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structing groups with speci�c properties, Matematychni Studii, 8(1997) 198{206.

We produce a new approach for constructing groups with unusual properties such
for example as to have intermediate growth or to be amenable. It is based on the use
of iterations of endomorphism of a group.

The particular case of the construction is when one starts the limit procedure with
non-hop�an group. The example of Baumslag-Solitar group is considered carefully.

The goal of this paper is to describe some constructions in group theory, and to
give a few interesting examples.

We start with a simple version of the construction.
I. Let G be a group, K ◁ G be a normal subgroup, and φ:G→ G be an endomor-
phism such that φ−1(K) ⊃ K and φ−1(K) ̸= K. Denote by φn the n-th iteration
of φ and let Ln ◁ G, n ≥ 1 be de�ned as Ln = φ−n(K). Then {Ln} is an increasing
sequence of normal subgroups, and we can de�ne the group Gφ,K = G/L, where
L =

∪∞
n=1 Ln. If K = 1 we denote this group by Gφ. It seems to us that groups of

this form can possess speci�c growth and other properties.
Let us explain this in more detail. Let G a �nitely-generated group with a �nite

system A of generators. Then the length ∂A(g) of g ∈ G, the growth function

γAG(n) = #{g ∈ G : ∂A(g) ≤ n},

and the number λAG = limn→∞
√
[n]γAG(n) are determined. G is said to have expo-

nential growth if λAG > 1 and G has subexponential growth if λAG = 1. If there are
constants c and d > 0 such that γAG(n) ≤ cnd, n = 1, 2, . . . then G is said to have
polynomial growth. If the growth of G is neither exponential nor polynomial, then
G is said to have intermediate growth.

Denote λ(G) = infA λ
A
G, where the in�mum is taken over all �nite generating

systems.
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A group is said to have uniformly exponential growth if λ(G) > 1. The question
of the existence of groups of intermediate growth was posed by J. Milnor in [16]
and positively solved in [5]. Up to now the only known examples of groups of
intermediate growth are essentially those costructed in [4],[6] and [7]. The question
remains to �nd new such examples. A more recent question is whether �nitely
generated groups of exponential but not of uniformly exponential growth exist.

One possible way for the constrution of such groups is the following. Let G be
a �nitely generated non-hop�an group with a system of generators A, i.e., a group
for which there is a surjective homomorphism φ:G→ G with non-trivial kernel. Let
Gn = G/Ln, where Ln = φ−n(1) is the increasing sequence of normal subgroups
and A(n) = φ(n)(A) is the system of generators of Gn ≃ G, n = 1, 2, . . . .

De�ne Gφ = G/L, where L =
∪∞
1 Ln and let �A be the image of A under

the canonical homomorphism G → G/L. Then the pair (Gφ, �A) is the limit of

the sequence {(Gn, A(n))} in the sense that will be made precise below. Because
the exponent of growth does not increase when passing to factor group we have a

decreasing sequence of numbers λAG ≥ λA
(1)

G ≥ · · · ≥ λA
(n)

G ≥ . . . .

Theorem 1. The relation λ
�A
Gφ

= limn→∞ λA
(n)

Gn
holds.

For the proof of this theorem and the following result we will use the topology in
the space of groups with a given number of generators �rst considered in [6]. This
topology implies the convergence limn→∞(Gn, A

(n)) = (Gφ, �A) in the following
sense. Let �n and � be, the Cayley graphs of Gn and Gφ with respect to the

system of generators A(n) and �A, and let �kn and �k be balls of radius k around
the identity element in the corresponding graphs. Then for any k ∈ N there is
N(k) ∈ N such that the graphs �kn and �k are isomorphic when n > N(k).

Proof of Theorem 1. Let λ∗ = limn→∞ λA
(n)

Gn
. We are going to show that λ

�A
Gφ

= λ∗.

By the Polya-Szego lemma [17] and sub-multiplicativity of the growth function, we

have λAG = limn→∞
√
[n]γAG(n) = infn

√
[n]γAG(n). Let ε > 0 and p be such that

λ
�A
Gφ

>
√
[p]γ

�A
Gφ(p)

− ε.

We can �nd the number N(p) such that �
(p)
n and �(p) are isomorphic whenever

n > N(p). Because the growth function γ(n) counts the number of points in the ball

of radius n in the Cayley graph λA
(n)

Gn
≤

√
[p]γA

(n)

Gn
(p) =

√
[p]γ

�A
Gφ

(p). if n > N(p),

and so γ
�A
Gφ

≥ λA
(n)

Gn
− ε ≥ λ∗ − ε, which implies that γ

�A
Gφ

≥ λ∗.

The opposite inequality is obvious because (Gφ, A) is the image of (Gn, A
(n)) for

any n ≥ 1. □
Theorem 2. If γ

�A
Gφ

= 1, then the group Gφ has intermediate growth.

Proof. Suppose the growth of Gφ is polynomial. Then by a theorem of Gromov
[9], the group Gφ is virtually nilpotent and is therefore �nitely presented. Let
r1, r2, . . . , rl be the set of relators of Gφ with respect to the generating system �A,
and let Q = Max1≤i≤l |ri|, where |r| is the length of the word r.

To each relator ri corresponds a loop pi with unit 1 as base point and all loops pi,

1 ≤ i ≤ l lie in �(Q). As �
(Q)
n coincides with �(Q) whenever n > N(Q), this implies

that the relations r1 = 1, r2 = 1, . . . , rl = 1 hold in the group Gn. Hence Gn is the
image of Gφ and therefore G, being isomorphic to Gn, is virtually nilpotent. But a
virtually nilpotent group is residually �nite and by a theorem of A.I. Malcev [13] G
cannot be non-hop�an (we use the fact that G is �nitely generated). We have shown
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that the growth of Gφ is not polynomial, and by the assumption of the theorem,
Gφ has intermediate growth. □
Corollory 1. Suppose that G is a �nitely generated non-hop�an group of exponen-
tial growth. If λ

�A
Gφ

= 1, then G is not of uniformly exponential growth.

Proof. We have λ(G) = infA λ
A
G ≤ infn λ

A(n)

G = 1 as follows from Theorem 1. □
The last statement shows that if one is able to produce an example of a �nitely

generated non-hop�an group G of exponential growth such that λGφ = 1, then
this will give simultaneously an example of a group of exponential but not of uni-
formly exponential growth (the group G itself) as well as an example of a group of
intermediate growth (the group Gφ).

With this perspective in mind, we propose to consider known examples of �nitely
generated non-hop�an groups and to investigate the limit groups Gφ.

Example 1. Let us consider the �rst such example namely the Baumslag-Solitar
non-hop�an group G = ⟨b, t|t−1b2t = b3⟩ with surjective but not injective homo-
morphism φ:G → G, φ: b → b2, t → t. But before we are going to prove the
following statement that will be used below.

Proposition 1. Let G be a torsion-free non-hop�an group and let φ:G → G be a
surjective but not injective homomorphism. Then the group Gφ is torsion-free.

Proof. Suppose g ∈ Gφ, g ̸= 1 and gp = 1 for some p > 1. Then there is a number

q such that φq(gp)
G
= 1. But φq(gp) = [φq(g)]p

G
= 1, and because G is torsion-free,

it follows that φq(g)
G
= 1 which implies that g

Gφ
= 1. □

To formulate the next statement we denote by Q2,3 the subgroup of additive
group of rationals Q consisting of elements of the form { m

2p3q : m, p, q ∈ Z}. Let

ψ:Q2,3 → Q2,3 be the automorphism x→ 3
2x.

Theorem 3. The isomorphism �φ ≃ Q2,3 ⋊ψ Z holds.

Remark. This group is known. It is not �nitely presented. See [3], where the
cohomological properties of this group are studied.

Proof. Let {b, t} be the system of generators of Gφ which is the image of the
system {b, t} under the canonical homomorphism G → G/L, where, as before,

L =
∪
n φ

−n(1). Denote by B = ⟨b⟩(#)Gφ
the normal closure of the element b in Gφ.

Lemma 1. The group B is commutative.

Proof. It is enough to show that the elements bk = (t)−kb(t)k, k ∈ Z commute
with each other. Take the word wk,l = [bk, bl] = t−kb−1tk−lb−1tl−kbtk−lbtl and

let us show that for some p ∈ N , φp(wk,l)
G
= 1. This will mean that [bk, bl]

Gφ
= 1.

Suppose k − l ≤ 0 and put p = l − k. We have (∼ means conjugation) φp(wk,l) =

t−kb−2
p

tk−lb−2
p

tl−kb2
p

tk−lb2
p

tl ∼ b−2
p

t−pb−2
p

tpb2
p

t−pb2
p

tp ∼ b−2
p

b−3
p

b2
p

b3
p

= 1
The case when k − l > 0 can be reduced to the previous one because [bl, bk] =
[bk, bl]

−1. □
Lemma 2. The group Q2,3 has a presentation

Q2,3 = ⟨an|n ∈ Z, all generators commute , 2an = 3an−1, n ∈ Z⟩. (1)
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Proof. Let Q′ be the group with presentation (1). We are going to prove that Q′ is
a group of rank 1. First we mention that Q′ is torsion-free. Indeed, below it will be
shown that Q′ is the union of an increasing sequence of cyclic groups. Therefore,

either Q′ is torsion or torsion-free. Suppose Q′ is a torsion group and mai
Q′
= 0, for

some m ∈ Z, m ̸= 0, and some i, −∞ < i <∞. Without loss of generality, we may

assume i = 0 and so ma0
Q′
= 0.

Consider the free Z-module M with the basis {an}∞−∞. For some N ∈ N and
kn ∈ Z, −N ≤ n ≤ N we have the relation

ma0
M
=

N∑
−N

kn(2an − 3an). (2)

Equation (2) is equivalent to the system of relations
2kN = 0,

2ki − 3ki+1 = 0, i = ±1, . . . ,±N,
2k0 − 3k1 = m,

−3k−N = 0

which has a solution if and only if m = 0. Therefore, Q′ is torsion-free.
Now let us consider the sequence of subgroups Hn < Q′ de�ned by Hn =

⟨a−n, . . . an|ai + aj = aj + ai, 2ai = 3ai−1,−n+ 1 ≤ i ≤ n⟩.
Using induction on n = 0, 1, 2 . . . we are going to prove that Hn is a cyclic group.

LetAn = ⟨ξn⟩ be the cyclic group generated by ξn where ξn =
∑2n
r=0(−1)r

( 2n
r

)
a−n+r.

ξn is a linear combination of generators of Hn and hence An ≤ Hn. On the other
hand, the relations in Hn imply that

3j+n−ra−n+r = 2j+n−raj , 0 ≤ r ≤ 2n, −n ≤ j ≤ n (3)

Therefore, for j = ±0,±1, . . . ,±n we have

3n+j2n−jξn =
2n∑
r=0

(−1)r
(
2n
r

)
3n+j2n−ja−n+r =

2n∑
r=0

(−1)r
(
2n
r

)
3n+j−r2n−j3ra−n+r

=

2n∑
r=0

(−1)r
(
2n
r

)
3r2n−j2n+j−raj =

{ 2n∑
r=0

(−1)r
(
2n
r

)
3r22n−r

}
aj = aj .

Hence Hn ≤ An, and the group Q′ = ∪∞
1 Hn is the union of cyclic subgroups.

The mapping α:Q′ → Q2,3, an → ( 32 )
n determines a homomorphism, because

relations in (1) obviously hold in Q2,3. This shows that Q
′ is torsion-free and Hn,

n ≥ 1 are in�nite cyclic group. Hence Q′ is the group of rank 1. But every non-zero
subgroup of a torsion-free group of rank 1 has rank 1 and the corresponding factor
group has rank 0 (i.e. is a torsion group) [12]. Therefore, α is an isomorphism.

Because N is commutative and is generated by elements bn, n ∈ Z satisfying the
relations b2n = b3n−1, which are equivalent to the relations in (1) (in additive nota-
tion), we get that the mapping β: an → bn, n ∈ Z determines the homomorphism
Q2,3 → B. And again, because Q2,3 is of rank 1, every factor group of Q2,3 has
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torsion, but B is torsion-free, as follows from Proposition 1. Therefore, β is an
isomorphism.

Let us show that B ∩ ⟨t⟩ = {1} and that ⟨t⟩ is in�nite. If we suppose that

tk
Gφ
= w, k ̸= 0, where w is a word of the form w =

∏l
i=1 u

−1
i b±1ui, then for some

large power tN of t t−N (t−kw)tN = t−N t−kwtN and t−NwtN
G
= bs, for some s

(because G is an HNN-extension). But φn(t−kbs) = t−kb2
ns

G

̸= 1 for n = 0, 1, . . . ,
so B ∩ ⟨t⟩ = {1}.

For any n and k ̸= 0, φn(tk) = tk
G

̸= 1, therefore ⟨t⟩ ≃ Z.
Conjugating by t in B gives an action equivalent to that of ψ on Q2,3, thus Gφ ≃
B ⋊ ⟨t⟩ ≃ Q2,3 ⋊ψ Z and the proof is now complete. □

Remark 2. In [1] the criterion of hop�city for a group which is an HNN-extension
with a free abelian base group of �nite rank is given. It would be interesting to
apply the construction I to non-hop�an groups which are HNN-extensions of this
form and to analyse limit groups on growth and other properties. One can �nd a
number of interesting examples of non-hop�an groups in [15] and [19].
We are going to discuss the word problem in the group Gφ,K obtained by construc-
tion I.

Suppose that the group G/K has solvable word problem. Then the following
procedure can be viewed as a generalized algorithm for solving the word problem
in G.

To check if w
Gφ,K
= 1, do the following

(a) Test if w ∈ K, that is, if w
G/K
= 1. If \yes", then w

Gφ,K
= 1, if \no" go to (b)

(b) Compute w′ = φ(w) and go to (a), replacing w by w′.

If there is N = N(w) such that φN (w) ∈ K then w
Gφ,K
= 1. Otherwise, w

Gφ,K

̸= 1.

The following diagram is a geometric expression of this procedure. w
φ→ w1

φ→
w2 → . . .

φ→ wn ∈ K?

Question. When there is an e�ective estimate on N(w) ? In other words, when
is this procedure a real algorithm?

Question. Suppose a free group Fm of rank m ≥ 2, a normal subgroup K ◁ Fm
with solvable membership problem, and an endomorphism φ:Fm → Fm are given.
Is there an algorithm which checks for every w ∈ Fm if there is N = N(w) such
that φN (w) ∈ H?

The construction I is also interesting for the theory of amenable groups. The
notion of amenable group was introduced by von Neumann [18]. A group G is called
amenable if there is a �nitely additive left invariant measure µ on the σ-algebra of
all subsets of G such that µ(G) = 1.

Finite and commutative groups are amenable and the class AG of amenable
groups is closed with respect to the operations of taking subgroup, taking factor-
group, group-extesion, and direct limit. Let EG be the least class of groups contain-
ing �nite and commutative groups and closed with respect to the above operations.
For a long time it was open problem of M. Day whether the relation AG = EG
hold. In [8] this question was solved in negative, because every group of intermedi-
ate growth belongs to the di�erence AG \ EG.

Still yet any new example of a group in AG \ EG is of interest. One possible
way for constructing such examples is based on the construction I.
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To explain this, let us remind that if the set of generators A = {a1, . . . , am, a−11 , . . . ,
a−1m } is given as well as a symmetric probability distribution p(aεi ) ≥ 0, ε = ±1;
i = 1, 2, . . . ,m p(ai) = p(a−1i );

∑m
i=1,ε=±1 p(a

ε
i ) = 1 then one can consider the

random walk on G in which the probability of the transition g → gaεi is equal to
p(aεi ), ε = ±1, 1 ≤ i ≤ m.

By de�nition, the spectral radius r of the random walk is the number r =

lim
n→∞

√
[n]p

(n)
1,1 , where p

(n)
1,1 is the probablity of returning to 1 after n steps. It is

easy to see that either p
(n)
1,1 > 0 for n = 1, 2, . . . , or p

(2n)
1,1 > 0 and p

(2n−1)
1,1 = 0,

n = 1, 2, . . . . In both cases p
2(n+m)
1,1 ≥ p2n1,1p

2m
1,1 , therefore r = limn→∞

√
[2n]p

(2n)
1,1 =

supn
√
[2n]p

(2n)
1,1 .

The Kesten criterion [11] states that G is amenable if and only if r = 1. It is
easier to apply this theorem in the case when p(aεi ) =

1
2m . The random walk in

this case is called simple, and probabilities p
(n)
1,1 are equal to qn

(2m)n , where qn is

the number of closed loops of length n with base point at the unit element in the
Cayley graph � of the group G with respect to the generating system A.

It is clear that if r is the spectral radius of random walk on G and r is the
spectral radius of random walk on a factor group G/H determined by disribution
which arise after factorization, then r ≥ r. Moreover, if H is a non-amenable group
then the strict inequality r > r holds [11].

Now if G is a non-hop�an group, φ:G → G is a non-injective endomorphism,
Gn = G/Ln, Ln = φ−n(1) and rn is the spectral radius of a random walk on Gn,
then we get the increasing sequence of numbers: r1 ≤ r2 ≤ · · · ≤ rn ≤ . . . , and
therefore the limit r∗ = limn→∞ rn exits.

Let r∞ be the spectral radius of random walk on the group Gφ which is induced
by the random walk on G over factorization.

Proposition 2. The relation r∞ = r∗ holds.

Proof. Since for any n = 1, 2, . . . the group Gφ is the canonical image of the group
Gn, the inequality r∞ ≥ rn holds and hence r∞ ≥ r∗.

We denote by kp
(n)
1,1 the probability p

(n)
1,1 for the group Gk, and by ∞p

(n)
1,1 the

probability p
(n)
1,1 for the group Gφ. Let ε > 0 be any positive number and N be such

that r∞ <
√
[N ]∞p

(N)
1,1 + ε. There is a number M =M(N) such that when n ≥M

the Cayley graphs �n of the groups Gn are isomorphic to the Cayley graph �∞ of
the group Gφ in the neighbourhood of the unit element of radius N . But for all of

these groups the probabilities p
(N)
1,1 coincide: ∞p

(N)
1,1 =M p

(N)
1,1 =(M+1) p

(N)
1,1 = . . . ,

therefore if n ≥ M rn ≥
√
[N ]np

(N)
1,1 =

√
[N ]∞p

(N)
1,1 > r∞ − ε, which implies the

inequality r∗ > r∞. □
Corollary 2. If limn→∞ rn = 1, then the group Gφ is amenable.

Let us go back to the Baumslag-Solitar group G. Being an HNN-extension in
which both amalgamated subgroups are proper subgroups of the base group, this
group contains a free subgroup with two generators which is non-amenable and
hence G is non-amenable as well. The limit group Gφ is isomorphic to a semidirect
product Q2,3 ⋊ Z, is solvable and therefore is amenable.

We stress that in this example we started with a non-amenable group and as a
result of construction obtained an amenable group. Unfortunately, the group Gφ
belongs to the class EG and in this case the construction does not produce a new
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example of amenable not elementary amenable group. Nevertheless, we hope that
taking suitable G /∈ AG and φ:G→ G, it will be possible to get Gφ ∈ AG \ EG.
II. Now we are going to describe the general costruction. Let G be a group,
K,H ◁ G be normal subgroups with F = G/H being �nite.

Suppose that for every l ∈ F a surjective homomorphism φl:H → G with the
property φ−1

l (K) ⊃ K is given and that the set {φl : l ∈ F} satis�es the following
condition: for any l ∈ F and any t ∈ T (T is a system of representatives of right
cosets Hl), there is p = p(l, t) ∈ F such that

φl ◦ µt = φp(l,t), (4)

where µt:H → H is the automorphism h→ t−1ht.
Having this data we de�ne the group GH,K,{φl} = G/L, where L =

∪∞
n=0 Ln,

L0 = K and if Ln is already de�ned then Ln+1 = {w ∈ G : φl(w) ∈ Ln, l ∈ F}. The
correctness of this construction follows from the following result which is obvious

Lemma 3. For each n ≥ 0, Ln is a normal subgroup of G.

Again, if the word problem in G/H is solvable, then the following procedure
can be useful for solving the word problem in the group GH,K,{φl}, (which for the
moment we shall denote by G∞).

To check if w
G∞= 1, do the following

(i) Test if w ∈ K, if "yes" then w
G∞= 1, if "no", go to (ii).

(ii) Compute wl = φl(w), l ∈ F and go to (i), repeating with each wl, l ∈ F the
same procedure that we started to do with w. If there is N = N(w) such that
for all N -tuples (l1, l2 . . . , lN ), wl1...lN ∈ H, where wl1...lN = φlNφlN−1

. . . φl1(w),

then w
G∞= 1. Otherwise, w

G∞
̸= 1.

The following picture is the geometric expression of this branched procedure.

φ1 . . .%/ T̂
ω

φq q = |L|
% T

. . .%/ T̂ . . .%/ T̂
. . . . . .

. . .%/ T̂ . . . . . . . . .
. . .%/ T̂

ω1...1 ∈ K ωq...q ∈ K

Again, if there is an e�ective bound on N(w), then the procedure becomes the
algorithm which solves the word problem in G∞.

The particular case of the construction II is when instead of (4) we have the
relation

φl ◦ µg = φĝ(l), (5)

where ĝ ∈ AutL, and ∧:G → AutL is the homomorphism induced by the action
of G on itself by inner automorphisms.

Example 2. Let G = ⟨a, b, c, d | a2 = b2 = c2 = d2 = bcd = 1⟩ ≃ Z2 ∗ (Z2 × Z2),
where Z2 = {1, a}, Z2 × Z2 = {1, b, c, d}.

Let H ◁ G be a subgroup of index 2 consisting of elements represented by
words with even number of occurrences of the symbol a, H = ⟨b, c, d, aba, aca, ada⟩,
L = G/H ≃ {0, 1} = Z/2Z and let the homomorphisms φi:H → G, i = 0, 1 be



ON USE OF ITERATES OF ENDOMORPHISMS... 205

de�ned as

φ0 :

 b→ a, aba→ c,
c→ a, aca→ d,
d→ 1, ada→ b

φ1 :

 b→ c, aba→ a,
c→ d, aca→ a,
d→ b, ada→ 1

Then condition (5) is satis�ed and we can apply the construction II when K = 1.

Theorem 4. The group G∞ = GH,K,{φi} arising from this example is isomorphic
to the 2-group of intermediate growth constructed in [4].

Proof. This follows from the algorithm described in [6] for solving the word prob-
lem in the mentioned group. The point is that this algorithm is identical to the
procedure (i), (ii) above. (In [6] it is proved that at each of its steps the lengths of
the words decrease). □

It would be nice to �nd other examples of such sort (may be with noncommuta-
tive L) that produce groups with such properties as to be torsion, of intermediate
growth, and may be to have some other interesting properties.

We are going to �nish the paper by describing a construction that is in some
sense dual to construction II. Let us start from the simple version.

III. Let φ:Fm → Fm be an endomorphism of a free group with system of generators
a1, a2, . . . , am. Consider the group of the form

G = ⟨a1, a2, . . . , am|r1 = r2 = · · · = rk = 1, φk(rk+1) = . . . φk(rl) = 1, k = 0, 1, . . . ⟩
(6)

where r1, r2, . . . rk, rk+1, . . . , rl ∈ Fm are some elements.
The groups of the form (6) also can have interesting properties as the example

below shows.
It may happen that φ induces an endomorphism G→ G for which φ(ri)

G
= 1, 1 ≤

i ≤ k. If φ is injective but not surjective then the group G is non co-hop�an. If φ
is surjective but not injective, then G is non hop�an.

Example 3. Let G = ⟨a, b, c, d | a2 = b2 = c2 = d2 = bcd = 1,
σk((cad)4) = σk((adacac)4) = 1, k = 0, 1, . . . ⟩, where σ: a → aca, b → d, c →
b, d→ c.

Theorem 5. The group G is isomorphic to the group from the example 2.

Proof. This was established in [14]. □
It follows that, G is a 2-group of intermediate growth and has many other in-

teresting properties. In this case σ induces an injective endomorphism of G, there-
fore G is not co-hop�an. (This was used in [8] for constructing �nitely presented
amenable but not elementary amenable group).

It is not known if there are non-hop�an groups of intermediate growth.

IV. Let φi, 1 ≤ i ≤ n be a system of endomorphisms Fm → Fm. Consider a group
given by the presentation.

G = ⟨a1, . . . , am | r1 = · · · = rk = 1, φi1 . . . φis(rt) = 1,

s = 0, 1, · · · ; k + 1 ≤ t ≤ l; 1 ≤ i1 ≤ · · · ≤ is ≤ k⟩.
(7)

Problem. To produce interesting examples of groups with a presentation of the
form (7).
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Question. Can Gupta-Sidki groups from [10] be given by presentations of the form
(7) or even (6)?
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