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The semiperfect rings with periodic locally nilpotent group of units are charac-
terized.

1. Let us recall that a ring R is semiperfect if the quotient R/J (R) is right Artinian
and all idempotents of R/J (R) can be lifted to idempotents of R.

In this note we are going to characterize the semiperfect rings with periodic
locally nilpotent group of units.
Notation:

p is a prime, U(R) is the group of units of ring R,
R◦ is the subring generated by identity of R,
⟨R◦, U(R)⟩ is the subring of R generated by R◦ and U(R),
J (R) is the Jacobson radical of R,
R[G] is the group ring of group G over ring R,
1 + J (R) is the unipotent group of R,
T ∗ is the multiplicative group of a skew �eld T ,
ωR[G](H) =

∑
h∈H(1− h)R[G] is the right ideal of R[G] generated by the elements

(1− h) (h ∈ H), where H is a subgroup of G.

2. The following lemma is a consequence of [4].

Lemma 2.1. Let T be a skew �eld. Then the following statements are equivalent:
1) T ∗ is locally nilpotent.
2) T ∗ is hypercentral.
3) T ∗ is nilpotent.
4) T ∗ is abelian.
5) T ∗ is radical.
6) T ∗ is locally solvable.
7) T ∗ is solvable.
8) T ∗ is a RN∗-group.
9) T ∗ is hypocentral.
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Lemma 2.2. Let R be a semiperfect ring. Then R = ⟨R◦, U(R)⟩ if and only if at
most one simple component of the quotient ring R/J (R) is isomorphic to the �eld
GF (2).

Proof. (⇒) Let R = ⟨R◦, U(R)⟩. Suppose to the contrary that R/J (R) = ⟨e1⟩ ⊕
⟨e2⟩ ⊕ S for some idempotents e1, e2 of R/J (R) such that 2e1 = 2e2 = 0 and for
some semisimple ring S.

Now let e be an identity of ring R/J (R). Then e = e1 + e2 + e3, where e3 is
the identity of ring S and any unit u of ringR/J (R) can be written as u = e1+e2+v,
for some v ∈ U(S). Since, by assumption, R = ⟨R◦, U(R)⟩ we have in particular
e1 ∈ ⟨ �R◦, U(R/J (R))⟩ with �R◦ = ⟨R◦,J (R)⟩/J (R), and so e1 = n1u1+ · · ·+nkuk

for some k ∈ N, ni ∈ �R◦, ui ∈ U(R/J (R)) (i = 1, . . . , k). From the last equality it

follows that e1 =
∑k

i=1 nie1 and 0 =
∑k

i=1 nie2. This contradicts our choice of e1,
e2 so that the necessity of the lemma is proved.
(⇐) Let at most one simple component of the quotient ring R/J (R) be isomorphic
to the �eld GF (2). Show that ⟨R◦, U(R)⟩ = R. Since 1+J (R) is a normal subgroup
of U(R), we have ⟨ �R◦, U(R/J (R))⟩ = ⟨ �R◦, U(R)/(1 + J (R))⟩ and so it is enough
to prove that R/J (R) = ⟨ �R◦, U(R/J (R))⟩.

If R/J (R) is a simple ring, then without loss of generality R/J (R) = Mn(P ) for
some skew �eld P and some positive integer n and therefore U(R/J (R)) = GLn(P ).
Consequently R/J (R) = ⟨ �R◦, U(R/J (R))⟩.

Now suppose that R/J (R) = S1 ⊕ · · · ⊕ Sm (m ≥ 2), Si = Mni(Pi) for some
skew �eld Pi and some positive integer ni (i = 1, . . . ,m). Then as it is well known,
U(R/J (R)) ∼= U(S1)⊗ · · · ⊗U(Sn) is a direct product of groups. It is su�cient to
consider only the case m = 2. Let ei be an identity of Si. It is enough to show that
ei ∈ ⟨ �R◦, U(R/J (R))⟩, i = 1, 2.

Suppose the characteristic of S1 or S2 is di�erent 2. Say, let charS1 ̸= 2.
Then from 2e1 + e2 ∈ U(R/J (R)) it follows that e1 = (2e1 + e2) − (e1 + e2) ∈
⟨ �R◦, U(R/J (R))⟩. Now let charS1 = charS2 = 2. By the assumptions S1 and S2
are not simultaneously isomorphic to GF (2). So suppose without loss of generality
that S1 ̸= GF (2). If S1 is a skew �eld then there is u ∈ U(S1) such that u ̸= e1.
Therefore e1 − u ∈ U(S1) and so e1 = (e1 − u+ e2) + (u+ e2) ∈ ⟨ �R◦, U(R/J (R))⟩.

Suppose that S1 = Mn(P ), with n > 1, charP = 2. Then there exist u, v ∈
U(S1) such that u ̸= e1, v ̸= e1 and u+ v = e1, for example,

u =

(
f f
f 0

)
â  v =

(
0 f
f f

)
,

where f is the identity of P . Consequently, e1=(u+e2)+(v+e2) ∈ ⟨ �R◦, U(R/J (R))⟩.
Since e1, e2 ∈ ⟨ �R◦, U(R/J (R))⟩, we have R = ⟨R◦, U(R)⟩, proving the lemma.

Corollary 2.3. If R is a semilocal ring and 2 ∈ U(R) then R = ⟨R◦, U(R)⟩.

Lemma 2.4. [6, Lemma 2.4 )]. Let A is a nil ring. Then A+ is a p-group i� an
adjoint group A◦ is a p-group.

Lemma 2.5. [7, Lemma 2.3]. The adjoint group R◦ of a local ring R is periodic
if and only if charR = pk (k ∈ N) for some prime p, J (R) is a nil ideal and
the quotient ring R/J (R) is an absolute �eld.
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Lemma 2.6. Let C be a commutative local ring of prime power characteristic pk,
J (C) a nil ideal. If P is locally nilpotent p-group then the group ring C[P ] is local,
the Jacobson radical J (C[P ]) is a nil ideal and C/J (C) ∼= C[P ]/J (C[P ]).

Proof. Let D ∼= C/J (C) and suppose I is the kernel of the canonical epimorphism
C[P ] → D[P ]. Then I = J (C)C[P ] is a nil ideal. Moreover, D[P ] is a local algebra
by Theorem 16.2 [2, p.73]. It follows that C[P ] is also local. By Proposition 1.11 [2]
D[P ]/ωD[P ](P ) ∼= D and therefore J (D[P ]) = ωD[P ](P ) is a locally nilpotent
ideal by Proposition 5.7 [2]. Therefore J (C[P ]) is a nil ideal. We conclude that
J (C[P ]) = I +

∑
g∈P (1− g)C[P ]. Since

C[P ]/J (C[P ]) ∼= (C[P ]/I)
/
(J (C[P ])/I) ∼= D[P ]/J (D[P ]) ∼= D,

we have C/J (C) ∼= C[P ]/J (C[P ]). This proves the lemma.

Theorem 2.7. Let R be a local ring. Then the following statements are equivalent:

1) U(R) is a periodic locally nilpotent group.

2) R is a homomorphic image of a group ring C[P ] with P a locally nilpotent p-
group, C is a homomorphic local image of the group ring Zpk [G] of an abelian
locally cyclic p′-group G.

Proof. 1) ⇒ 2). Since F = R/J (R) is a skew �eld, F is an absolute �eld and
charF = p for some prime p by Lemma 2.1 [7]. Moreover, charR = pk for some
positive integer k by Lemma 2.4 and F ∗ is an abelian locally cyclic p′-group by
Lemma 2.1 [7]. Since U(R) is periodic and locally nilpotent, we have

U(R) = (1 + J (R))×G with G ∼= F ∗

and 1+J (R) is a p-group by Lemma 2.4. But R = ⟨R◦, U(R)⟩ by Lemma 2.2 and so
R = ⟨R◦, 1 +J (R), G⟩ with R◦ ∼= Zpk . Put C = ⟨R◦, G⟩. Then R = ⟨C, 1 +J (R)⟩
is a homomorphic image of the group ring C[1 + J (R)]. Clearly, C is a local ring
which is a homomorphic image of the group ring R◦[G].
2) ⇒ 1). Obviously charC ≤ pk. If H is a �nitely generated subgroup of P , then
H is a nilpotent p-group and U(C[H]) is a nilpotent group by Theorem 1 [8]. Let
s1, . . . , sn be any elements of U(C[P ]). Then obviously s1, . . . , sn ∈ U(C[H◦]) for
some �nitely generated subgroup H◦ of G and therefore the subgroup ⟨s1 . . . , sn⟩
is nilpotent. We conclude that U(C[P ]) is a locally nilpotent group. Hence U(R)
is also locally nilpotent.

If x is an arbitrary element of U(R) then x ∈ U(C1[H]) for some �nitely gen-
erated p-subgroup H of G and some subring C1 = Zpk [G1], where G1 is a cyclic
p′-group. Since the subring C1 is �nite, the subgroup U(C1[H]) is also �nite and
consequently the group U(R) is periodic. This �nishes the proof of the theorem.

Corollary 2.8. Let R be a semiperfect ring, 2 ∈ U(R). Then U(R) is periodic
locally nilpotent group i� R = R1 ⊕ · · · ⊕ Rs is a ring direct sum of local rings
R1, . . . , Rs which satis�es the conditions of Theorem 2.7.

The proof of the corollary can be obtained by combining the results of Theo-
rem 2.7 and Corollary 2.3.
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Corollary 2.9. Let R be a local ring with commutative Jacobson radical J (R) (in
particular, J (R)2 = 0). If the group U(R) is periodic and locally nilpotent then R
is a commutative ring.

The proof follows from Theorem 2.7.
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