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Results by Simader and Br�ezis on the global essential self-adjointness as a con-
sequence of the local essential self-adjointness are generalized to nonsemibounded
Schr�odinger operators.

� à ¡®â¥ ãáâ ­ ¢«¨¢ îâáï £«®¡ «ì­ë¥ ®æ¥­ª¨ í­¥à£¥â¨ç¥áª®£® â¨¯  ¨ á ¨å
¯®¬®éìî { ãá«®¢¨ï áãé¥áâ¢¥­­®© á ¬®á®¯àï¦¥­­®áâ¨ ¤«ï ­¥¯®«ã®£à ­¨ç¥­-
­ëå ®¯¥à â®à®¢ �à¥¤¨­£¥à . �â¯à ¢­ë¬ ¯ã­ªâ®¬ ¤«ï ­ á ï¢«ïîâáï: ®¯¥à -
â®à­®¥ ­¥à ¢¥­áâ¢® ¢¨¤ , ¢¯¥à¢ë¥ ¢¢¥¤¥­­®£® ¢ [1] (á¬. â ª¦¥ [2, áâà. 348]),
«®ª «ì­ë¥ í­¥à£¥â¨ç¥áª¨¥ ­¥à ¢¥­áâ¢  ¨ ¯à¥¤¯®«®¦¥­¨¥ ® â ª ­ §ë¢ ¥¬®© «®-
ª «ì­®© áãé¥áâ¢¥­­®© á ¬®á®¯àï¦¥­­®áâ¨ à áá¬ âà¨¢ ¥¬®£® ®¯¥à â®à . �®-
á«¥¤­¥¥ ¯®­ïâ¨¥ ¢¢¥¤¥­® ¢ [3],   ¢ ª ç¥áâ¢¥ ãá«®¢¨ï, § ¬¥­ïîé¥£® ª®­ªà¥â­®¥
®¯¨á ­¨¥ «®ª «ì­ëå á¢®©áâ¢ ¯®â¥­æ¨ « , ®­® ¨á¯®«ì§ã¥âáï ¢¯¥à¢ë¥, ¯®¢¨¤¨-
¬®¬ã, ¢ [4] (á¬. â ª¦¥ [5]). �®à¬  «®ª «ì­ëå ãá«®¢¨©, ¨á¯®«ì§ã¥¬ëå ­ ¬¨,
§ ¨¬áâ¢®¢ ­  ¨§ [6] (á¬. â ª¦¥ [7]). �ë ¯®ª ¦¥¬, çâ® ­ è  â¥®à¥¬  2, ª®â®à ï
¤«ï ­¥¯à¥àë¢­®£® áä¥à¨ç¥áª¨ á¨¬¬¥âà¨ç­®£® ¯®â¥­æ¨ «  ¡ë«  ãáâ ­®¢«¥­  ¢
[1], á ­¥ª®â®à®© áâ®à®­ë ®¡®¡é ¥â ¨§¢¥áâ­ãî â¥®à¥¬ã � à¨-� ¢¨­ 1 (1974 £.;
[8, áâà. 222]). �à¨ ¡®«¥¥ ¦¥áâª¨å «®ª «ì­ëå ®£à ­¨ç¥­¨ïå ­  ¯®â¥­æ¨ « à¥-
§ã«ìâ âë ­ áâ®ïé¥© áâ âì¨ á®¤¥à¦ âáï ¢ [9].

�ãáâì q ∈ L2
loc(Rn) { ¢¥é¥áâ¢¥­­®§­ ç­ ï äã­ªæ¨ï ¨ ®¯¥à â®à

L = −�+ q, D(L) = D(Rn)[= C∞
0 (Rn)] (1)

ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬. �ãé¥áâ¢ãîâ ç¨á«  ε > 0, K ≥ 0, K1 > 0
¨ äã­ªæ¨ï Q : Rn → [1,∞],

|Q−1/2(x)−Q−1/2(ξ)| ≤ K1|x− ξ| (2)

â ª¨¥, çâ®
L ≥ LεK := −ε�−KQ,

â® ¥áâì
(Lφ,φ) ≥ (LεKφ,φ), φ ∈ D(Rn), (3)

¨«¨ ∫ [
|∇φ|2 + q|φ|2

]
dx ≥

∫ [
ε|∇φ|2 −KQ|φ|2

]
dx.
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�à¥¤¯®«®¦¨¬ ¤®¯®«­¨â¥«ì­®, çâ® ¯à¨ «î¡®¬ x0 ∈ Rn áãé¥áâ¢ãîâ â ª¨¥ η ∈
D+(Rn), £¤¥ η = 1 ¢¡«¨§¨ x0, ¨ δ > 0, C, çâ®

−�+ qη ≥ δ(−�+ q+η)− C ­  D(Rn), (4)

(−�+ qη)|C∞
0 (Rn) áãé¥áâ¢¥­­® á ¬®á®¯àï¦¥­ ¢ L2. (5)

�à¨ ¯¥à¥ç¨á«¥­­ëå ãá«®¢¨ïå á¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬  1. �«ï ª ¦¤®£® ε1 ∈ (0, ε) áãé¥áâ¢ã¥â C1 = C1(ε1, ε,K,K1) â ª®¥,
çâ®

Re(Q−1Lmaxu, u) ≥ ε1||Q−1/2∇u||2 − C1||u||2 (6)

¯à¨ «î¡®¬ u ∈ D(Lmax)(= D(L∗)).

�«¥¤áâ¢¨¥ 1. �«ï «î¡®£® ε2 > 0 ­ ©¤¥âáï c2 > 0 â ª®¥, çâ®

||(Q−1∇u||2 ≤ ε2||L∗u||2 + C2||u||2, u ∈ D(Lmax). (7)

((6) ¨ (7) áãâì ­¥à ¢¥­áâ¢  â¨¯  �®à¤¨­£ )

� ¬¥ç ­¨¥ 1. �à¨ ε = 0 ¢ (3),
∫
Q−1|∇u|2dx ¬®¦¥â à áå®¤¨âìáï [9].

�¥®à¥¬  2. � ¤®¯®«­¥­¨¥ ª ãá«®¢¨ï¬ â¥®à¥¬ë 1, ¯ãáâì áãé¥áâ¢ãîâ â -
ª¨¥ ªãá®ç­®-£« ¤ª ï äã­ªæ¨ï P : Rn → [0,∞), P (x) → ∞, (|x| → ∞), ¨
¯®á«¥¤®¢ â¥«ì­®áâì 0 < Nk ↑ ∞, (k → ∞), çâ®

|∇P (x)| ≤ const ·NkQ−1/2(x), (x ∈ 
k), (8)

£¤¥ 
k := {x ∈ Rn : P (x) < Nk}, (k ∈ N). �®£¤  ®¯¥à â®à (1) áãé¥áâ¢¥­­®
á ¬®á®¯àï¦¥­ ¢ L2(Rn) ¨ ¨­â¥£à « �¨à¨å«¥, ®â¢¥ç îé¨© (1),

Dq[u, v] := lim
k→∞

∫

k

(
1− P

Nk

)γ

(∇u · ∇v + quv)dx, (9)

áãé¥áâ¢ã¥â ¯à¨ ¢á¥å u, v ∈ D(Lmax) ¢ á¬ëá«¥ áã¬¬¨à®¢ ­¨ï á ï¤à®¬

ψk(x) =
[
(1− P (x)

/
Nk)+

]γ
, γ ≥ 1,

¯à¨ç¥¬
Dq[u, v] = (Lmaxu, v). (10)

�®íâ®¬ã §­ ç¥­¨¥ Dq[u, v] (9) ­¥ § ¢¨á¨â ®â γ ≥ 1 ¨ ®â ¢ë¡®à  äã­ªæ¨¨ P
¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ Nk, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ â¥®à¥¬ë.

� ¬¥ç ­¨¥ 2. �ã¬¬¨àãîé¥¥ ï¤à® ¢ (9) ­¥ ¬®¦¥â ¡ëâì ®¯ãé¥­® ¢ ®¡é¥¬ á«ã-
ç ¥. �â® ¢¨¤­® ¨§ ¯à¨¬¥à , ¯®áâà®¥­­®£® ¢ [10] ¤«ï ®¤­®¬¥à­®£® á«ãç ï.

�¥¬¬  1. �ãáâì Q ⊂ Rn { ®âªàëâ ï ®¡« áâì ¨ q ∈ L2
loc(
) { ¢¥é¥áâ¢¥­-

­®§­ ç­ ï äã­ªæ¨ï. �®£¤ 

−
∫



v�udx =

∫



∇u · ∇vdx

¤«ï ¢á¥å ¯ à u, v ∈ H1
loc(
), â ª¨å, çâ®

√
|q|(|u|+ |v|) ∈ L2

loc(
), lu ∈ L2
loc(
),

¥á«¨ u ¨«¨ v ¨¬¥¥â ª®¬¯ ªâ­ë© ­®á¨â¥«ì ¢ 
. (�¤¥áì ¤¨ää¥à¥­æ¨ «ì­®¥
¢ëà ¦¥­¨¥

l := −�+ q,

H1
loc { «®ª «ì­®¥ ¯à®áâà ­áâ¢® �®¡®«¥¢ ).

�â  «¥¬¬  ¥áâì á«¥£ª  ¬®¤¨ä¨æ¨à®¢ ­­ë© ¢ à¨ ­â â¥®à¥¬ë 2 ¨§ [11] ¨ ¢ë-
â¥ª ¥â ¨§ â®£® § ¬¥ç ­¨ï, çâ® ¤«ï ¤®ª § â¥«ìáâ¢  ­ §¢ ­­®© â¥®à¥¬ë 2 ¤®áâ -
â®ç­®, çâ®¡ë ¢ë¯®«­ï«¨áì à¥§ã«ìâ âë,   ­¥ ãá«®¢¨ï â¥®à¥¬ë 1 ¨§ [11]. �â® {
®¡®¡é¥­¨¥ â¥®à¥¬ë � ãáá -�áâà®£à ¤áª®£®.
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�¥¬¬  2. �ãáâì q â ª®¢ , çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï (4) ¨ (5). �®£¤ , ¥á«¨
u ∈ D(Lmax), â®

u ∈ H1
loc(Rn), q+|u|2 ∈ L1

loc(Rn), q|u|2 ∈ L1
loc(Rn).

�®ª § â¥«ìáâ¢®. �à¨ ­¥ª®â®à®¬ f ∈ L2(Rn) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

−�u+ qu = f

¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨© ­ ¤ D(Rn). �áå®¤ï ¨§ íâ®£® à ¢¥­áâ¢  ¯¥à¢ë¥ ¤¢ 
¢ª«îç¥­¨ï á ¨á¯®«ì§®¢ ­¨¥¬ «¥¬¬ë 2 ¨§ [6] ¤®ª §ë¢ îâáï  ­ «®£¨ç­® è £ã
1 ¨§ [6, Step 1], á â®© «¨èì à §­¨æ¥©, çâ® â ¬ f = −u. �à¥âì¥ (¯®á«¥¤­¥¥)
¢ª«îç¥­¨¥ á«¥¤ã¥â ¨§ ¯¥à¢ëå ¤¢ãå, ¥á«¨ ¯®«®¦¨âì v = φu, £¤¥ φ ∈ C∞

0 (Rn),
suppφ ⊂ {x; η(x) = 1}, φ(x0) = 1 ¨ ãç¥áâì, ¯à¨¬¥­¨â¥«ì­® ª v, ãá«®¢¨¥ (4) ¨
¯à®¨§¢®«ì­®áâì x0 ∈ Rn. (�à. á «¥¬¬®© 1 ¨§ [6]).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �¡®§­ ç¨¬ ¯à¨ N > 0 áà¥§ªã ¢¥é¥áâ¢¥­­®§­ ç-
­®©
äã­ªæ¨¨

v[N ](x) =

{
v(x), |v(x)| ≤ N,

N sign v(x), |v(x)| > N,

¨ ¯®«®¦¨¬ ¯à¨ «î¡®¬ u ∈ D(Lmax)

u[N ] := (Reu)[N ] + i(Imu)[N ]

¨
u
[N ]
δ := (u[N ])δ ∈ C∞(Rn),

£¤¥ fδ(x) ¥áâì ãáà¥¤­¥­¨¥ äã­ªæ¨¨ f ¯ãâ¥¬ á¢¥àâª¨ á ï¤à®¬ ¨§ C∞
0 (Rn), ¨¬¥-

îé¨¬ ­®á¨â¥«ì ¢ è à¥ á æ¥­âà®¬ x0 ¨ à ¤¨ãá®¬ δ. �¡®§­ ç¨¬ â ª¦¥

u
[N ]
R,δ := φRu

[N ]
δ ∈ C∞

0 (Rn),

£¤¥ φR ¨¬¥¥â á«¥¤ãîé¨¥ á¢®©áâ¢ : φR ∈ C∞
0 (Rn), φR(x) = 0, (|x| ≥ R);

0 ≤ φR ≤ Q−1/2 ≤ 1, |∇φR| ≤ K2 = K2(K1); φR(x) → Q−1/2(x) «®ª «ì­®
à ¢­®¬¥à­® ¯® x ¯à¨ R→ ∞. � ª ï φR ¯®áâà®¥­  ¢ [12].

� á¨«ã (3) ¨ ®¡ëç­®© â¥®à¥¬ë � ãáá -�áâà®£à ¤áª®£® ¨¬¥¥¬:

||∇u[N ]
R,δ||

2 = −(�u[N ]
R,δ, u

[N ]
r,δ ) = ε−1

(
(LεK +KQ)u[N ]

R,δ, u
[N ]
R,δ

)
≤

≤ ε−1(Lu
[N ]
R,δ, u

[N ]
R,δ) + ε−1K||u||2, (11)

||∇u[N ]
R,δ||

2 ≥ ||φR∇u[N ]
δ ||2 − 2||u[N ]

δ ∇φR|| · ||φR∇u[N ]
δ || ≥

≥ (1− α2)||φR∇u[N ]
δ ||2 − α−2K2

2 ||u
[N ]
δ ||2, (α > 0). (12)

�®

u
[N ]
R,δLu

[N ]
R,δ = φ2Ru

[N ]
δ lu

[N ]
δ +|u[N ]

δ ∇φR|2+2i Im(u[N ]
δ ∇φR·φR∇u[N ]

δ )−∇(|u[N ]
δ |2φR∇φR),

®âªã¤ , ¢ á¨«ã ®¡ëç­®© â¥®à¥¬ë � ãáá -�áâà®£à ¤áª®£® ¨ á¢®©áâ¢ φR á«¥¤ã¥â(
Lu

[N ]
R,δ, u

[N ]
R,δ

)
≤ Re(φ2Rlu

[N ]
δ , u

[N ]
δ ) +K2

2∥u
[N ]
δ ∥2.
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�â® ¢¬¥áâ¥ á (11), (12) ¤ ¥â

Re(φ2Rlu
[N ]
δ , u

[N ]
δ ) ≥ ε1||φR∇u[N ]

δ ||2 − C1||u||2, (13)

£¤¥ ε1 = (1− α2)ε, C1 = K + (1 + εα−2)K2
2 . � ª ª ª, ¯® «¥¬¬¥ 2, u ∈ H1

loc(Rn),
â® ¬ë ¨¬¥¥¬

||φR∇u[N ]
δ ||2 →

δ→0
||φR∇u[N ]||2 →

N→∞
||φR∇u||2.

� ¤àã£®© áâ®à®­ë, á­®¢  ¨á¯®«ì§ãï ®¡ëç­ãî â¥®à¥¬ã � ãáá -�áâà®£à ¤áª®£®,
  § â¥¬ «¥¬¬ã 1 á v = φ2Ru, 
 = Rn, ãá«®¢¨ï ª®â®à®© ®¡¥á¯¥ç¥­ë «¥¬¬®© 2,
¨¬¥¥¬

(φ2Rlu
[N ]
δ , u

[N ]
δ ) =

∫
∇u[N ]

δ · ∇(φ2Ru
[N ]
δ )dx+ (φ2Rqu

[N ]
δ , u

[N ]
δ ) →

→
δ→0,N→∞

∫
∇u·∇(φ2Ru)dx+(φ2Rqu, u) = −

∫
φ2Ru�udx+(φ

2
Rqu, u) = (φ2Rlu, u),

¨ (13) ¤ ¥â
Re(φ2Rlu, u) ≥ ε1||φR∇u||2 − C1||u||2.

�âáî¤  ¯à¨ R→ ∞ ¬ë ¯®«ãç ¥¬ (6), ¨ â¥®à¥¬  1 ¤®ª § ­ .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®áâ â®ç­® ¤®ª § âì (9), (10) ¤«ï u, v ∈ D(Lmax),
®âªã¤  á«¥¤ã¥â

(lu, v) = Dq[u, v] = Dq[v, u] = (lv, u) = (u, lv),

â® ¥áâì á¨¬¬¥âà¨ç­®áâì ®¯¥à â®à  Lmax = (Lmin)
∗.

� á¨«ã «¥¬¬ë 2 ¨ áã¬¬¨àã¥¬®áâ¨ vlu ­  ®á¨, áãé¥áâ¢ã¥â ¨­â¥£à «

Ik :=

∫
ψk[∇u · ∇v + quv − vlu]dx =

∫
ψk[∇u · ∇v + v�u]dx,

£¤¥ ψk := [(1−P/Nk)+]
γ ¨ ¤®áâ â®ç­® ¤®ª § âì, çâ® Ik → 0 ¯à¨ k → ∞. � á¨«ã

«¥¬¬ë 1 á ψkv ¢¬¥áâ® v ¨ 
 = Rn, ¨¬¥¥¬∫
ψkv�udx = −

∫
∇u · ∇(ψkv)dx = −

∫
ψk∇u · ∇vdx−

∫
v∇u · ∇ψkdx

¨ ¯®â®¬ã

lk = −
∫
v∇u · ∇ψkdx = γN−1

k

∫

k

(1− P/Nk)
γ−1v∇u · ∇Pdx.

�ç¨âë¢ ï (8) ¨ (7), ¯à¨¬¥­¨¬ §¤¥áì ­¥à ¢¥­áâ¢® �ã­ïª®¢áª®£®-�¢ àæ . �â®
¤ ¥â

|Ik|2 ≤ const · ||v||2
{
N2

mN
−2
k

∫

m

Q−1|∇u|2dx+
∫
Rn\
m

Q−1|∇u|2dx

}
→ 0

¯à¨ Nk ≥ N2
m → ∞. �¥®à¥¬  2 ¤®ª § ­ .
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�«¥¤áâ¢¨¥ 2. �ãáâì Q(x) = Q(|x|), x ∈ Rn, ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë
1. �®£¤  ¯à¨ ∫ ∞

Q−1/2(r)dr = ∞ (14)

â¥®à¥¬  2 á¯à ¢¥¤«¨¢  á

P (x) =

∫ |x|

0

Q−1/2(r)dr, (x ∈ Rn).

(�«ãç © ­¥ã¡ë¢ îé¥© Q(r) á¢®¤¨âáï ª à áá¬®âà¥­­®¬ã, ª ª ¯®ª § ­® ¢ [1].)

�«¥¤áâ¢¨¥ 3. �ãáâì Q ¨ P â ª¨¥, ª ª ¢ â¥®à¥¬¥ 2. � ¯ãáâì ¢¥é¥áâ¢¥­-
­®§­ ç­ë¥ ¨§¬¥à¨¬ë¥ äã­ªæ¨¨ q1 ¨ q2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬:
1) q1 ≥ −KQ ¯à¨ ­¥ª®â®à®¬ K ≥ 0, q1 ∈ L2

loc(Rn), ¨
2) q2 ∈ Lp(Rn) á p ≥ 2 ¯à¨ n ≤ 3, p > 2 ¯à¨ n = 4, p ≥ n/2 ¯à¨ n ≥ 5. �®£¤ 

−�+ q1 + q2 áãé¥áâ¢¥­­® á ¬®á®¯àï¦¥­ ­  C∞
0 (Rn). (� ç áâ­®áâ¨, ¥á«¨

Q(x) = |x|2 + 1, ¬ë ¯®«ãç ¥¬ ¯¥à¢®¥ á«¥¤áâ¢¨¥ â¥®à¥¬ë � à¨-� ¢¨­  ¨§
[8, áâà.223]).

�®ª § â¥«ìáâ¢®. �à¨ «î¡®¬ a > 0 ­ ©¤¥âáï â ª®¥ C = C(a) > 0, çâ® −a�+
q2 ≥ −C ­  C∞

0 (Rn) (á¬. â¥®à¥¬ë X.20, X.21 ¨ á«¥¤áâ¢¨¥, X.18 ¨ ¤®ª § â¥«ìáâ¢®
â¥®à¥¬ë X.15 ¨§ [8]). �á«¨ ε = 1− a > 0, ¨¬¥¥¬ â ª¦¥

−�+ q1 + q2 ≥ −ε�−KQ− C ≥ −ε�− (K + C)Q.

� á¨«ã â¥®à¥¬ë 2, −�+ q1 + q2 áãé¥áâ¢¥­­® á ¬®á®¯àï¦¥­.

�à ¢­¨¬ â¥¯¥àì â¥®à¥¬ã 2 ­¥¯®áà¥¤áâ¢¥­­® á â¥®à¥¬®© � à¨-� ¢¨­  [3, â¥®-
à¥¬  X.38]. �ãáâì q = V +W , £¤¥ V,W ∈ L2

loc(Rn), ¨ ¯ãáâì q ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ (4), (5). �á«¨, ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨ï¬¨ â¥®à¥¬ë � à¨-� ¢¨­ ,
V ≥ −cx2 − d ¨ −a�+W ≥ −C ¯à¨ ­¥ª®â®à®¬ a < 1, â®

−�+ q = (−a�+W )− (1− a)� + V ≥ −ε�− c|x|2 − (C + d)

­  D = C∞
0 (Rn). �®íâ®¬ã, ¢ á¨«ã ­ è¥£® á«¥¤áâ¢¨ï 2, ®¯¥à â®à −�+ q áãé¥-

áâ¢¥­­® á ¬®á®¯àï¦¥­ ­  C∞
0 (Rn) ¡¥§ ¤®¯®«­¨â¥«ì­®£® âà¥¡®¢ ­¨ï áãé¥áâ¢¥­-

­®© á ¬®á®¯àï¦¥­­®áâ¨ ­  D ®¯¥à â®à  −�+V +W+2cx2, ª®â®à®¥ á®¤¥à¦¨âáï
¢ ãá«®¢¨ïå â¥®à¥¬ë � à¨-� ¢¨­ . (�®á«¥¤­¥¥, ¢¯à®ç¥¬, ã¤®¢«¥â¢®à¥­® §¤¥áì
â®¦¥ ¢ á¨«ã á«¥¤áâ¢¨ï 2.)

�â¬¥â¨¬, çâ® ¥á«¨ V ¨ W ­¥¯à¥àë¢­ë, â® ãá«®¢¨ï (4) ¨ (5) ¢ë¯®«­ïîâáï
 ¢â®¬ â¨ç¥áª¨, ¨ ¢ íâ®¬ á«ãç ¥ ­ è  â¥®à¥¬  2 á¢®¤¨âáï ª â¥®à¥¬¥ 3 ¨§ [12]
¨ á«¥¤áâ¢¨¥ 2 ¯à¥¢à é ¥âáï ¢ â¥®à¥¬ã 1 ¨§ [1]. (�á«®¢¨ï (4) ¨ (5) ¢ë¯®«­¥­ë
â ª¦¥, ¥á«¨ q− ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2) á«¥¤áâ¢¨ï 3. �¬., ­ ¯à¨¬¥à, â¥®à¥¬ã
X.29 ¨§ [8].) � á«ãç ¥ «®ª «ì­® ®£à ­¨ç¥­­®£® ª®¬¯«¥ªá­®§­ ç­®£® ¯®â¥­æ¨ « 
 ­ «®£ â¥®à¥¬ë 1 á®¤¥à¦¨âáï ¢ [9, â¥®à¥¬  1].

� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ­ è  â¥®à¥¬  2 ¬®¦¥â
¤ ¢ âì à¥§ã«ìâ â ¢ á«ãç ¥, ª®£¤  â¥®à¥¬  � à¨-� ¢¨­  ­¥¯à¨¬¥­¨¬ .

�à¨¬¥à. �ãáâì q(x) = −Q(|x|), £¤¥

Q−1/2(r) =


1, ¯à¨ 4m− 1 ≤ r ≤ 4m,m = 0, 1, 2, . . .

r−10, ¯à¨ 4m+ 1 ≤ r ≤ 4m+ 2,

«¨­¥©­ , ¯à¨ ®áâ «ì­ëå §­ ç¥­¨ïå r ≥ 0.
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�®£¤  q(x) ­¥¯à¥àë¢­  ¨ (14) ã¤®¢«¥â¢®à¥­®. �® á«¥¤áâ¢¨î 2, −� + q áãé¥-
áâ¢¥­­® á ¬®á®¯àï¦¥­ ­  C∞

0 (Rn), ®¤­ ª® ãá«®¢¨ï â¥®à¥¬ë � à¨-� ¢¨­  ­¥
¢ë¯®«­¥­ë. �¥®à¥¬  2 ¯®§¢®«ï¥â ãáâ ­ ¢«¨¢ âì áãé¥áâ¢¥­­ãî á ¬®á®¯àï¦¥­-
­®áâì ®¯¥à â®à  L â ª¦¥ ¢ á«ãç ¥, ª®£¤  q ¯®¤ç¨­¥­ á®®â¢¥âáâ¢ãîé¨¬ ®£à -
­¨ç¥­¨ï¬ «¨èì ­  ¯®á«¥¤®¢ â¥«ì­®áâ¨ § ¬ª­ãâëå â¥«¥á­ëå á«®¥¢ (�à. [12,
â¥®à¥¬  2]).
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