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The variation problem of theory of elasticity is formulated for the combined model
solid body { Timoshenko plate. The existence of solution is proved.

The problem of construction and justi�cation of mathematical models of elas-
tic bodies with thin coatings have been considered by many authors [1,2,5,11{13].
In papers [1,12,13] an asymptotic approach was used for derivation of principal
correlations of thin coating models. The authors of papers [2,11] modelled and
investigated the thin coating with special generalized boundary conditions. Such
approach is convenient in further investigation of the problem by analytic methods,
but entails signi�cant algorithmic complications in application of numerical meth-
ods. In this paper, like in [5], the math model of an elastic body with a thin coating
is formed by combining the equations of the elasticity theory

158.07086pt

and Timoshenko's plates theory. Such
models are called combined [7,9] or D-
adaptive [14] models. They are convenient
in methods of numerical computer analysis,
such as FEM[8], BEM or their coupling [3],
and construction of quality software.
1. Statement of the problem. Assume
that an elastic continuum occupies the do-
main 
 = 
1 ∪ 
∗

2, 
1 ∩ 
∗
2 = ∅, (�g. 1),

where 
1, 

∗
2, are arbitrary connected sets

of the Euclidean space R3. We shall assume
that the domain 
1 is bounded by a Lip-
schitz boundary �1, and the domain 
∗

2,
is bounded by two parallel planes 
−

2 ,

+
2

and a cylindrical side surface orthogonal
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to these planes. The distance between the planes is h. (Here and in the rest of the
paper the terms \plane" and \surface" mean simple parts of planes and surfaces.)

Let us assume that the size h of the domain 
∗
2, is much smaller than the other

characteristic dimensions of 
∗
2 in the sense of [4]. The middle plane 
2 is situated

between the parallel planes 
−
2 ,


+
2 and it is equidistant from them. The cylindrical

side surface intersects the planes 
−
2 ,


+
2 and 
2 along the lines �−

2 ,�
+
2 ,�2, i.e.

�−
2 ,�

+
2 ,�2, are the boundaries of the plane domains 
−

2 ,

+
2 and 
2. Let


−
2 = 


−(1)
2 ∪ 


−(2)
2 ,

(

−(1)
2 is a part of the surface 
−

2 for which the intersection with the boundary �1
is non empty), and

�1 = �
(1)
1 ∪ �

(2)
1 ∪ �

(3)
1 , �

(1)
1 ∩ �

(2)
1 ∩ �

(3)
1 = ∅,

where �
(1)
1 , �

(2)
1 are piecewisely smooth surfaces; �

(3)
1 is the plane, which coincides

with 

−(1)
2 . Assume that

�−
2 = �

−(1)
2 ∪ �

−(2)
2 and �

−(1)
2 ∩ �

−(2)
2 = ∅,

(�
−(1)
2 is a part of the curve for which the intersection with the boundary � is non

empty).

We note that for given 

−(2)
2 = ∅, we have �

−(2)
2 = ∅. We note that the

curves �−
2 ,�

+
2 and �2 are congruent and so are the domains 
−

2 ,

+
2 and 
2. Thus

the curve �2 consists of two parts �
(1)
2 and �

(2)
2 . Let x1, x2, x3 be the Cartesian

coordinates system of the elastic body, n1, n2, n3 an orthogonal right triple of
unit-length vectors de�ned on �1 , where n3 is the outer normal to �1.

Let α1, α2, α3 be the Cartesian coordinate system on the middle surface (the
direction of α3 coincides with the normal to the middle plane and normal n3 to the

boundary of the body �
(3)
1 ). Let t1, t2 be a pair of orthogonal unit vectors on �2,

where t1 is the outer normal to the boundary, t2 the tangent vector corresponding
to the positive direction 
2 along the curve �2.

Let us describe the stress-strain state of the elastic body which occupies the do-
main 
1 by the di�erential equations of the linear elasticity theory [10] (summing
over repeating indices)

∂σij

∂xj
+ fi = 0, i, j = 1, 2, 3 
1 ⊂ R3 (1.1)

and the equations of Timoshenko's plate theory [3] for the domain 
∗
2

∂Tkl

∂αl
+ pk = 0,

∂Qk

∂αk
+ p3 = 0,

∂Mkl

∂αl
−Qk +mk = 0, k, l = 1, 2, 
∗

2 ⊂ R2.

(1.2)
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Here σij are the components of the stress tensor; fi the components of the vector
of body forces ; Tkl the forces, Mkl the moments, Qk the transverse forces arising
in the plate; pi;mk the surface loads reduced to the middle plane of the plate.

It is known [4] that

pi = σ+i3 + σ−
i3 + ρi, i = 1, 2, 3;

mk =
h

2
(σ+k3 − σ−

k3) + µk, k = 1, 2; (1.3)

where σ+i3 , σ
−
i3 are the components of the vector of surface loading on the surfaces

of the plate 
+ and 
− for α3 = ±h
2 respectively in the αi coordinates;

ρi, µk the components of the reduces to the middle surface of the plate body forces
and moments which are evaluated by formulas

ρi =

h/2∫
−h/2

qi dα3, µk =

h/2∫
−h/2

qk α3 dα3; (1.4)

qi the components of the body force vector in the coordinate system αi on the
middle surface of the plate.

In linear elasticity theory the components of the stress tensor are expressed in
terms of the components of the strain tensor ekl by the physical low

σij = Cijkl ekl, i, j, k, l = 1, 2, 3; (1.5)

where Cijkl are elastic constants; the nonzeros among them for the case of isotropic
homogeneous body are

Ciiii =
E(1− ν)

(1 + ν)(1− 2ν)
, Ciikk =

Eν

(1 + ν)(1− 2ν)
,

Cikik =
E

2(1 + ν)
i, k = 1, 2, 3; i ̸= k; (1.6)

Here E is the Young modulus, ν Poisson ratio of the elastic body.
The forces and moments acting in plate are also expressed in terms of defor-

mation characteristics εij and κij by means of the relations of the physical law of
Timoshenko's plate theory

Tkk = B(εkk + νεll), Tkl = B
1− ν

2
εkl, Qk = Gεk3,

Mkk = D(κkk + νκll), Mkl = D
1− ν

2
κkl, k, l = 1, 2; k ̸= l. (1.7)

Note that we do not sum over k, l in (1.7). Here constants B,D,G (in the case of
isotropic material) are given by

B =
Eh

1− ν2
, D =

Eh3

12 (1− ν2)
, G =

5Eh(1 + ν)

12
. (1.8)
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Let ui (i = 1, 2, 3) be the components of the displacement vector of the elastic
body in the x1, x2, x3 coordinate system; vi displacements of the points of the
middle surface in the direction of axes αi (i = 1, 2, 3), and γl (l = 1, 2) rotation
angles of the normal to the middle surface in the direction of axes αl.

The following Cauchy relations hold

eij =
1

2

(
∂ui

∂xj
+

∂uj

∂xi

)
, i, j = 1, 2, 3, (1.9)

εkl =
1

2

(
∂vk
∂αl

+
∂vl
∂αk

)
, εk3 =

∂v3
∂αk

+ γk,

κkl =
1

2

(
∂γk
∂αl

+
∂γl
∂αk

)
, k, l = 1, 2.

(1.10)

To equations (1.1), (1.2) we add boundary conditions and conditions of continuity
of the medium and equilibrium of the body and the plate. Boundary conditions on
the boundary of 
1 are:

uni = 0, i = 1, 2, 3 on �
(1)
1 ; (1.11)

σni,n3 = p, i = 1, 2, 3 on �
(2)
1 ; (1.12)

where
uni = uknik, σni,n3 = σkl nik n3l, k, l = 1, 2, 3.

nij = cos (ni, xj) are the direction cosines of the triple nj . Boundary conditions on
the boundary of 
2 are:

vtk = 0, v3 = 0, γtk = 0, k = 1, 2 on �
(1)
2 , (1.13)

Ttk,tl = 0, Qti = 0, Mtk,tl = 0, i = 1, k = 1, 2 on �
(2)
2 . (1.14)

Here

vtk = vltkl, γtk = γltkl, l = 1, 2

Ttk,tl = Tij tki tlj , Qtk = Qltil, Mtk,tl = Mij tki tlj , i, j = 1, 2,

where tkl are the direction cosines of the vectors tk in the coordinate system αl :
tkl = cos(tk, αl).

Conditions of continuity of the mediums and equilibrium of the body and the

plate on �
(3)
1 = 


−(1)
2 are

uni = vi −
h

2
γi, u3 = v3, i = 1, 2; (1.15)

σ−
j3 = σnj,n3(u1, u2, u3) on �31 = 


−(1)
2 . (1.16)

Thus, the D-adaptive mathematical model of the elastic body and Timoshenko's
plate in terms of displacements and rotation angles that describes the stress-strain
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state of the system a massive body and thin coating is made up of the equilibrium
equations (1.1), (1.2) written in terms of unknowns ui, vi, i = 1, 2, 3 and γk, k = 1, 2
by means of formulas (1.5), (1.7), (1.9), (1.10). These equations form a closed
system by means of relations (1.15), (1.16) and boundary conditions (1.11){(1.14).

2. Variational statement of the problem. Let us write the BVP described
by equations (1.1) and (1.2) using operator notation as

A Z = f, f ∈ H, (2.1)

where

H = [L2(
1)]
3 × [L2(
2)]

5,

Z = (u1, u2, u3, v1, v2, v3, γ1, γ2),

f = (f1, f2, f3, σ
+
13 + ρ1, σ

+
23 + ρ2, σ

+
33 + ρ3,

h

2
σ+13 + µ1,

h

2
σ+23 + µ2).

The operator of problem (2.1) is de�ned on

DA = {ui, vi, γk : i = 1, 2, 3; k = 1, 2; ui ∈ [W
(2)
2 (
1)]

3;

vi ∈ [W
(2)
2 (
2)]

3; γk ∈ [W
(2)
2 (
2)]

2}; conditions (1.11){(1.15).};

Let us de�ne a scalar product of the vector functions over the lineal DA as

(u, û) =

∫

1

uiûi d
1 +

∫

2

(uiûi + γkγ̂k) d
2.

The following lemma holds.

Lemma. The operator of problem (2.1) is symmetrical in the space H.

Proof. Note that since C
(∞)
0 ⊂ DA, the lineal DA is a dense set in the space H

[6]. Consider the bilinear form (A Z , Ẑ), where Z, Ẑ are are arbitrary elements
of DA. Applying the Ostrogradsky formula and counting the boundary conditions
(1.11){(1.14) we will obtain after simple but unwieldy transformations

(A Z, Ẑ) =

∫

1

σij(u1, u2, u3) eij(û1, û2, û3) d
1 +

+

∫

2

(Tkl(v1, v2) εkl(v̂1, v̂2) +Qk(v3, γ1, γ2) εk3(v̂3, γ̂1, γ̂2)+

+ Mkl(γ1, γ2) κkl(γ̂1, γ̂2)) d
2 −
∫

�
(3)
1

σni,n3 ûni d�+

+

∫



− (1)
2

(σ−
i3 v̂i −

h

2
σ−
k3 γ̂k) d�, i, j = 1, 2, 3; k, l = 1, 2.
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Note that the sum of the last two integrals in the previous formula is equal

to zero because they are evaluated on the other sides of the plane �
(3)
1 = 


−(1)
2 ,

according to (1.15), (1.16).
Let us express stresses, forces, and moments in terms of strains in the previous

formula using (1.5), (1.7). We will obtain

(A Z, Ẑ) =

∫

1

Cijmn emn êij d
1 +

∫

2

(B(εkk + νεll) ε̂kk+

+B
1− ν

2
εklε̂kl ++Gεk3ε̂k3 +D(κkk + νκll)κ̂kk +D

1− ν

2
κklκ̂kl) d
2, (2.2)

where i, j,m, n = 1, 2, 3; k, l = 1, 2; k ̸= l; êij , ε̂kl, ε̂k3, κ̂kk are deformations

calculated on the based of functions from Ẑ.
Taking into account the symmetry of the matrix Cijmn it is clear that the expres-

sion (2.2) is symmetrical with respect to functions Z, Ẑ. Hence, (AZ, Ẑ) = (Z,AẐ).■
Theorem 1. The operator of problem (2.1) is positive.

Proof. In view of the lemma it is su�cient to show that

(A Z, Z) ≥0; (2.3)

and, if (A Z, Z) =0, then Z ≡ 0.

Using (2.2) we write the expression for (A Z, Z) . It is known in the theory of
elasticity that the integrand of the �rst integral is a positively de�nite quadratic
form of the strain tensor components (it can be veri�ed by direct calculations in the
case of an isotropic material). The integrand of the second integral in the formula
for (A Z, Z) is also a positively de�nite quadratic form of the plate deformations
characteristics (in can be veri�ed by simple calculations).

Thus we can write the inequality

(A Z, Z) ≥0.

Next, if (A Z, Z) =0, then each summand must necessarily be zero, because
(A Z, Z) is a sum of positive de�nite quadratic forms of the deformations of the
body and plate. Besides, they will equal zero too. Then the functions ui, vi, i =
1, 2, 3; γk, k = 1, 2 are constants. But taking into account the boundary conditions
(1.11) and (1.13) we obtain Z =0.■

Uniqueness of the weak solution of problem (2.1) and possibility to give its
variational statement as the problem of minimization of quadratic functional follow
from the proved theorem.

To write this functional let us introduce the spaces

U = {u1, u2, u3 : ui ∈W(1)
2 (
1), ui = 0, on �

(1)
1 };

V = {v1, v2, v3, γ1, γ2 : vi, γk ∈W(1)
2 (
2), vi = 0, γk = 0 on �

(1)
2 };

Y = {U × V : uni = vi −
h

2
γi, u3 = v3, i = 1, 2 on �

(3)
1 }.
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According to the energy functional theorem [5] the problem (2.1) is equivalent
to functional minimization problem

F( Z) =

∫

1

σij eij d
1 +

∫

2

(Tkl εkl +Qk εk3 + Mkl κkl) d
2−

−2
∫

1

fiui d
1 − 2

∫

2

(pivi +mkγk) d
2, Z ∈ Y, (2.4)

where i, j = 1, 2, 3; k, l = 1, 2; pi,mk are given by formulas (1.3), where we set
σ−
i3 = 0. Note, that conditions (1.12), (1.14), and (1.16) are natural for the given

functional.

3. Existence of solution of problem (2.1). It is well known [6] that the weak
solution of problem (2.1) exists provided A is a positively de�nite operator. Thus,
the following theorem answers the question of existence of the weak solution of
problem (2.1).

Theorem 2. The operator of problem (2.1) is positively de�nite.

Proof. In order to estimate from below bilinear form (2.2) we will use positive def-
initeness of the bilinear form of displacement functions corresponding to the �rst
integral [6], positive de�niteness of the bilinear form of the deformations character-
istics of the plate, Korn's inequality for both deformations characteristics ε̂kl, κ̂kk

k, l = 1, 2, and the inequalities

2v′3γk ≥ −(λv′23 +
1

λ
γ2k), ∀λ > 0,

and also Friedrichs' inequality [6]. We will obtain

(A Z, Z) ≥ C2
1 ∥ Z∥2, (3.2)

where C1 ∈ R,C1 > 0,

∥ Z∥2 =
∫

1

uiui d
1 +

∫

2

(vivi + γkγk) d
2, i = 1, 2, 3, k = 1, 2.

The last inequality means that the operator of problem (2.1) is positively de�nite.■
Thus, problem (2.1) has a unique solution Z ∈ Y .
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