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We study a wide class of extensions of J-hermitian operators { regular extensions.
For such extensions an analog of von Neumann formulas is proved.

�iá«ï ®¯ã¡«iªã¢ ­­ï ¢i¤®¬®ù à®¡®â¨ �¦. �¥©¬ ­  [1], ¢ ïªi© ¡ã«® § ¯à®¯®-
­®¢ ­® ®¯¨á á¨¬¥âà¨ç­¨å â  á ¬®á¯àï¦¥­¨å à®§è¨à¥­ì éi«ì­® § ¤ ­¨å á¨¬¥â-
à¨ç­¨å â  á ¬®á¯àï¦¥­¨å à®§è¨à¥­ì éi«ì­® § ¤ ­¨å á¨¬¥âà¨ç­¨å ®¯¥à â®ài¢,
¢ àï¤i ¯à æì § §­ ç¥­i à¥§ã«ìâ â¨ ã§ £ «ì­î¢ «¨áì ­  ài§­i ª« á¨ ®¯¥à â®ài¢,
é® ¤iîâì ¢ â¨å  ¡® i­è¨å ¯à®áâ®à å.

�®ªà¥¬ , �.�. �à á­®á¥«ìáìª¨© [2] ®âà¨¬ ¢ ã§ £ «ì­¥­­ï ä®à¬ã« ä®­ �¥©-
¬ ­  ­  ¢¨¯ ¤®ª á ¬®á¯àï¦¥­¨å à®§è¨à¥­ì ¥à¬iâ®¢¨å (­¥éi«ì­® § ¤ ­¨å) ®¯¥-
à â®ài¢.

� ­ áâã¯­i à®ª¨ ¢ª § ­i ä®à¬ã«¨ ài§­¨¬¨  ¢â®à ¬¨ ã§ £ «ì­î¢ «¨áì ­ 
¢¨¯ ¤®ª â¨å  ¡® i­è¨å ª« ái¢ à®§è¨à¥­ì ¥à¬iâ®¢¨å ®¯¥à â®ài¢, é® ¤iîâì ïª ¢
£i«ì¡¥àâ®¢®¬ã ¯à®áâ®ài, â ª i ¢ ¯à®áâ®ài § i­¤¥äi­iâ­®î ¬¥âà¨ª®î (¤¥â «ì­iè¥
¤¨¢. [3{6]).

� ¯à®áâ®ài § i­¢®«îæiõî ®¯¨á®¢÷ J-á ¬®á¯àï¦¥­¨å à®§è¨à¥­ì éi«ì­® § ¤ -
­¨å J-á¨¬¬¥âà¨ç­¨å ®¯¥à â®ài¢ ¢¯¥àè¥ ¡ã«® ¯à¨á¢ïç¥­® à®¡®â¨ �.�. �¨å -
àï [7] â  �. � «i­¤® [8]. �i§­iè¥ ¢ ¯à æïå �.�. � ª à®¢®ù [9] â  K.�. � ©å 
[10] à®§£«ï¤ «¨áì ¯¨â ­­ï, ¯®¢'ï§ ­i § iá­ã¢ ­­ï¬ â  ®¯¨á®¬ J-á ¬®á¯àï¦¥­¨å
à®§è¨à¥­ì J-¥à¬iâ®¢¨å ­¥éi«ì­® § ¤ ­¨å ®¯¥à â®ài¢.

� áâ ââi �.�. �®çã¡¥ï [11] ¯à¨ ¯¥¢­¨å ®¡¬¥¦¥­­ïå J-á ¬®á¯àï¦¥­i à®§-
è¨à¥­­ï J-á¨¬¥âà¨ç­¨å (éi«ì­® § ¤ ­¨å) ®¯¥à â®ài¢ ®¯¨á ­® ¢ â¥à¬i­ å  ¡-
áâà ªâ­¨å £à ­¨ç­¨å ã¬®¢.

�.�. �¥à£¥õ¢ â  �.�. �¥ª ­®¢áìª¨© ¢¨¢ç «¨ [12] ¤i©á­i (à¥ «ì­i) J-á ¬®á¯àï-
¦¥­i à®§è¨à¥­­ï J-¥à¬iâ®¢¨å ®¯¥à â®ài¢.
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� ª¨¬ ç¨­®¬, ã ¢ª § ­¨å à®¡®â å  ªæ¥­âã¢ « áì ã¢ £  ¢ ®á­®¢­®¬ã ­  J-á -
¬®á¯àï¦¥­¨å à®§è¨à¥­­ïå J-¥à¬iâ®¢¨å éi«ì­® § ¤ ­¨å ®¯¥à â®ài¢.

� ¤ ­i© áâ ââi ¢¢®¤¨âìáï ¯®­ïââï à¥£ã«ïà­¨å à®§è¨à¥­ì J-¥à¬iâ®¢¨å (­¥
®¡®¢'ï§ª®¢® éi«ì­® § ¤ ­¨å) ®¯¥à â®ài¢, é® ¤iîâì ¢ ¯à®áâ®ài § i­¢®«îæiõî, â 
¢áâ ­®¢«îîâìáï  ­ «®£¨ ä®à¬ã« ä®­ �¥©¬ ­  ¤«ï â ª¨å à®§è¨à¥­ì. � §­ ç¨-
¬®, é®, §®ªà¥¬ , ¤®¢i«ì­¥ J-á ¬®á¯àï¦¥­¥ à®§è¨à¥­­ï J-¥à¬iâ®¢®£® ®¯¥à â®à 
õ à¥£ã«ïà­¨¬ à®§è¨à¥­­ï¬.

1. �á­®¢­i ¯¨â ­­ï. �¥å © H { £i«ì¡¥àâi¢ ¯à®áâià i§ áª «ïà­¨¬ ¤®¡ãâª®¬
(·, ·). �¯¥à â®à J , ®§­ ç¥­¨© ­  ¢áì®¬ã ¯à®áâ®ài H, ­ §¨¢ õâìáï i­¢®«îæiõî
( ¡® á¯àï¦¥­­ï¬), ïªé® ¤«ï ¤®¢i«ì­¨å x i y i§ H

(Jx, y) = (Jy, x), J2x = x. (1)

�¥§ ®á®¡«¨¢¨å âàã¤­®éi¢ ¢áâ ­®¢«îîâìáï â ªi ¢« áâ¨¢®áâi ®¯¥à â®à  J :

(Jx, Jy) = (y, x), J−1 = J,

J(αx+ βy) = αJx+ βJy ({α, β} ⊂ C). (2)

� ¤ ¬® ¢ H ­®¢¨© áª «ïà­¨© ¤®¡ãâ®ª [·, ·] ài¢­iáâî

[x, y] = (x, Jy). (3)

�®¤i, ¢à å®¢ãîç¨ ài¢­®áâi (1){(3),

[x, y] = [y, x], [αx, y] = [x, αy] = α[x, y], [x, y] = [Jx, Jy],

®§­ ç¨¬® ¢ H J-­®à¬ã || · ||:

||x||J =
√
|[x, x]|. (4)

� ª¨¬ ç¨­®¬, ∥x∥ ≥ 0, ∥λx∥y = |λ| · ∥x∥y i

||x||J ≤ ||x|| (||x|| =
√
(x, x)). (5)

�¥ài¢­iáâì (5) ®âà¨¬ ­® ­  ¯i¤áâ ¢i (2){(4) â  ­¥ài¢­®áâi �®èi-�ã­ïª®¢áìª®£®.
�¥ªâ®à x ­ §¨¢ õ¬® ­¥©âà «ì­¨¬, ïªé® ||x||J = 0 ( ¡®, é® â¥ á ¬¥, ïªé®

[x, x] = 0).
�à®áâiàH § J-¬¥âà¨ª®î, é® ®§­ ç¥­  ài¢­iáâî (3), ­ §¨¢ â¨¬¥¬® ¯à®áâ®à®¬

§ i­¢®«îæiõî ( ¡® J-¯à®áâ®à®¬).
�ªé® H1 { ¯i¤¯à®áâià ( ¡® «i­¥ «) J-¯à®áâ®àã H, â® J-®àâ®£®­ «ì­¥ ¤®¯®¢-

­¥­­ï H2 = H[−]H1 â¥¦ õ ¯i¤¯à®áâ®à®¬ ¯à®áâ®àã H. �à¨ æì®¬ã H1 = H[−]H2.
�«¥ «i­¥ «¨ H1 i H2 ¢¦¥ ­¥ ®¡®¢'ï§ª®¢® «i­i©­® ­¥§ «¥¦­i.

� â®¬ã ¢¨¯ ¤ªã, ª®«¨ «i­¥ «¨ H1 i H2 «i­i©­® ­¥§ «¥¦­i, J-®àâ®£®­ «ì­ 
áã¬  H1[+]H2 (H2 = H[−]H1) õ áªài§ì éi«ì­¨¬ ¢ H «i­¥ «®¬ (H = H1[+]H2).
�ªé® ¯à¨ æì®¬ã H = H1[+]H2, â® ¯i¤¯à®áâià H1 (i H2) ­ §¨¢ â¨¬¥¬® ¯à®¥ª-
æi©­® ¯®¢­¨¬ ¢ H. �¬®¢  ¯à®¥ªæi©­®ù ¯®¢­®â¨ ¬®¦¥ ¡ãâ¨ áä®à¬ã«ì®¢ ­  â ª
á ¬®, ïª æ¥ §à®¡«¥­® ¢ à®¡®âi [6] ã ¢¨¯ ¤ªã ¯à®áâ®ài¢ § i­¤¥äi­iâ­®î ¬¥âà¨ª®î.
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2. J-¥à¬iâ®¢i ®¯¥à â®à¨. �¯¥à â®à A, é® ¤iõ ¢ H, ­ §¨¢ õâìáï J-¥à¬iâ®¢¨¬
( ¡® ¯à®áâ® ¥à¬iâ®¢¨¬), ïªé®

[Ax, y] = [x,Ay] (∀{x, y} ⊂ DA).

J-¥à¬iâi¢ ®¯¥à â®à A ­ §¨¢ õâìáï J-á¨¬¥âà¨ç­¨¬, ïªé® æ¥© ®¯¥à â®à éi«ì­®
§ ¤ ­¨© (â®¡â® DA = H); i ¤i©á­¨¬ ¢i¤­®á­® á¯àï¦¥­­ï J , ïªé® J : DA → DA

i JA = AJ .
�®¬¯«¥ªá­¥ ç¨á«® λ ¡ã¤¥¬® ­ §¨¢ â¨ â®çª®î J-à¥£ã«ïà­®£® â¨¯ã ®¯¥à â®à 

A, ïªé® iá­ãõ â ª¥ ç¨á«® K(λ) > 0, é®

||(A− λI)x||J ≥ K(λ)||x|| (∀x ∈ DA). (6)

� «i πj(A) ®§­ ç â¨¬¥ ¬­®¦¨­ã â®ç®ª J-à¥£ã«ïà­®£® â¨¯ã ®¯¥à â®à  A.
�â¦¥, ïªé® λ ∈ πJ(A), â® λ /∈ σp(A) i ¢¥ªâ®à (A− λI)x ­¥ õ ­¥©âà «ì­¨¬ ­i

¯à¨ ïª®¬ã x ∈ DA (x ̸= 0). �ài¬ â®£®, ­  ¯i¤áâ ¢i [5], πj(A) ⊂ π(A), ¤¥ π(A) {
¯®«¥ à¥£ã«ïà­®áâi ®¯¥à â®à  A.

�¥ä¥ªâ­¨© ¯i¤¯à®áâià Nλ ®¯¥à â®à  A ¢ J-¯à®áâ®ài H ®§­ ç õâìáï ài¢­iáâî

Nλ = H[−]�A(λ) (�A(λ) = (A− λI)DA),

¤¥ [−] { §­ ª ®àâ®£®­ «ì­®£® ¤®¯®¢­¥­­ï ¢ J-¬¥âà¨æi. I§ §¢¨ç ©­¨¬ ¤¥ä¥ªâ­¨¬

¯i¤¯à®áâ®à®¬ Ñλ = H ⊖�A(λ) ¤¥ä¥ªâ­¨© ¯i¤¯à®áâià Nλ ¯®¢'ï§ ­¨© ài¢­iáâî

Nλ = JÑλ.

�¥¬  1. �¥å © λ ∈ πJ(A). �®¤i «i­¥ «¨ �A(λ) i Nλ «i­i©­® ­¥§ «¥¦­i.

�®¢¥¤¥­­ï. �ªé® y ∈ �A(λ) ∩Nλ, â® y = (A − λI)x (x ∈ DA) i y = xλ ∈ Nλ.
�«¥ â®¤i

[y, y] = [(A− λI)x, xλ] = 0

i, ®â¦¥, ||y||J = 0. �«¥, §  ã¬®¢®î, λ ∈ πJ(A). �®¬ã

0 = ||y||J = ||(A− λI)x||J ≥ K(λ)||x|| ≥ 0,

§¢i¤ª¨ ¢¨¯«¨¢ õ, é® x = 0. �®¬ã i y = 0, â®¡â® �A(λ) ∩Nλ = {0}.■
�  ¯i¤áâ ¢i ®¡£àã­â®¢ ­®ù «¥¬¨ ¯à¨ λ∈πJ(A), J-®àâ®£®­ «ì­  áã¬  �A(λ)[+]Nλ

õ áªài§ì éi«ì­¨¬ ¢ H «i­¥ «®¬.

�¥¬  2. �¥å © D = H[−]DA i λ ̸= µ. �®¤i

Nλ ∩Nµ = N0 ∩D. (7)

�®¢¥¤¥­­ï. �¥å © y ∈ Nλ ∩Nµ. �®¤i ¯à¨ x ∈ DA

[(A− λI)x, y] = [(A− µI)x, y] = 0, (8)

i, ®â¦¥,
[Ax, y] = λ[x, y] = µ[x, y]. (9)

�  ã¬®¢®î λ ̸= µ. �®¬ã

[Ax, y] = [x, y] = 0 (∀x ∈ DA). (10)

� ª¨¬ ç¨­®¬, y ∈ H[−]�A = N0 i y ∈ D, â®¡â® y ∈ N0 ∩D. � ¢¯ ª¨, ïªé®
y ∈ N0 ∩ D, â® ¬ îâì ¬iáæ¥ ài¢­®áâi (10),  , ®â¦¥, i ài¢­®áâi (8). �«¥ â®¤i
y ∈ Nλ ∩Nµ.■
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� á«i¤®ª 1. �à¨ λ ̸= µ ¯i¤¯à®áâià Nλ ∩Nµ ­¥ § «¥¦¨âì ¢i¤ λ i µ.

�¥¬  3. �¥ä¥ªâ­i ¯i¤¯à®áâ®à¨ Nλ i Nµ (λ ̸= µ) «i­i©­® ­¥§ «¥¦­i â®¤i i
âi«ìª¨ â®¤i, ª®«¨1

DA ∨�A = H. (11)

�®¢¥¤¥­­ï. �¥å © H1 = DA ∨�A. �®¤i, ïª ­¥¢ ¦ª® ¡ ç¨â¨,

H[−]H1 = N0 ∩D. (12)

�®¬ã, ­  ¯i¤áâ ¢i (7) i (12), ài¢­iáâì Nλ ∩Nµ = {0} ¬ õ ¬iáæ¥ â®¤i i âi«ìª¨ â®¤i,
ª®«¨ H1 = H.■

�â¦¥, ­  ¯i¤áâ ¢i ¯®¯¥à¥¤­ì®ù «¥¬¨, ïªé® ®¯¥à â®à A éi«ì­® ®§­ ç¥­¨©,
â® ¯à¨ ¤®¢i«ì­¨å λ i µ (λ ̸= µ) ©®£® ¤¥ä¥ªâ­i ¯i¤¯à®áâ®à¨ Nλ i Nµ «i­i©­®
­¥§ «¥¦­i.

� á«i¤®ª 2. �  ã¬®¢¨ (11) ¯i¤¯à®áâ®à¨ Nλ i D «i­i©­® ­¥§ «¥¦­i.

�®¢¥¤¥­­ï. �¥å © y ∈ Nλ ∩D. �®¤i ¤«ï ª®¦­®£® x i§ DA

[Ax, y] = [(A− λI)x, y] = 0

i, ®â¦¥, y ∈ N0∩D. � â®¬ã é®, ­  ¯i¤áâ ¢i (11) i (12), N0∩D = {0}, â® y = 0.■

3. �¥£ã«ïà­i à®§è¨à¥­­ï J-¥à¬iâ®¢¨å ®¯¥à â®ài¢. �¯¥à â®à Tµλ.

�§­ ç¥­­ï. �¯¥à â®à B ­ §¨¢ õâìáï à¥£ã«ïà­¨¬ à®§è¨à¥­­ï¬ J-¥à¬iâ®¢®£®
®¯¥à â®à  A, ïªé® A ⊂ B i

[Ax, y] = [x,By] (∀x ∈ DA, ∀y ∈ DB). (13)

�­®¦¨­ã ãáiå à¥£ã«ïà­¨å à®§è¨à¥­ì J-¥à¬iâ®¢®£® ®¯¥à â®à  A ¯®§­ ç â¨-
¬¥¬® â ª: PJ(A). � ª¨¬ ç¨­®¬, J-¥à¬iâ®¢i (§®ªà¥¬ , J-á ¬®á¯àï¦¥­i) à®§è¨-
à¥­­ï J-¥à¬iâ®¢®£® ®¯¥à â®à  A ¬iáâïâìáï ¢ PJ(A).

�¥å © B ∈ PJ(A) i λ /∈ σp(B). �®§£«ï­¥¬® ®¯¥à â®à Tµλ, ®§­ ç¥­¨© ã â ª¨©
á¯®ái¡

Tµλf = (B − µI)h (f = (B − λI)h, h ∈ DB). (14)

�â¦¥, DTµλ
= �B(λ), �Tµλ

= �B(µ). �®ªà¥¬ , ¯à¨ λ ∈ ϱ(B), Tµλ = (B −
µI)(B − λI)−1. �i¤¬iâ¨¬® â ª®¦, é® ¯à¨ µ /∈ σp(B), T

−1
µλ = Tλµ.

�¥®à¥¬  1. �¥å © B ∈ PJ(A), λ /∈ σp(B) i Nz (z ∈ {λ, µ}) { ¤¥ä¥ªâ­¨©
¯i¤¯à®áâià ®¯¥à â®à  A. �®¤i

Tµλ : �B(λ) ∩Nµ → Nλ. (15)

�®ªà¥¬ , ¯à¨ λ ∈ ϱ(B)
Tµλ : Nµ → Nλ. (16)

1L ∨M ®§­ ç õ § ¬¨ª ­­ï (ã £i«ì¡¥àâ®¢i© ¬¥âà¨æi) «i­i©­®ù ®¡®«®­ª¨ «i­¥ «i¢ L i M.
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�®¢¥¤¥­­ï. �¥å © f ∈ �B(λ) ∩Nµ. �®¤i f = (B − λI)h (h ∈ DB) i

[(A− µI)φ, f ] = 0 (∀φ ∈ DA). (17)

�à¨ æì®¬ã, ­  ¯i¤áâ ¢i (14) Tµλf = f+(λ−µ)h, ¤¥ h ∈ DB. �®¬ã ¯à¨ ¤®¢i«ì­®¬ã
φ ∈ DA

[(A− λI)φ, Tµλ] = [(A− λI)φ, f ] + (λ− µ)[(A− λI)φ, h], (18)

¤¥, § ãà åã¢ ­­ï¬ â®£®, é® f ∈ Nµ,

[(A− λI)φ, f ] = [(A− µI)φ, f ] + (µ− λ)[φ, f ] = (µ− λ)[φ, f ]. (19)

�ài¬ â®£®, ®áª÷«ìª¨ B ∈ PJ(A), â®

[(A−λI)φ, h] = [Aφ, h]−λ[φ, h] = [φ,Bh]−λ[φ, h] = [φ, (B−λI)h] = [φ, f ]. (20)

�i¤áâ ¢«ïîç¨ (19) i (20) ¢ (18), ®âà¨¬ õ¬®:

[(A− λI)φ, Tµλf ] = (µ− λ)[φ, f ] + (λ− µ)[φ, f ] = 0 (∀φ ∈ DA)

i, ®â¦¥, Tµλf ∈ Nλ. �¯i¢¢i¤­®è¥­­ï (16) ¢¨¯«¨¢ õ ¡¥§¯®á¥à¥¤­ì® i§ (15) ¯à¨
λ ∈ ϱ(B).■

4. �­ «®£ ä®à¬ã« ä®­ �¥©¬ ­ . �¥å © A { ¥à¬iâi¢ ®¯¥à â®à, é® ¤iõ ¢
J-¯à®áâ®ài H. �¯¥à â®à B ∈ PJ(A) ­ §¨¢ õâìáï λ-à¥£ã«ïà­¨¬ à®§è¨à¥­­ï¬
®¯¥à â®à  A, ïªé®:
1) �i­¥ «¨ �A(λ) i Nλ «i­i©­® ­¥§ «¥¦­i.
2) �B(λ) ⊂ �A(λ)[+]Nλ.

�¬®¢  1), §®ªà¥¬ , á¯à ¢¥¤«¨¢ , ïªé® λ ∈ πJ(A) («¥¬  1),   ã¬®¢  2) { ïªé®
�A(λ) { ¯à®¥ªæi©­® ¯®¢­¨© ¯i¤¯à®áâià ¢ H.

�¥®à¥¬  2. �¥å © B { λ-à¥£ã«ïà­¥ à®§è¨à¥­­ï ¥à¬iâ®¢®£® ®¯¥à â®à  A, λ /∈
σp(B) i Imλ ̸= 0. �®¤i ¤®¢i«ì­¨© ¢¥ªâ®à x i§ DB ¤®¯ãáª õ §®¡à ¦¥­­ï ã
¢¨£«ï¤i

x = x0 + xλ +�xλ, (21)

¤¥ x0 ∈ DA, xλ ∈ D�,   � { ¤¥ïª¨© «i­i©­¨© ®¯¥à â®à, é® ¤iõ i§ Nλ ¢ H. �à¨
æì®¬ã ®¯¥à â®à B ¤iõ §  ä®à¬ã«®î

B(x0 + xλ +�xλ) = Ax0 + λxλ + λ�xλ (22)

i, ªài¬ â®£®, ¬­®£®¢¨¤¨ DA i (� + I)D� «i­i©­® ­¥§ «¥¦­i.

�®¢¥¤¥­­ï. �¥å © y ∈ �B(λ). �®¤i y = y0 + y1, ¤¥ y0 ∈ �A(λ), y1 ∈ NA(λ) i,
®â¦¥,

y0 = (A− λI)x0 = (B − λI)x0 (x0 ∈ DA),

y1 = (B − λI)x1 (x1 ∈ DB).
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�«¥ â®¤i
y = (B − λI)x = (B − λI)(x0 + x1) (x ∈ DB).

�à¨ æì®¬ã λ /∈ σp(B). �®¬ã x = x0 + x1.

�¥å © µ = λ i Tλ := Tλλ. �®¤i, ­  ¯i¤áâ ¢i (14),

Tλy = (B − λI)x (y = (B − λI)x).

I§ ®áâ ­­iå ¤¢®å ài¢­®áâ¥© §­ å®¤¨¬®:

x =
1

λ− λ
(Tλy − y), Bx =

1

λ− λ
(λTλy − λy). (23)

� ®áª÷«ìª¨ y = y0 + y1, â®

x =
1

λ− λ
(Tλy0 − y0) +

1

λ− λ
y1 +

1

λ− λ
Tλy1. (24)

�à¨ æì®¬ã y0 = (A− λI)x0 (x0 ∈ DA), y1 ∈ Nλ i, ®â¦¥,

1

λ− λ
(Tλy0 − y0) =

1

λ− λ
[(A− λI)x0 − (A− λI)x0] = x0, (25)

1

λ− λ
f1 = xλ ∈ Nλ,

1

λ− λ
Tλf1 = −Tλxλ = �xλ, (26)

¤¥ � = −Tλ|Nλ∩DTλ
. � ª¨¬ ç¨­®¬, ­  ¯i¤áâ ¢i ài¢­®áâ¥© (24){(26), ¢¥ªâ®à x i§

DB ¬®¦­  ¯®¤ â¨ ã ¢¨£«ï¤i (21).
�à å®¢ãîç¨ ¤àã£ã ài¢­iáâì i§ (23), à®¡¨¬® ¢¨á­®¢®ª, é® ¢¥ªâ®à Bx ¤®¯ãáª õ

§®¡à ¦¥­­ï ã ¢¨£«ï¤i

Bx =
1

λ− λ
(λTλy0 − λy0) +

λ

λ− λ
y1 +

λ

λ− λ
Tλy1, (27)

¤¥
λTλy0 − λy0 = λ(A− λI)x0 − λ(A− λI)x0 = (λ− λ)Ax0 (28)

i, ®â¦¥, ­  ¯i¤áâ ¢i (27), (28) i (26), ¢¥ªâ®à Bx ¬®¦­  ¯®¤ â¨ ã ¢¨£«ï¤i (22).
�®ª ¦¥¬® â¥¯¥à, é® «i­¥ «¨ DA i (� + I)D� «i­i©­® ­¥§ «¥¦­i. �¯à ¢¤i,

¯à¨¯ãáâ¨¬®, é® x0 ̸= 0, xλ ̸= 0 i

αx0 + β(� + I)xλ = 0 (x0DA, xλ ∈ D�). (29)

� áâ®á®¢ãîç¨ ¤® ®¡®å ç áâ¨­ ài¢­®áâi (29) ®¯¥à â®à B, ®âà¨¬ õ¬®, § ãà åã-
¢ ­­ï¬ ài¢­®áâi (22), é®

αAx0 + β(λ�xλ + λxλ) = 0. (30)

�«¥ â®¤i, ­  ¯i¤áâ ¢i (29) i (30),

α(A− λI)x0 + β(λ− λ)xλ = 0,

§¢i¤ª¨ ¢¨¯«¨¢ õ, é® α = β = 0 (â®¬ã é® Imλ ̸= 0, λ /∈ σp(A), (A − λI)x0 ∈
�A(λ), xλ ∈ Nλ i «i­¥ «¨ �A(λ) i Nλ «i­i©­® ­¥§ «¥¦­i).■
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�¥®à¥¬  3. �¥å © ®¯¥à â®à � ®§­ ç õâìáï â¥®à¥¬®î 2. �®¤i

[(A− λI)x,�yλ] = (λ− λ)[x, yλ] (x ∈ DA, yλ ∈ D�). (31)

�ài¬ â®£®, ïªé® ¢¨ª®­ãõâìáï ã¬®¢  (11), â® «i­¥ «¨ Nλ i �� «i­i©­® ­¥§ -
«¥¦­i.

�®¢¥¤¥­­ï. �¥å © x ∈ DA,

y = y0 + yλ +�yλ ∈ DB,

By = Ay0 + λyλ + λ�yλ.

�®¤i, ¢à å®¢ãîç¨ ài¢­iáâì [Ax, yλ] = λ[x, yλ], ®âà¨¬ õ¬®, é®

0 = [Ax, y]− [x,By] = [(A− λI)x,�yλ]− (λ− λ)[x, yλ],

é® i ¤®¢®¤¨âì ài¢­iáâì (31).
�à¨¯ãáâ¨¬®, é® h ∈ Nλ ∩��. �®¤i h = �ỹλ ∈ Nλ i, ®â¦¥, «i¢ ,   §­ ç¨âì, i

¯à ¢  ç áâ¨­  ài¢­®áâi (31) ¤®ài¢­îõ ­ã«î.
� ª¨¬ ç¨­®¬, [x, ỹλ] = 0 (∀x ∈ DA), â®¡â® ¢¥ªâ®à ỹλ J-®àâ®£®­ «ì­¨© «i­¥-

 «ã DA. �ài¬ â®£®, [Ax, ỹλ] = λ[x, ỹλ] = 0. �®¬ã ¢¥ªâ®à ỹλ J-®àâ®£®­ «ì­¨©
â ª®¦ i «i­¥ «ã �A. �ªé® ¯à¨ æì®¬ã ¬ õ ¬iáæ¥ ài¢­iáâì (11), â® ¢¥ªâ®à ỹλ
J-®àâ®£®­ «ì­¨© ãáì®¬ã ¯à®áâ®àã H. �«¥ â®¤i ỹλ = 0, â®¡â® h = 0. � ª¨¬
ç¨­®¬, ¯à¨ ¢¨ª®­ ­­i ã¬®¢¨ (11), Nλ ∩�� = {0}.■
� á«i¤®ª. �  ã¬®¢¨ (11) â®çª®¢¨© á¯¥ªâà ã ®¯¥à â®à  � ¢i¤áãâ­i©.

�¥®à¥¬  4. �ªé® ¤®¢i«ì­¨© ¢¥ªâ®à x i§ DB ¤®¯ãáª õ §®¡à ¦¥­­ï ã ¢¨£«ï¤i
(21) i ®¯¥à â®à B ¤iõ §  ä®à¬ã«®î (22), ¤¥ � { ¤¥ïª¨© «i­i©­¨© ®¯¥à â®à, é®
¤iõ i§ Nλ ¢ H, § ¤®¢®«ì­ïõ ã¬®¢ã (31) i â ª¨©, é® «i­¥ «¨ DA i (� + I)D�

«i­i©­® ­¥§ «¥¦­i, â® B ∈ PJ(A).

�®¢¥¤¥­­ï. I§ (22) ¢¨¯«¨¢ õ, é® A ⊂ B. �® áâ®áãõâìáï ài¢­®áâi

[Ax, y] = [x,By] (x ∈ DA, y ∈ DB),

â®, § ãà åã¢ ­­ï¬ ài¢­®áâ¥© (21), (22) i (31), ¢®­  ¯¥à¥¢iàïõâìáï ¡¥§¯®á¥à¥¤­ì®.■
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