂u

∂x
=

1

λ1(x, t)− λ2(x, t)
v1(x, t)−

1

λ1(x, t)− λ2(x, t)
v2(x, t),

∂u

∂t
=

λ1(x, t)

λ1(x, t)− λ2(x, t)
v1(x, t)−

λ2(x, t)

λ1(x, t)− λ2(x, t)
v2(x, t).

(9)

H¥å © l: ξ = ψ(τ ;x, t) £« ¤ª  ªp¨¢ , ïª  §'õ¤ãõ ¤®¢÷«ìã â®çªã (x, t) ∈ �Gε1
§ ¢÷¤p÷§ª®¬ [a01, a

0
2], ¯®¢÷áâî «¥¦¨âì ¢ �Gε1 ÷ § ¤ õâìáï à÷¢ïï¬

ψ(τ ;x, t) = a1(τ) +
a2(τ)− a1(τ)

a2(t)− a1(t)

(
x− a1(t)

)
, 0 ≤ τ ≤ t.

�®¤÷ ∀(x, t) ∈ �Gε1 ¬ õ ¬÷áæ¥ §®¡à ¦¥ï

u(x, t) = β1(ψ(0;x, t)) +

∫ t

0

2∑
j=1

Aj(ψ(τ ;x, t), τ)vj(ψ(τ ;x, t), τ) dτ, (10)

¤¥

Aj(ψ(τ ;x, t), τ) = (−1)j+1 λj(ψ(τ ;x, t), τ) +
∂ψ(τ ;x,t)

∂τ

λ1(ψ(τ ;x, t), τ)− λ2(ψ(τ ;x, t), τ)
, j = 1, 2.

�÷¤áâ ¢«ïîç¨ (9) ÷ (10) ¢ (8), ®âà¨¬ãõ¬®

∂vi
∂t

− λi(x, t)
∂vi
∂x

=
2∑
j=1

aij(x, t)vj(x, t)+

+

∫ t

0

2∑
j=1

Bj(τ, x, t)vj(ψ(τ ;x, t), τ) dτ + f(t)g(x, t) +B(x, t), i = 1, 2. (11)

�ãâ

aij(x, t) = (−1)j+1 b1(x, t)λj(x, t) + b2(x, t)− ∂λ3−i(x,t)
∂t + λi(x, t)

∂λ3−i(x,t)
∂x

λ1(x, t)− λ2(x, t)
,

Bj(τ, x, t) = b(x, t)Aj(ψ(τ ;x, t), τ), B(x, t) = b(x, t)β1(ψ(0;x, t)).

�¨ª®à¨áâ®¢ãîç¨ à÷¢®áâ÷ (2){(3), (7) â  (9), ®¤¥p¦¨¬® ¯®ç âª®¢÷ â  £à ¨ç÷
ã¬®¢¨ ¤«ï á¨áâ¥¬¨ (11):

vi(x, 0) = β2(x)− λ3−i(x, 0)β
′
1(x) ≡ qi(x), i = 1, 2,

(12)

v1(ai(t), t)− v2(ai(t), t) = νi(t)
(
λ2(ai(t), t)− λ1(ai(t), t)

)
≡ γi(t), i = 1, 2.

(13)

�÷¤áâ ¢¨¬® (10) ¢ ã¬®¢ã (4). �®¤÷∫ a2(t)

a1(t)

α(x, t)

∫ t

0

2∑
j=1

Aj(ψ(τ ;x, t), τ)vj(ψ(τ ;x, t), τ) dτdx = h1(t), (14)
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¤¥ h1(t) = h(t)−
∫ a2(t)

a1(t)

α(x, t)β1(ψ(0;x, t)) dx.

�®§¢'ï§ª®¬ ®¡¥à¥®ù § ¤ ç÷ (11){(14)  §¢¥¬® âà÷©ªã äãªæ÷©
(
v1(x, t), v2(x, t), f(t)

)
∈ C1( �GT )× C1( �GT )× �([0, T ]), ïª  § ¤®¢®«ìïõ à÷¢ïï (11) â  ã¬®¢¨ (12){
(14). �®¤÷ ¯ àã

(
u(x, t), f(t)

)
∈ C1,1( �GT )×C([0, T ]), ¤¥ äãªæ÷ï u(x, t) ¯®¤ õâìáï

§®¡à ¦¥ï¬ (10),  §¢¥¬® ã§ £ «ì¥¨¬ à®§¢'ï§ª®¬ § ¤ ç÷ (1){(4).
�â¦¥, § ¤ ç  (1){(4) ¯p® § å®¤¦¥ï f(t), u(x, t), §¢®¤¨âìáï ¤® § ¤ ç÷ (11){

(14) § ¥¢÷¤®¬¨¬¨ f(t), v1(x, t), v2(x, t). �î § ¤ çã ¡ã¤¥¬® à®§¢'ï§ã¢ â¨ ¬¥â®¤®¬
å à ªâ¥à¨áâ¨ª. �¢¥¤¥¬® ¯®§ ç¥ï

vi(ai(t), t) = µi(t), i = 1, 2. (15)

�¥å © φi(τ ;x, t) | à®§¢'ï§®ª å à ªâ¥à¨áâ¨ç®£® à÷¢ïï dξ /dτ = −λi(ξ, τ),
i = 1, 2 ¯à¨ ξ(t) = x, ¤¥ (x, t) ∈ Gε1 , a ti(x, t) | ®p¤¨ â  â®çª¨ ¯¥p¥â¨ã i-®ù
å à ªâ¥à¨áâ¨ª¨ § ¬¥¦¥î Gε1 . �÷§ì¬¥¬® ε2 ∈ (0, ε1] â ª¥, é®¡ å à ªâ¥à¨áâ¨-
ª¨, ¢¨¯ãé¥÷ § ªãâ®¢¨å â®ç®ª (a0i , 0), ¢ ®¡« áâ÷ Gε2 ¥ ¯¥à¥â¨ «¨áï. �®¤÷ æ÷

å à ªâ¥à¨áâ¨ª¨ à®§¡¨¢ îâì Gε2   âà¨ ¯÷¤®¡« áâ÷: Gε2 =
∪2
j=0Gj .

öâ¥£àãîç¨ (11) ¢ ª®¦÷© Gj ¢§¤®¢¦ å à ªâ¥à¨áâ¨ª [2], ®âà¨¬ãõ¬®

vi(x, t) = ωi(x, t) +

∫ t

χi(x,t)

[ 2∑
j=1

aij(φi(τ ;x, t), τ)vj(φi(τ ;x, t), τ) +B(φi(τ ;x, t), τ)+

+

∫ τ

0

2∑
j=1

Bj(η, φi(τ ;x, t), τ)vj(ψ(η;φi(τ ;x, t), τ), η) dη+ (16)

+ f(τ)g(φi(τ ;x, t), τ)
]
dτ, i = 1, 2,

¤¥

ωi(x, t) =

{
qi(φi(0;x, t)), ¯à¨ (x, t) ∈ G0 ∪G3−i;

µi(ti(x, t)), ¯à¨ (x, t) ∈ Gi;

χi(x, t) =

{
ti(x, t), ¯à¨ (x, t) ∈ Gi;

0, ¯à¨ (x, t) ∈ G0 ∪G3−i.

�«ï â®£®, é®¡ äãªæ÷ù vi(x, t) ¯p¨ ¯¥p¥å®¤÷ § G0 ¢ G1 ÷ G2 ¡ã«¨ ¥¯¥p¥p¢÷
¥®¡å÷¤®, é®¡

lim
(x,t)∈G0∪G3−i

(x,t)→(a0i ,0)

vi(x, t) = lim
(x,t)∈Gi

(x,t)→(a0i ,0)

vi(x, t),

â®¡â®
qi(a

0
i ) = µi(a

0
i ), i = 1, 2. (17)

�ãªæ÷ù µi § å®¤¨¬® § £p ¨ç¨å ã¬®¢ (13) è«ïå®¬ ¯÷¤áâ ®¢ª¨ âã¤¨ (16).
� p¥§ã«ìâ â÷ ®¤¥p¦¨¬®

µi(t) = q3−i(φ3−i(0; ai(t), t)) +

∫ t

0

[ 2∑
j=1

a3−i,j(φ3−i(τ ; ai(t), t), τ)vj(φ3−i(τ ; ai(t), t), τ)+

+

∫ τ

0

2∑
j=1

Bj(η, φ3−i(τ ; ai(t), t), τ)vj(ψ(η;φ3−i(τ ; ai(t), t), τ), η) dη+ (18)

+ f(τ)g(φ3−i(τ ; ai(t), t), τ) +B(φ3−i(τ ; ai(t), t), τ)
]
dτ + (−1)i+1γi(t), i = 1, 2.
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�¥£ª® ¯¥p¥ª® â¨áï ¢ â®¬ã, é® ïªé® ¢¨ª®ãîâìáï ã¬®¢¨ ã§£®¤¦¥ï ã«ì®¢®£®
¯®pï¤ªã ¯ãªâã 5) â¥®p¥¬¨, â® äãªæ÷ù µi(t), ¢¨p ¦¥÷ á¯÷¢¢÷¤®è¥ï¬¨ (18),
§ ¤®¢®«ìïîâì ã¬®¢¨ (17).

� à÷¢®áâ÷ (14) §¬÷¨¬® ¯®àï¤®ª ÷â¥£àã¢ ï ÷ §à®¡¨¬® § ¬÷ã §¬÷¨å
ψ(τ ;x, t) = y. �à¨ç®¬ã äãªæ÷ï ψ(τ ;x, t) â ª , é® x = ψ(t; y, τ). �®¤÷ (14)
¯¥à¥¯¨è¥âìáï ã ¢¨£«ï¤÷∫ t

0

dτ

∫ a2(τ)

a1(τ)

α(ψ(t; y, τ), t)
2∑
j=1

Aj(y, τ)vj(y, τ)
∂ψ(t; y, τ)

∂y
dy = h1(t). (19)

�ãâ

Aj(y, τ) = (−1)j+1
a′1(τ) +

a′
2
(τ)−a′

1
(τ)

a2(τ)−a1(τ)
(
y − a1(τ)

)
+ λj(y, τ)

λ1(y, τ)− λ2(y, τ)
.

�¯÷¢¢÷¤®è¥ï (19) ¤¢÷ç÷ ¯à®¤¨ä¥à¥æ÷îõ¬® §  t. � à¥§ã«ìâ âi ®âà¨¬ õ¬®

2∑
i=1

(−1)iα(ai(t), t)
2∑
j=1

Aj(ai(t), t)vj(ai(t), t)a
′
i(t)+

+

∫ a2(t)

a1(t)

2∑
j=1

C1
j

(
y, t; a′′1(t), a

′′
2(t)

)
vj(y, t) dy+

∫ a2(t)

a1(t)

α(y, t)

2∑
j=1

Aj(y, t)
∂vj(y, t)

∂t
dy+

+

∫ τ

0

dτ

∫ a2(τ)

a1(τ)

2∑
j=1

C2
j

(
τ, y, t; a′′1(t), a

′′
2(t)

)
vj(y, t) dy = h′′1(t), (20)

âãâ a′′i (t) ¢å®¤ïâì ¢ C
k
j «÷÷©®. �÷¤áâ ¢¨¬® ¢ ®áâ î à÷¢÷áâì ¯¥à¥â¢®à¥ã § 

¤®¯®¬®£®î (10) ¯p ¢ã ç áâ¨ã ä®à¬ã«¨ (5),   á ¬¥,

a′′i (t) = ~Hi

(
t, a1(t), a2(t), a

′
1(t), a

′
2(t), v(a1(τ), τ), v(a2(τ), τ)

)
, i = 1, 2, (21)

¤¥ v = (v1, v2),   äãªæ÷ù ~Hi §¡¥à÷£ îâì ¢á÷ ¢« áâ¨¢®áâ÷ Hi, â®¡â® ~Hi ¥¯¥à¥à¢i
¢ ®¡« áâ÷ ¢¨§ ç¥ï ÷ § ¤®¢®«ìïîâì ã¬®¢ã �÷¯è¨æï §  ¢á÷¬  §¬÷¨¬¨ ªp÷¬
t.

�à å®¢ãîç¨ (15), § (20) ®âp¨¬ õ¬®

−α(a1(t), t)
[
A1(a1(t), t)µ1(t) +A2(a1(t), t)

(
µ1(t)− γ1(t)

)]
a′1(t)+

+α(a2(t), t)

[
A1(a2(t), t)

(
µ2(t) + γ2(t)

)
+A2(a1(t), t)µ2(t)

]
a′2(t)+

+

2∑
i=1

∫ φi(t;a
0

i ,0)

a1(t)

C1
i

(
y, t; ~H1, ~H2

)
vi(y, t) dy +

2∑
i=1

∫ a2(t)

φi(t;a0i ,0)

C1
i

(
y, t; ~H1, ~H2

)
vi(y, t) dy+

+
2∑
i=1

∫ φi(t;a
0

i ,0)

a1(t)

α(y, t)Ai(y, t)
∂vi(y, t)

∂t
dy +

2∑
i=1

∫ a2(t)

φi(t;a0i ,0)

α(y, t)Ai(y, t)
∂vi(y, t)

∂t
dy+

+

∫ t

0

dτ

∫ a2(τ)

a1(τ)

2∑
j=1

C2
j

(
τ, y, t; ~H1, ~H2

)
vj(y, t) dy = h′′1(t).
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� ãp åã¢ ï¬ (16), (18) æ¥© ¢¨p § ¯¥p¥¯¨è¥âìáï â ª:

2∑
i=1

(−1)iα(ai(t), t)a′i(t)
[
q3−i(φ3−i(0; ai(t), t))+

+

∫ t

0

[ 2∑
j=1

a3−i,j(φ3−i(τ ; ai(t), t), τ)vj(φ3−i(τ ; ai(t), t), τ)+

+

∫ τ

0

2∑
j=1

Bj(η, φ3−i(τ ; ai(t), t), τ)vj(ψ(η;φ3−i(τ ; ai(t), t), τ), η) dη+

+ f(τ)g(φ3−i(τ ; ai(t), t), τ) +B(φ3−i(τ ; ai(t), t), τ)
]
dτ + (−1)i+1γi(t)

]
+

+

2∑
i=1

α(ai(t), t)a
′
i(t)A3−i(ai(t), t)γi(t)+

+
2∑
i=1

∫ a2(t)

a1(t)

α(y, t)Ai(y, t)
( 2∑
j=1

aij(y, t)vj(y, t) + f(t)g(y, t) +B(y, t) +

+

∫ τ

0

2∑
j=1

Bj(η, y, t)vj(ψ(η; y, t), η)dη
)
dy +

+
2∑
i=1

(−1)i+1

∫ φi(t;a
0

i ,0)

ai(t)

α(y, t)Ai(y, t)×

×

[∫ ti(y,t)

0

{ 2∑
j=1

(
∂a3−i,j(x, τ)

∂x
vj(x, τ)+

+

∫ τ

0

{∂Bj(η, x, τ)
∂x

vj(ψ(η;x, τ), η) +Bj(η, x, τ)
∂vj(ψ(η;x, τ), η)

∂x

∂ψ(η;x, τ)

∂x

}
dη+

+ a3−i,j(x, τ)
∂vj(x, τ)

∂x

)
+ f(τ)

∂g(x, τ)

∂x
+

+
∂B(x, τ)

∂x

}∣∣∣∣
x=φ3−i(τ ;ai(ti(y,t)),ti(y,t))

×
(∂φ3−i

∂y
a′i +

∂φ3−i

∂t

)∂ti(y, t)
∂t

dτ+

+

∫ t

ti(y,t)

{ 2∑
j=1

(
∂aij(x, τ)

∂x
vj(x, τ) + aij(x, τ)

∂vj(x, τ)

∂x
+

+

∫ τ

0

{∂Bj(η, x, τ)
∂x

vj(ψ(η;x, τ), η) +Bj(η, x, τ)
∂vj(ψ(η;x, τ), η)

∂x

∂ψ(η;x, τ)

∂x

}
dη

)
+

+ f(τ)
∂g(x, τ)

∂x
+
∂B(x, τ)

∂x

}∣∣∣∣
x=φi(τ ;y,t)

× ∂φi(τ ; y, t)

∂t
dτ+

+
∂ti(y, t)

∂t

(
∂q3−i

(
φ3−i(0; ai(ti(y, t)), ti(y, t))

)
∂y

(
∂φ3−i

∂y
a′i +

∂φ3−i

∂t

)
+

+ (−1)i+1 ∂γi
(
ti(y, t)

)
∂t

)]
dy+
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+
2∑
i=1

(−1)i+1

∫ a3−i(t)

φi(t;a0i ,0)

α(y, t)Ai(y, t)

[
∂qi
(
φi(0; y, t)

)
∂y

∂φi(0; y, t)

∂t
+

+

∫ t

0

{ 2∑
j=1

(
∂aij(x, τ)

∂x
vj(x, τ) + aij(x, τ)

∂vj(x, τ)

∂x
+

+

∫ τ

0

{∂Bj(η, x, τ)
∂x

vj(ψ(η;x, τ), η) +Bj(η, x, τ)
∂vj(ψ(η;x, τ), η)

∂x

∂ψ(η;x, τ)

∂x

}
dη

)
+

+ f(τ)
∂g(x, τ)

∂x
+
∂B(x, τ)

∂x

}∣∣∣∣
x=φi(τ ;y,t)

× ∂φi(τ ; y, t)

∂t
dτ

]
dy+

+
2∑
i=1

(−1)i+1

∫ φi(t;a
0

i ,0)

ai(t)

C1
i

(
y, t; ~H1, ~H2

)[
q3−i

(
φ3−i(0; ai(ti(y, t)), ti(y, t))

)
+

+

∫ ti(y,t)

0

{ 2∑
j=1

(
a3−i,j(x, τ)vj(x, τ) +

∫ τ

0

Bj(η, x, τ)vj(ψ(η;x, τ), η)dη
)
+

+ f(τ)g(x, τ) +B(x, τ)

}∣∣∣∣
x=φ3−i

(
τ ;ai(ti(y,t)),ti(y,t)

) dτ+
+

∫ t

ti(y,t)

{ 2∑
j=1

(∫ τ

0

Bj(η, x, τ)vj(ψ(η;x, τ), η)dη + aij(x, τ)vj(x, τ)
)
+

+ f(τ)g(x, τ) +B(x, τ)

}∣∣∣∣
x=φi(τ ;y,t)

dτ + (−1)i+1γi
(
ti(y, t)

)]
dy+

+
2∑
i=1

(−1)i+1

∫ a3−i(t)

φi(t;a0i ,0)

C1
i

(
y, t; ~H1, ~H2

)[
qi
(
φi(0; y, t)

)
+

+

∫ t

0

{ 2∑
j=1

(
aij(x, τ)vj(x, τ) +

∫ τ

0

Bj(η, x, τ)vj(ψ(η;x, τ), η) dη
)
+

+ f(τ)g(x, τ) +B(x, τ)

}∣∣∣∣
x=φi(τ ;y,t)

dτ

]
dy+

+

2∑
i=1

∫ φi(t;a
0

i ,0)

ai(t)

α(y, t)Ai(y, t)

2∑
j=1

vj
(
ai(ti(y, t)), ti(y, t)

)(
a2j
(
ai(ti(y, t)), ti(y, t)

)
−

−a1j
(
ai(ti(y, t)), ti(y, t)

))∂ti(y, t)
∂t

dy+

+

∫ t

0

dτ

∫ a2(τ)

a1(τ)

2∑
j=1

C2
j

(
τ, y, t; ~H1, ~H2

)
vj(y, t) dy = h′′1(t),

� ®áâ ì®¬ã á¯÷¢¢÷¤®è¥÷ ¯à®¢¥¤¥¬®  áâã¯÷ ¯¥à¥â¢®à¥ï [5]: ¢ ¯®¤¢÷©¨å
÷ ¯®âà÷©¨å ÷â¥£à « å §¬÷îõ¬® ¯®àï¤®ª ÷â¥£àã¢ ï § ¬¥â®î ®âp¨¬ ï ¤®-
¤ ª÷¢ â¨¯ã �®«ìâ¥àà ,   ¯®â÷¬, ¤¥ ¯®âà÷¡®, ã ¢ãâp÷è÷å ÷â¥£à « å ¢÷¤ §¬÷-
®ù y ¯¥p¥å®¤¨¬® ¤® xè«ïå®¬ § ¬÷¨ §¬÷¨å x = φ3−i

(
τ ; ai(ti(y, t)), ti(y, t)

)
 ¡®

x = φi(τ ; y, t). � ¯¥p¥¤®áâ ì®¬ã ¤®¤ ªã p®¡¨¬® § ¬÷ã §¬÷¨å τ = ti(y, t).
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�÷á«ï æ¨å ¯¥à¥â¢®à¥ì ®âà¨¬ õ¬® à÷¢ïï â¨¯ã �®«ìâ¥àà  2-£® à®¤ã áâ®á®¢®

f(t), ¢ ïª¥, â ª®¦, ¢å®¤ïâì ¥¢÷¤®¬÷ äãªæ÷ù vj â 
∂vj
∂å (j = 1, 2)

f(t)

∫ a2(t)

a1(t)

α(y, t)g(y, t) dy =

=

∫ t

0

f(τ)

[
2∑
i=1

(−1)i+1α(ai(t), t)a
′
i(t)g

(
φ3−i(τ ; ai(t), t), τ

)
+

+
2∑
i=1

(−1)i
∫ φi(τ ;a3−i(t),t)

ai(τ)

α(φi(t;x, τ), t)Ai(φi(t;x, τ), t)
∂g(x, τ)

∂x

∂φi(t;x, τ)

∂x
×

× ∂φi(τ ; y, t)

∂t

∣∣∣∣
y=φi(t;x,τ)

dx+

+
2∑
i=1

(−1)i+1

∫ φ3−i(τ ;ai(t),t)

ai(τ)

α(ρi(τ, t, x), t)Ai(ρi(τ, t, x), t)
∂g(x, τ)

∂x
×

×
(∂φ3−i

∂y
a′i +

∂φ3−i

∂t

)∂ti(y, t)
∂t

∣∣∣∣
y=ρi(τ,t,x)

× ∂ρi(τ, t, x)

∂x
dx

]
dτ+

+
2∑
i=1

(−1)i
∫ t

0

[∫ φi(τ ;a3−i(t),t)

ai(τ)

α(φi(t;x, τ), t)Ai(φi(t;x, τ), t)×

×
2∑
j=1

(
aij(x, τ)

∂vj(x, τ)

∂x
+

∫ τ

0

Bj(η, x, τ)
∂vj(ψ(η;x, τ), η)

∂x

∂ψ(η;x, τ)

∂x
dη

)
×

× ∂φi(t;x, τ)

∂x

∂φi(τ ; y, t)

∂t

∣∣∣∣
y=φi(t;x,τ)

dx−

−
∫ φ3−i(τ ;ai(t),t)

ai(τ)

α(ρi(τ, t, x), t)Ai(ρi(τ, t, x), t)
(∂φ3−i

∂y
a′i +

∂φ3−i

∂t

)
×

× ∂ti(y, t)

∂t

∣∣∣∣
y=ρi(τ,t,x)

∂ρi(τ, t, x)

∂x
×

×
(
a3−i,j(x, τ)

∂vj(x, τ)

∂x
+

∫ τ

0

Bj(η, x, τ)
∂vj(ψ(η;x, τ), η)

∂x

∂ψ(η;x, τ)

∂x
dη

)
dx

]
dτ+

+

2∑
i=1

(−1)i
∫ t

0

[
−
∫ φ3−i(τ ;ai(t),t)

ai(τ)

(
α(ρi(τ, t, x), t)Ai(ρi(τ, t, x), t)

∂ti(y, t)

∂t

∣∣∣∣
y=ρi(τ,t,x)

×

×
(∂φ3−i

∂y
a′i +

∂φ3−i

∂t

)
×

×
{
∂a3−i,j(x, τ)

∂x
vj(x, τ) +

∫ τ

0

∂Bj(η, x, τ)

∂x
vj
(
ψ(η;x, τ), η

)
dη

}
+

+ C1
i

(
ρi(τ, t, x), t; ~H1, ~H2

)
×

×
{
a3−i,j(x, τ)vj(x, τ)+

∫ τ

0

Bj(η, x, τ)vj
(
ψ(η;x, τ), η

)
dη

})
∂ρi(τ, t, x)

∂x
+
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+

∫ φi(τ ;a3−i(t),t)

ai(τ)

(
α(φi(t;x, τ), t)Ai(φi(t;x, τ), t)×

∂φi(τ ; y, t)

∂t

∣∣∣∣
y=φi(t;x,τ)

×

×
{
∂aij(x, τ)

∂x
vj(x, τ) +

∫ τ

0

∂Bj(η, x, τ)

∂x
vj
(
ψ(η;x, τ), η

)
dη

}
+

+ C1
i

(
φi(t;x, τ), t; ~H1, ~H2

)
×

×
{
aij(x, τ)vj(x, τ) +

∫ τ

0

Bj(η, x, τ)vj
(
ψ(η;x, τ), η

)
dη

})
∂φi(t;x, τ)

∂x
dx

]
dτ−

−
2∑
i=1

∫ t

0

dτ

∫ a2(τ)

a1(τ)

αi(ψ(t;x, τ), t)Ai(ψ(t;x, τ), t)

2∑
j=1

Bj(τ, ψ(t;x, τ), t)vj(x, τ)×

× ∂ψ(t;x, τ)

∂x
dx+

2∑
i=1

(−1)i+1α(ai(t), t)a
′
i(t)×

×
∫ t

0

2∑
j=1

(
a3−i,j(x, τ)vj(x, τ) +

∫ τ

0

Bj(η, x, τ) vj(ψ(η;x, τ), η)dη

)∣∣∣∣
x=φ3−i(τ ;ai(t),t)

dτ−

−
2∑
i=1

∫ a2(t)

a1(t)

α(y, t)Ai(y, t)
2∑
j=1

aij(y, t)vj(y, t)dy −
2∑
i=1

∫ t

0

α(ςi(τ, t), t)Ai(ςi(τ, t), t)×

×
2∑
j=1

[
a2j
(
ai(τ), τ

)
− a1j

(
ai(τ), τ

)]
λi(ςi(τ, t), τ)vj

(
ai(τ), τ

)
dτ−

−
∫ t

0

dτ

∫ a2(τ)

a1(τ)

2∑
j=1

C2
j

(
τ, y, t; ~H1, ~H2

)
vj(y, t)dy + ~G

(
t; a, q1, q2, B, γ1, γ2

)
+ h′′1(t),

(22)

¤¥ ~G(t; a, q1, q2, B, γ1, γ2) | ¢¨à §, ïª¨© áª« ¤ õâìáï ÷§ § ¤ ¨å £« ¤ª¨å äãª-
æ÷©. �«ï ¢¨§ ç¥ï vj ¬ õ¬® ¤¢  p÷¢ïï (16) â¨¯ã �®«ìâ¥pp . �®¡ ®âp¨-
¬ â¨ § ¬ª¥ã á¨áâ¥¬ã ÷â¥£p «ì¨å p÷¢ïì áâ®á®¢® ¥¢÷¤®¬¨å f(t), vj â 
∂vj
∂å ≡ zj ¯à®¤¨ä¥à¥æ÷îõ¬® (16) §  x

∂vi(x, t)

∂x
= 
i(x, t)+

+

∫ χi(x,t)

0

[ 2∑
j=1

(
∂a3−i,j(y, τ)

∂y
vj(y, τ) + a3−i,j(y, τ)

∂vj(y, τ)

∂y
+

+

∫ τ

0

{∂Bj(η, y, τ)
∂y

vj(ψ(η; y, τ), η) +Bj(η, y, τ)
∂vj(ψ(η; y, τ), η)

∂y

∂ψ(η; y, τ)

∂y

}
dη

)
+

+ f(τ)
∂g(y, τ)

∂y
+
∂B(y, τ)

∂y

]∣∣∣∣
y=φ3−i

(
τ ;ai(ti(x,t)),ti(x,t)

)× (∂φ3−i

∂x
a′i +

∂φ3−i

∂t

)∂ti(x, t)
∂x

dτ+

+

∫ t

χi(x,t)

{ 2∑
j=1

(
∂aij(y, τ)

∂y
vj(y, τ) + aij(y, τ)

∂vj(y, τ)

∂y
+
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+

∫ τ

0

{∂Bj(η, y, τ)
∂y

vj(ψ(η; y, τ), η) +Bj(η, y, τ)
∂vj(ψ(η; y, τ), η)

∂y

∂ψ(η; y, τ)

∂y

}
dη

)
+

+ f(τ)
∂g(y, τ)

∂y
+
∂B(y, τ)

∂y

}∣∣∣∣
y=φi(τ ;x,t)

× ∂φi(τ ;x, t)

∂x
dτ, i = 1, 2, (23)

¤¥


i(x, t) =
∂qi
(
φi(0;x, t)

)
∂x

∂φi(0;x, t)

∂x
, ïªé® (x, t) ∈ G0 ∪G3−i; i


i(x, t) =
∂q3−i

(
φ3−i(0; ai(ti(x, t)), ti(x, t))

)
∂x

(∂φ3−i

∂x
a′i +

∂φ3−i

∂t

)∂ti(x, t)
∂x

+

+ (−1)i+1
2∑
j=1

(
a2j
(
ai(ti(x, t)), ti(x, t)

)
− a1j

(
ai(ti(x, t)), ti(x, t)

))
×

× vj
(
ai(ti(x, t)), ti(x, t)

)∂ti(x, t)
∂x

, ïªé® (x, t) ∈ Gi.

�«ï â®£®, é®¡ äãªæ÷ù ∂vi(x,t)
∂x ¯p¨ ¯¥p¥å®¤÷ § G0 ¢ G1 ÷ G2 ¡ã«¨ ¥¯¥p¥p¢÷

¥®¡å÷¤®, é®¡

lim
(x,t)∈G0∪G3−i

(x,t)→(a0i ,0)

∂vi(x, t)

∂x
= lim

(x,t)∈Gi

(x,t)→(a0i ,0)

∂vi(x, t)

∂x
, i = 1, 2.

�÷¤áâ ¢¨¢è¨ áî¤¨ (23), ®âp¨¬ õ¬® ã¬®¢ã, ïª  á¯÷¢¯ ¤ õ § ¯¥pè®î § ã¬®¢ ã§-
£®¤¦¥ï ¯¥pè®£® ¯®pï¤ªã ¯ãªâã 5) â¥®p¥¬¨.

�â¦¥, ¤«ï ¢¨§ ç¥ï äãªæ÷© f(t), v1, v2, z1 â  z2 ®¤¥p¦ãõ¬® á¨áâ¥¬ã ÷â¥£p®-
äãªæ÷® «ì¨å p÷¢ïì â¨¯ã �®«ìâ¥pp  (16), (22), (23), ïªã, ¢p å®¢ãîç¨ ã¬®-
¢ã 4) â¥®p¥¬¨, § ¯¨è¥¬® ¢ äãªæ÷® «ì®-®¯¥à â®à÷© ä®à¬÷

v(x, t) = 
1(x, t) + (G1f)(x, t) + (K1v)(x, t),

z(x, t) = 
2(x, t) + (G2f)(x, t) + (K2v)(x, t) +
(
D1z(x, t) + (Pv)(x, t),

f(t) = 
3(t) + (G3f)(t) + (K3v)(t) + (Nv)(t) + (Qv)(t) +
(
D2z(t),

(24)

¤¥ z = (z1, z2), a G
l,Kl, Dk (l = 1, 3, k = 1, 2) | «÷÷©÷ ÷â¥£à «ì÷ ®¯¥à â®à¨

â¨¯ã �®«ìâ¥àà ; Q | «÷÷©¨© ÷â¥£à «ì¨© ®¯¥à â®à; N | ¥«÷÷©¨© ÷â¥-
£à «ì¨© ®¯¥à â®à â¨¯ã �®«ìâ¥àà , ïª¨© § ¤®¢®«ìïõ ã¬®¢ã �÷¯è¨æï §  v; P
| ®¯¥p â®p §áã¢ã; 
l (l = 1, 3) | ¢÷¤®¬÷ ¢¥«¨ç¨¨, ¯®¡ã¤®¢ ÷ § ª®¥ä÷æ÷õâ÷¢
â  ¢÷«ì¨å ç«¥÷¢ p÷¢ïì (16), (22), (23).

�®§£«ï¥¬® ¯p®áâ÷p C( �Gε2) ¢¥ªâ®p-äãªæ÷© ω = col(v1, v2, z1, z2), ¢ ïª¨å ¯¥-
pè÷ ç®â¨p¨ ª®®p¤¨ â¨ ¢¨§ ç¥÷ ÷ ¥¯¥p¥p¢÷ ¢ ®¡« áâ÷ �Gε2 ,   ®áâ ï |  
¢÷¤p÷§ªã [0, ε2]. �¢¥¤¥¬® â ª®¦ ¢¥ªâ®p 
0 = col

(

1,
2,
3

)
. � C( �Gε2) p®§£«ï-

¥¬® ®¯¥p â®p B, ª®¬¯®¥â¨ ïª®£® ¢¨§ ç îâìáï ¢÷¤¯®¢÷¤¨¬¨ ¤®¤ ª ¬¨ ¢
á¯÷¢¢÷¤®è¥÷ (24) (§  ¢¨ïâª®¬ 
l, l = 1, 3) [6]. �®¤÷ á¨áâ¥¬  (24)  ¡ã¢ õ
¢¨£«ï¤ã

ω = 
0 +Bω. (25)

�áª÷«ìª¨ B | ¢®«ìâ¥pp÷¢áìª¨©, â® ¬®¦  ¢¨¡p â¨ â ª¥ ε2 ∈ (0, ε1], é® ¢÷-
¤®¡p ¦¥ï, ¢¨§ ç¥¥ ¯p ¢®î ç áâ¨®î (25), ¢ ¯p®áâ®p÷ C( �Gε2) õ áâ¨á¨¬ [8,
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c.43{46]. �®¬ã §  â¥®p¥¬®î �  å  ÷áãõ õ¤¨¨© ¥¯¥p¥p¢¨© p®§¢'ï§®ª á¨áâ¥-
¬¨ (25).

� (11) i â®£®, é®
∂vj
∂x ≡ zj ∈ C( �Gε2), j = 1, 2 ¢¨¯«¨¢ õ, é® vj(x, t) ∈ C1( �Gε2).

�â¦¥, ¤«ï ª®¦®ù ä÷ªá®¢ ®ù ¢¥ªâ®à-äãªæ÷ù a(t) ∈ Dε2 ¬¨ § ©è«¨ õ¤¨¨©
à®§¢'ï§®ª § ¤ ç÷ (11){(14) v1(x, t), v2(x, t), f(t). �®¤÷ §  ä®à¬ã«®î (10) § -
å®¤¨¬® u(x, t). �áª÷«ìª¨ ¢÷ § «¥¦¨âì ¢÷¤ ¢¨¡®àã a(t) ∈ Dε2 , â® ¯®§ ç¨¬®
u(x, t) = U(x, t; a),   â ª®¦ f(t) = F (t; a). � «¨è õâìáï §i ¢á÷õù ¬®¦¨¨ ¤®¯ã-
áâ¨¬¨å ¢¥ªâ®p-äãªæ÷© a(t) ¢¨¡à â¨ âã, ¤«ï ïª®ù ¢¨ª®ãõâìáï ã¬®¢  (5).

� «¥¦÷áâì U(aj(t), t; a) (j = 1, 2) ¢ ¬¥âp¨æ÷ p÷¢®¬÷p®£® ¢÷¤å¨«¥ï ¢÷¤

a ïª ¥«¥¬¥â 
[
C[0, ε3]

]4
, ε3 ∈ (0, ε0] § ¤®¢®«ìïõ ã¬®¢ã �÷¯è¨æï ∃Lu ≥ 0

∀a1, a2 ∈ Dε3

max
t∈[0,ε3]

∣∣U(a1j (t), t; a1)− U(a2j (t), t; a
2)
∣∣ ≤ Luϱ(a

1, a2). (26)

�®¡ ¯¥à¥¢ià¨â¨ á¯i¢¢i¤®è¥ï (26) § ã¢ ¦¨¬®, é® § (10) â  (24) «¥£ª® ®âp¨-
¬ â¨  ¯ài®ài ®æiª¨ ¤«ï à®§¢'ï§ªã â  ©®£® ¯®åi¤¨å ç¥à¥§ § ¤ i äãªæiù, §
ïª¨å, §®ªà¥¬ , ¢¨¯«¨¢ õ, é® ¤«ï (x, t) ∈ �Gε3 , a ∈ Dε3∣∣U(x, t; a)∣∣ ≤ U0,

∣∣U ′
x(x, t; a)

∣∣ ≤ U1,
∣∣U ′
t(x, t; a)

∣∣ ≤ U2, ¤¥ Ul | const, l = 1, 3.

�áª÷«ìª¨ ¢á÷ ®¯¥à â®à¨ ¢ (24) § ¤®¢®«ìïîâì §  a(t) ã¬®¢ã �÷¯è¨æï, â®
§ «¥¦iáâì à®§¢'ï§ªã à÷¢ïì â¨¯ã �®«ìâ¥àà  (24) ¢÷¤ äãªæ÷® «ì®£® ¯ à -
¬¥âàã a § ¤®¢®«ìïõ ã¬®¢ã �i¯è¨æï, §¢i¤ª¨ i ¢¨¯«¨¢ õ (26).

�¨¡¥à¥¬® ε3 â ª¨¬, é®¡ ¢¨ª®ã¢ « áì ã¬®¢ 

ε3
(
1 + ε3/2

)
(LH1

+ LH2
)max{1, Lu} < 1. (27)

�®§£«ï¥¬®   Dε3 ®¯¥à â®à A: a→ Aa, ïª¨© ¤÷õ §  ä®à¬ã«®î

(
Aai

)
(t) = a0i + α0

i t+

∫ t

0

dτ

∫ τ

0

Hi

(
η, a(η), U(a1(η), η; a), U(a2(η), η; a)

)
dη.

O¯¥à â®à A ¯¥à¥¢®¤¨âì ¬®¦¨ã Dε3 ¢ á¥¡¥ i õ áâ¨áª®¬. �¯à ¢¤÷∣∣(Aai)′(t)− α0
i

∣∣ ≤ ∣∣∣ ∫ t

0

Hi

(
τ, a(τ), U(a1(τ), τ ; a), U(a2(τ), τ ; a)

)
dτ
∣∣∣ ≤ Kiε3;∣∣(Aai)(t)− a0i

∣∣ ≤ ∣∣∣α0
i t+

∫ t

0

dτ

∫ τ

0

Hi

(
η, a(η), U(a1(η), η; a), U(a2(η), η; a)

)
dη
∣∣∣ ≤

≤ α0
i ε3 +Kiε

2
3/2 = ε3(α

0
i +Kiε3/2).

�â¦¥ ADε3 ⊂ Dε3 . �®ª ¦¥¬®, é® ¯à¨ ¢¨¡à ®¬ã ε3 ®¯¥à â®à A õ áâ¨áª®¬:

max
t

∣∣(Aa1i )′(t)− (Aa2i )′(t)∣∣ ≤ ∣∣∣∫ t

0

∣∣Hi

(
η, a1(η), U(a11(η), η; a

1), U(a12(η), η; a
1)
)
−

−Hi

(
η, a2(η), U(a21(η), η; a

2), U(a22(η), η; a
2)
)∣∣dηdτ ∣∣∣ ≤

≤ ε3LHi max
{
ϱ(a1, a2);max

t
|U(a1j (t), t; a1)− U(a2j (t), t; a

2)|
}
≤

≤ ε3LHi max{1, Lu}ϱ(a1, a2).
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�®¤÷¡®

max
t

∣∣(Aa1i )(t)− (Aa2i )(t)∣∣ ≤ ε23
2
LHi max{1, Lu}ϱ(a1, a2).

�â¦¥, ¢p å®¢ãîç¨ ã¬®¢ã (27), ®âp¨¬ õ¬®

ϱ(Aa1, Aa2) ≤ ε3
(
1 +

ε3
2

)
(LH1

+ LH2
)max{1, Lu}ϱ(a1, a2) < ϱ(a1, a2).

�®¬ã A | áâ¨áª i §  â¥®à¥¬®î �  å  ÷áãõ õ¤¨  ¥àãå®¬  â®çª  ®¯¥à â®à 
A, â®¡â® ÷áãõ õ¤¨  ¢¥ªâ®à-äãªæ÷ï a(t) ∈ Dε3 , ïª  § ¤®¢®«ìïõ à÷¢ïï (5)
÷ ïªã ¬®¦  § ©â¨ ¬¥â®¤®¬ ¯®á«÷¤®¢¨å  ¡«¨¦¥ì. �  ¢÷¤®¬®î ¢¦¥ ¢¥ªâ®à-
äãªæ÷õî a(t) ¯p¨ t ∈ [0, ε]

(
ε = min{ε2, ε3}

)
¢¨¡¨à õ¬® u(x, t) = U(x, t; a),

¯®¤÷¡® ¢¨§ ç õ¬® f(t) = F (t; a). �â¦¥, ¬¨ § ©è«¨ õ¤¨¨© à®§¢'ï§®ª § ¤ ç÷
(1){(5).

�¥®à¥¬ã ¤®¢¥¤¥®.
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