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Some ergodic properties of amenable groups are investigated by means of Non-
standard Analysis. The Loeb measure space is constructed on a hyper�nite Foelner
set of a nonstandard extension of an amenable group. In this Loeb space there exists
a subset of the measure one, on which a free invariant action of the initial group can
be de�ned. Two applications of this construction are mentioned. One of them deals
with an approximation of amenable groups by �nite groups. The other is an extension
of Fursteberg's ergodic proof of Szemeredy theorem to the amenable groups.

�¢¥¤¥­¨¥

�­ ç¨â¥«ì­ ï ç áâì ¯à¨«®¦¥­¨© ­¥áâ ­¤ àâ­®£®  ­ «¨§  ¢ â¥®à¨¨ ¬¥àë ¨
áâ®å áâ¨ç¥áª®¬  ­ «¨§¥ á¢ï§ ­  á ª®­áâàãªæ¨¥© ¯à®áâà ­áâ¢ �¥¡  [1], ª®â®àë¥
áâà®ïâáï ¨§ £¨¯¥àª®­¥ç­ëå ¢¥à®ïâ­®áâ­ëå ¯à®áâà ­áâ¢. �¢«ïïáì ¡¥áª®­¥ç­ë-
¬¨ ¨ ¤ ¦¥ ­¥ á¥¯ à ¡¥«ì­ë¬¨, íâ¨ ¯à®áâà ­áâ¢  ¤®áâ â®ç­® ¡®£ âë ¤«ï à¥ -
«¨§ æ¨¨ ¬­®£¨å ¨§¢¥áâ­ëå á«ãç ©­ëå ¯à®æ¥áá®¢, ­ ¯à¨¬¥à, ¡à®ã­®¢áª®£® ¤¢¨-
¦¥­¨ï. � ¤àã£®© áâ®à®­ë, ¢ á¨«ã ¯à¨­æ¨¯  ¯¥à¥­®á  ­¥áâ ­¤ àâ­®£®  ­ «¨§ ,
®­¨ ®¡« ¤ îâ ¬­®£¨¬¨ á¢®©áâ¢ ¬¨ ª®­¥ç­ëå ¢¥à®ïâ­®áâ­ëå ¯à®áâà ­áâ¢. �â®
®¡áâ®ïâ¥«ìáâ¢® ¯®§¢®«ï¥â ¡®«¥¥ ­¥¯®áà¥¤áâ¢¥­­® ¯à¨¬¥­ïâì ¨­âã¨æ¨î í«¥¬¥­-
â à­®© â¥®à¨¨ ¢¥à®ïâ­®áâ¥© ¯à¨ ¨§ãç¥­¨¨ á«ãç ©­ëå ¯à®æ¥áá®¢, çâ® ¨ ®¡ã-
á« ¢«¨¢ ¥â ãá¯¥å ¯à¨¬¥­¥­¨ï ¯à®áâà ­áâ¢ �¥¡ .

� ­ áâ®ïé¥© § ¬¥âª¥ ¯à¨¢®¤¨âáï ®¤­® ¯à¨«®¦¥­¨¥ ¯à®áâà ­áâ¢ �¥¡  ¢ â¥®-
à¨¨  ¬¥­ ¡¥«ì­ëå £àã¯¯. �¬¥­ ¡¥«ì­ë¥ £àã¯¯ë { íâ® £àã¯¯ë, ª®â®àë¥ ¨¬¥îâ
­¥âà¨¢¨ «ì­ãî ª®­¥ç­®- ¤¤¨â¨¢­ãî ¨­¢ à¨ ­â­ãî ¬¥àã ­  ¬­®¦¥áâ¢¥ ¢á¥å
á¢®¨å ¯®¤¬­®¦¥áâ¢. �­¨ ¡ë«¨ ¢¢¥¤¥­ë ä®­ �¥©¬ ­®¬ ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¯à¨-
ç¨­ ¨§¢¥áâ­®£® ¯ à ¤®ªá  � ­ å -� àáª®£® ¨ ¯® ­ áâ®ïé¥¥ ¢à¥¬ï ¯à¨¢«¥ª îâ
¢­¨¬ ­¨¥ ¬­®£¨å ¨áá«¥¤®¢ â¥«¥©, ¡« £®¤ àï ¬­®£®ç¨á«¥­­ë¬ ¯à¨«®¦¥­¨ï¬ ¢
£ à¬®­¨ç¥áª®¬  ­ «¨§¥ ¨ íà£®¤¨ç¥áª®© â¥®à¨¨, ª®â®àë¥, ¬®¦­® ­ ©â¨, ­ ¯à¨-
¬¥à, ¢ ª­¨£¥ [2] ¨ ¤®¯®«­¥­¨¨ ª ­¥© [3]. � [3], ¢ ç áâ­®áâ¨, ¢ëáª § ­® á®®¡-
à ¦¥­¨¥, ® â®¬, çâ® ®á­®¢­®¥ á¢®©áâ¢®  ¬¥­ ¡¥«ì­ëå £àã¯¯, ®¡ãá« ¢«¨¢ îé¥¥
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íâ¨ ¯à¨«®¦¥­¨ï, á®áâ®¨â ¢ ¨å  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ £àã¯¯ ¬¨. �â®
á®®¡à ¦¥­¨¥ ®á­®¢ ­® ­  á«¥¤ãîé¥¬ ¢ ¦­®¬ ªà¨â¥à¨¨  ¬¥­ ¡¥«ì­®áâ¨.

�à¨â¥à¨© �¥«­¥à . �ç¥â­ ï £àã¯¯  G  ¬¥­ ¡¥«ì­  â®£¤  ¨ â®«ìª® â®-
£¤ , ª®£¤  áãé¥áâ¢ã¥â ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì U = {Un|n ∈ N}
ª®­¥ç­ëå ¯®¤¬­®¦¥áâ¢ G, ¨áç¥à¯ë¢ îé ï G ¨ ã¤®¢«¥â¢®àïîé ï á«¥¤ãîé¥-
¬ã ãá«®¢¨î:

lim
n→∞

|Un�gUn|
|Un|

= 0 ∀g ∈ G. (1)

�âáî¤  ¢¨¤­®, çâ® ¯à¨ ¡®«ìè¨å n ª ¦¤ë© í«¥¬¥­â G ¯®çâ¨ á®¢¯ ¤ ¥â á
­¥ª®â®à®© ¯¥à¥áâ ­®¢ª®© ¬­®¦¥áâ¢  Un, â.¥. ¯à ¢¤®¯®¤®¡­® ¯à¥¤¯®«®¦¨âì,
çâ® G  ¯¯à®ªá¨¬¨àã¥âáï £àã¯¯ ¬¨ ¯®¤áâ ­®¢®ª á¢®¨å ä¥«­¥à®¢áª¨å ¬­®¦¥áâ¢.

�¤­®© ¨§ ¯¥à¢ëå ¯®¯ëâ®ª ãâ®ç­¨âì ¯®­ïâ¨¥  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ¡ë«® ¢¢¥-
¤¥­­®¥ �.�. �¥àè¨ª®¬ [4] ¯®­ïâ¨¥ ¨­¢ à¨ ­â­®£® ¤¥©áâ¢¨ï á® á¢®¡®¤­®© ¯¥-
à¨®¤¨ç¥áª®©  ¯¯à®ªá¨¬ æ¨¥© ¢ ­¥ª®â®à®¬ ¯à®áâà ­áâ¢¥ á ¬¥à®©. �¤­ ª® ¢
¤ «ì­¥©è¥¬ �.�. �â¥¯¨­ [5] ¯®ª § «, çâ® ­¥ ¢á¥  ¬¥­ ¡¥«ì­ë¥ £àã¯¯ë ¨¬¥îâ
â ª®¥ ¤¥©áâ¢¨¥. �¥¤ ¢­® �.�. �¥àè¨ª®¬ ¨  ¢â®à®¬ [6], ¡ë« ®¯¨á ­ ¢  «£¥¡-
à ¨ç¥áª¨å â¥à¬¨­ å ª« áá £àã¯¯, ¨¬¥îé¨å ª¢ §¨¨­¢ à¨ ­â­®¥ ¤¥©áâ¢¨¥ á®
á¢®¡®¤­®© ¯¥à¨®¤¨ç¥áª®©  ¯¯à®ªá¨¬ æ¨¥© ¢ ­¥ª®â®à®¬ ¯à®áâà ­áâ¢¥ á ¬¥à®©.
� §1 ¢á¥ íâ¨ ®¯à¥¤¥«¥­¨ï ¡ã¤ãâ áä®à¬ã«¨à®¢ ­ë ¢ â¥à¬¨­ å ­¥áâ ­¤ àâ­®£®
 ­ «¨§ .

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï ¯à®áâà ­áâ¢  �¥¡ , ¯®áâà®¥­­ë¥ ¯® ä¥«-
­¥à®¢áª¨¬ ¬­®¦¥áâ¢ ¬ UN , £¤¥ N { ¡¥áª®­¥ç­® ¡®«ìè®¥ ¢ á¬ëá«¥ ­¥áâ ­¤ àâ-
­®£®  ­ «¨§  ­ âãà «ì­®¥ ç¨á«®. � íâ®¬ ¯à®áâà ­áâ¢¥ ¢ë¤¥«ï¥âáï ¬­®¦¥-
áâ¢® ¯®«­®© ¬¥àë, ­  ª®â®à®¬ ®¯à¥¤¥«ï¥âáï á¢®¡®¤­®¥ ¨­¢ à¨ ­â­®¥ ¤¥©áâ¢¨¥
£àã¯¯ë G. �à¨ íâ®¬ ­  ¢á¥¬ ¯à®áâà ­áâ¢¥ �¥¡  ¤¥©áâ¢ã¥â ­¥ª®â®à ï £àã¯¯ ,
 ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯ ¬¨ ¯®¤áâ ­®¢®ª ä¥«­¥à®¢áª¨å ¬­®¦¥áâ¢ ¢ á¬ëá«¥
ã¯®¬¨­ ¢è¥£®áï ¢ëè¥ ®¯à¥¤¥«¥­¨ï ¨§ [6]. �¥¬ á ¬ë¬ ¬®¦­® áª § âì, çâ®  ¬¥-
­ ¡¥«ì­ ï £àã¯¯  ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥âáï £àã¯¯ ¬¨ ¯®¤áâ ­®¢®ª á¢®¨å ä¥«-
­¥à®¢áª¨å ¬­®¦¥áâ¢.

�à¥¤áâ ¢«ï¥âáï, çâ® ­¥¯®áà¥¤áâ¢¥­­ ï ¢§ ¨¬®á¢ï§ì ¤ ­­®£® ¯à®áâà ­áâ¢ 
á ¬¥à®© á ¯®á«¥¤®¢ â¥«ì­®áâìî ä¥«­¥à®¢áª¨å ¬­®¦¥áâ¢ ¬®¦¥â ­ ©â¨ à §­®-
®¡à §­ë¥ ¯à¨¬¥­¥­¨ï ¯à¨ ¨áá«¥¤®¢ ­¨¨ íà£®¤¨ç¥áª¨å á¢®©áâ¢  ¬¥­ ¡¥«ì­ëå
£àã¯¯. �«ï ¨««îáâà æ¨¨ ¢®§¬®¦­®áâ¨ â ª¨å ¯à¨¬¥­¥­¨© ¢ §2 à áá¬®âà¥­®
à á¯à®áâà ­¥­¨¥ ¨§¢¥áâ­®© ª®­áâàãªæ¨¨ �îàáâ¥­¡¥à£  [7], ¯à¨¬¥­¥­­®© ¨¬
¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë �¥¬¥à¥¤¨ ®¡  à¨ä¬¥â¨ç¥áª¨å ¯à®£à¥áá¨ïå ¬¥â®-
¤ ¬¨ íà£®¤¨ç¥áª®© â¥®à¨¨, ­  á«ãç ©  ¬¥­ ¡¥«ì­ëå £àã¯¯. � ¯®¬­¨¬, çâ®
¢ íâ®¬ ¤®ª § â¥«ìáâ¢¥ ¯® «î¡®¬ã ¯®¤¬­®¦¥áâ¢ã N ¯®«®¦¨â¥«ì­®© ¯«®â­®áâ¨
áâà®¨âáï ­¥ª®â®à®¥ ¯à®áâà ­áâ¢® á ¬¥à®©,   á¤¢¨£ã ¢ N á®¯®áâ ¢«ï¥âáï ­¥ª®â®-
à®¥ á®åà ­ïîè¥¥ ¬¥àã ¯à¥®¡à §®¢ ­¨¥ ¢ íâ®¬ ¯à®áâà ­áâ¢¥, ¯®á«¥ ç¥£® â¥®à¥¬ 
�¥¬¥à¥¤¨ ¢ëâ¥ª ¥â ¨§ ®¤­®£® (â ª¦¥ ¯à¨­ ¤«¥¦ é¥£® �îàáâ¥­¡¥à£ã) ãâ®ç­¥-
­¨ï ª« áá¨ç¥áª®© â¥®à¥¬ë �ã ­ª à¥ ® ¢®§¢à é¥­¨¨. �«ï  ¬¥­ ¡¥«ì­®© £àã¯-
¯ë G ¥áâ¥áâ¢¥­­® ®¯à¥¤¥«ï¥âáï ¯«®â­®áâì ¥¥ ¯®¤¬­®¦¥áâ¢ ®â­®á¨â¥«ì­® ä¥«-
­¥à®¢áª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨. �à¨ íâ®¬ ®ª §ë¢ ¥âáï, çâ® ®¯¨á ­­®¥ ¢ëè¥
¯à®áâà ­áâ¢® �¥¡  ®¡« ¤ ¥â á¢®©áâ¢ ¬¨,  ­ «®£¨ç­ë¬¨ á¢®©áâ¢ ¬ ¯à®áâà ­-
áâ¢  �îàáâ¥­¡¥à£ , çâ® ¯®§¢®«ï¥â, ¢ ç áâ­®áâ¨, ¤®ª § âì ¨ ­¥ª®â®àë© ¢ à¨ ­â
â¥®à¥¬ë �¥¬¥à¥¤¨ ¤«ï  ¬¥­ ¡¥«ì­ëå £àã¯¯.

�á­®¢­ë¥ ¯®­ïâ¨ï ¨ ä ªâë ­¥áâ ­¤ àâ­®£®  ­ «¨§ , ª®â®àë¥ ¨á¯®«ì§ãîâáï
¢ áâ âì¥, ¬®¦­® ­ ©â¨ ¢ âà¥å ¯¥à¢ëå £« ¢ å ª­¨£¨ [1].

�§«®¦¥­­ë¥ à¥§ã«ìâ âë ¤®ª« ¤ë¢ «¨áì ­  á¥¬¨­ à¥ ¢ ã­¨¢¥àá¨â¥â¥ £. �®-
åã¬ , �¥à¬ ­¨ï (àãª®¢®¤¨â¥«ì ¯à®ä¥áá®à �. �«ì¡¥¢¥à¨®) ¨ ­  á¥¬¨­ à¥ ¢ ã­¨-
¢¥àá¨â¥â¥ £. �î¡¨­£¥­ , �¥à¬ ­¨ï (àãª®¢®¤¨â¥«ì ¯à®ä¥áá®à �. �®«ìä). �¢â®à
¡« £®¤ à¥­ ¢á¥¬ ãç áâ­¨ª ¬ íâ¨å á¥¬¨­ à®¢ §  ¯®«¥§­®¥ ®¡áã¦¤¥­¨¥. �¢â®à
¯à¨§­ â¥«¥­ â ª¦¥ ¯à®ä¥áá®àã �. �¥à£¥«ìá®­ã (�®« ¬¡ á, ���), ¯®§­ ª®-
¬¨¢è¥£® ¥£® á à¥§ã«ìâ â ¬¨ �îàáâ¥­¡¥à£ , ®â­®áïé¨¬¨áï ª â¥®à¥¬¥ �¥¬¥à¥¤¨.
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§1. �¥©áâ¢¨¥  ¬¥­ ¡¥«ì­®© £àã¯¯ë ¢ ¯à®áâà ­áâ¢¥ �¥¡ -�¥«­¥à 

�ãáâì G { áç¥â­ ï  ¬¥­ ¡¥«ì­ ï £àã¯¯ , U = {Un|n ∈ N} { ä¥«­¥à®¢áª ï ¯®-
á«¥¤®¢ â¥«ì­®áâì ¯®¤¬­®¦¥áâ¢ G, â.¥. ¯®á«¥¤®¢ â¥«ì­®áâì, ã¤®¢«¥â¢®àïîé ï
(1).

� ä¨ªá¨àã¥¬ ª ª®¥-­¨¡ã¤ì ¡¥áª®­¥ç­® ¡®«ìè®¥ � ¨ à áá¬®âà¨¬ ¯à®áâà ­-
áâ¢® �¥¡  (U�, S, νL), â.¥. S { σ- «£¥¡à  ¢­ãâà¥­­¨å ¯®¤¬­®¦¥áâ¢ U�,   ¬¥à 
νL ¯®à®¦¤¥­  ¢­ãâà¥­­¥© à ¢­®¬¥à­®© ¬¥à®© ­  UL. � ª¨¬ ®¡à §®¬ ¤«ï ¢­ãâ-
à¥­­¥£® ¬­®¦¥áâ¢  V ⊂ UL

νL(V ) =
◦
( |V |
|UL|

)
. (2)

�§ (1) á«¥¤ã¥â, çâ® ∀stg ∈ G νL(gU� ∩ U�) = 1.
�®«®¦¨¬ X = ∩g∈GU

(g), �á«¨ â¥¯¥àì B = {C ∩ X|C ∈ S},   µ = νL|B,
â® (X,B, µ) { ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢®. �â® ¯à®áâà ­áâ¢® ¡ã¤¥¬ ­ §ë¢ âì
¯à®áâà ­áâ¢®¬ �¥¡ -�¥«­¥à   ¬¥­ ¡¥«ì­®© £àã¯¯ë G.

�¥®à¥¬  1. �ãé¥áâ¢ãîâ ¨­¢ à¨ ­â­®¥ ¤¥©áâ¢¨¥ T £àã¯¯ë G ­  X ¨ £®¬®-
¬®àä¨§¬ ¡ã«¥¢ëå  «£¥¡à φ : P(G) → B, ã¤®¢«¥â¢®àïîè¨¥ ãá«®¢¨î:

∀B ⊂ G φ(gB) = Tg(φ(B)). (3)

� ¬¥ç ­¨¥. �â £®¬®¬®àä¨§¬  φ âà¥¡ã¥âáï â®«ìª®, çâ®¡ë ®­ á®åà ­ï« ª®­¥ç-
­ë¥ ¡ã«¥¢ë ®¯¥à æ¨¨, ­® ­¥ ®¡ï§ â¥«ì­® { áç¥â­ë¥.

�®ª § â¥«ìáâ¢®. �á«®¢¨¥ ä¥«­¥à®¢®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ U ®§­ ç ¥â, çâ®

∀
 ∈ ∗N\N ∀stg ∈ G
|gU
�U
|

|U
|
≈ 0. (4)

�à¥¦¤¥ ¢á¥£® ®¯à¥¤¥«¨¬ ¤¥©áâ¢¨¥ T £àã¯¯ë G (§ ¬¥âìâ¥, çâ® ¨¬¥­­® G,   ­¥
∗G!) ­  X. �§ ®¯à¥¤¥«¥­¨ï X ¢¨¤­®, çâ® ∀x ∈ X ∀stg ∈ G g ·x ∈ X, â.¥. ¬®¦­®
¯®«®¦¨âì Tg(x) = g · x. �®ª ¦¥¬, çâ® íâ® ¤¥©áâ¢¨¥ ¨­¢ à¨ ­â­®. �®áâ â®ç­®
¯®ª § âì íâ® ¤«ï ¬­®¦¥áâ¢ ¢¨¤  C ∩X, £¤¥ C { ¢­ãâà¥­­¥¥ ¯®¤¬­®¦¥áâ¢® U�.
�¬¥¥¬

µ(C ∩X) = νL(C ∩X) = νL(C),

µ(g(C ∩X)) = µ(gC ∩ gX) = µ(gC ∩X) = µ(gC ∩ U� ∩X) = νL(gC ∩ U�)

�ç¥¢¨¤­®, çâ® |C| = |gC| = |gC ∩ gU�|, á«¥¤®¢ â¥«ì­®∣∣ |C| − |gC ∩ U�|
∣∣ = ∣∣ |gC ∩ gU�| − |gC ∩ U�|

∣∣ ≤ |U��gU�|.

�®¤¥«¨¢ ®¡¥ ç áâ¨ íâ®£® ­¥à ¢¥­áâ¢  ­  |U�| ¨ ¢®á¯®«ì§®¢ ¢è¨áì (4), ¯®«ãç¨¬,
çâ®

|C|
|U�|

≈ |gC ∩ U�|
|U�|

.

�¥à¥©¤ï ª áâ ­¤ àâ­ë¬ ç áâï¬, ¢¨¤¨¬ ¢ á¨«ã (2), çâ® µ(C ∩X) = µ(g(C ∩X)),
  íâ® ¤®ª §ë¢ ¥â ¨­¢ à¨ ­â­®áâì ¤¥©áâ¢¨ï T .

�¯à¥¤¥«¨¬ â¥¯¥àì £®¬®¬®àä¨§¬ ¡ã«¥¢ëå  «£¥¡à φ : P(G) → B, ¯®«®¦¨¢
¤«ï «î¡®£® áâ ­¤ àâ­®£® B ⊂ G φ(B) = ∗B ∩ X. �à¥¦¤¥ ¢á¥£® ∗B ∩ X =
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∗B ∩ U� ∩X ∈ B, â.ª. ∗B ∩ U� { ¢­ãâà¥­­¥¥ £¨¯¥àª®­¥ç­®¥ ¯®¤¬­®¦¥áâ¢® U�.
� «¥¥, ¥á«¨ g ∈ G, â®

φ(gB) = ∗(gB) ∩X = g · ∗B ∩X = g · ∗B ∩ g ·X = g · (∗B ∩X) = Tg(B),

çâ® ¨ ¤®ª §ë¢ ¥â (3).

�ç¥¢¨¤­® â ª¦¥, çâ® ®¯¨á ­­®¥ ¢ ¤®ª § â¥«ìáâ¢¥ ¤¥©áâ¢¨¥ T á¢®¡®¤­®.
� áâ âì¥ [6] ¨§ãç¥­ ª« áá £àã¯¯, ª®â®àë¥ â ¬ ­ §¢ ­ë ��� £àã¯¯ ¬¨, â.¥.

£àã¯¯ ¬¨, «®ª «ì­® ¢«®¦¨¬ë¬¨ ¢ ª« áá ª®­¥ç­ëå £àã¯¯. �¯à¥¤¥«¥­¨¥ «®-
ª «ì­®© ¢«®¦¨¬®áâ¨ ¢§ïâ® ¯® áãé¥áâ¢ã ¨§ ª­¨£¨ � «ìæ¥¢  [8], £¤¥ ¯®ª § -
­®, çâ® ®­® à ¢­®á¨«ì­® ¢«®¦¨¬®áâ¨ £àã¯¯ë ¢ ã«ìâà ¯à®¨§¢¥¤¥­¨¥ ª®­¥ç­ëå
£àã¯¯. �  ï§ëª¥ ­¥áâ ­¤ àâ­®£®  ­ «¨§  íâ® ®§­ ç ¥â, çâ® £àã¯¯  G ï¢«ï¥âáï
��� £àã¯¯®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â £¨¯¥àª®­¥ç­ ï £àã¯¯ 
K ¨ ¢­¥è­¨© ¨­ê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬ j : G→ K.

� [5,6] ãáâ ­®¢«¥­®, çâ® ­¥ ¢áïª ï  ¬¥­ ¡¥«ì­ ï £àã¯¯  ï¢«ï¥âáï ��� £àã¯-
¯®©, å®âï ¨¬¥îé¨©áï ¯à¨¬¥à çà¥§¢ëç ©­® á«®¦¥­ (íâ® ¨§¢¥áâ­ë© ¯à¨¬¥à à §-
à¥è¨¬®© ª®­¥ç­® ¯à¥¤áâ ¢«¥­­®© £àã¯¯ë á ­¥à §à¥è¨¬®© ¯à®¡«¥¬®© â®¦¤¥-
áâ¢  á«®¢ [9]). �ë ¯®ª ¦¥¬ á¥©ç á, çâ® ¢ á¬ëá«¥ ®¯¨á ­­®£® ¢ â¥®à¥¬¥ 1
¤¥©áâ¢¨ï  ¬¥­ ¡¥«ì­ ï £àã¯¯  ¯®çâ¨ á®¢¯ ¤ ¥â á ­¥ª®â®à®© ��� £àã¯¯®©.

�à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¢­ãâà¥­­ïï £àã¯¯  S� ¯®¤áâ ­®¢®ª ¬­®¦¥áâ¢ 
U� ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¨­¢ à¨ ­â­® ¤¥©áâ¢ã¥â ­  ¯à®áâà ­áâ¢¥ �¥¡  (U�, S,νL).

�¥®à¥¬  2. �ãé¥áâ¢ã¥â â ª®¥ ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ j : G → S�, çâ®
¤«ï «î¡®£® x ∈ X, £¤¥ X { ¯à®áâà ­áâ¢® �¥¡ -�¥«­¥à  (­ ¯®¬­¨¬, çâ®
νL(X) = 1) ¨ ¤«ï «î¡ëå g1, g2 ∈ G j(g1 · g2)(x) = j(g1)j(g2)(x). �à¨ íâ®¬
X ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï j(G) ­  U� ¨ ®£à ­¨ç¥­¨¥ íâ®£® ¤¥©-
áâ¢¨ï ­  X á®¢¯ ¤ ¥â á ¤¥©áâ¢¨¥¬ T £àã¯¯ë G ­  X, ®¯¨á ­­ë¬ ¢ â¥®à¥¬¥
1.

�®ª § â¥«ìáâ¢®. � ¦¤®¬ã g ∈ G ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¢­ãâà¥­­îî ¡¨¥ª-
æ¨î πg : U� → U� á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨ x ∈ U�∩g−1U�, â® gx ∈ U�∩gU�.
� íâ®¬ á«ãç ¥ ¯®«®¦¨¬ πg(x) = gx. �¥¯¥àì «¥£ª® ¢¨¤¥âì, çâ® |U�\g−1U�| =
|U�\gU�|. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ãî ¡¨¥ªæ¨î ψg : U�\g−1U� → U�\gU� ¨
¯®«®¦¨¬ πg(x) = ψg(x) ¤«ï x ∈ U�\g−1U�. �¥¬ á ¬ë¬ πg ®¯à¥¤¥«¥­® ¯®«-
­®áâìî. �®«®¦¨¢ j(g) = πg, ¯®«ãç¨¬, çâ® ∀x ∈ X j(g)(x) = πg(x), çâ® ¨
¤®ª §ë¢ ¥â â¥®à¥¬ã.

�«¥¤áâ¢¨¥. �ãé¥áâ¢ã¥â â ª ï ¢­¥è­ïï ¯®¤£àã¯¯  K ⊂ S� (â.¥. K { ���
£àã¯¯ ), çâ® ¬­®¦¥áâ¢® X ⊂ U� ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï K
­  U� ¨ £®¬®¬®àä­ë© ®¡à § £àã¯¯ë K ¯à¨ £®¬®¬®àä¨§¬¥ h → h|X, h ∈ K,
¨§®¬®àä¥­ G.

�®ª § â¥«ìáâ¢®. � ª ç¥áâ¢¥ £àã¯¯ë K á«¥¤ã¥â ¢§ïâì £àã¯¯ã, ¯®à®¦¤¥­­ãî
¬­®¦¥áâ¢®¬ {πg|g ∈ G}.

§2. �à¨­æ¨¯ á®®â¢¥âáâ¢¨ï �îàáâ¥­¡¥à£  ¤«ï  ¬¥­ ¡¥«ì­ëå £àã¯¯.

�«ï ¨««îáâà æ¨¨ ¢®§¬®¦­®áâ¥© ¯à¨«®¦¥­¨ï ¯à®áâà ­áâ¢ �¥¡ -�¥«­¥à 
à áá¬®âà¨¬ ®¤­® ®¡®¡é¥­¨¥ ¨§¢¥áâ­®© ª®­áâàãªæ¨¨ �îàáâ¥­¡¥à£  [7], ¯à¨¬¥-
­¥­­®© ¨¬ ¤«ï ¤®ª § â¥«ìáâ¢  ¬¥â®¤ ¬¨ íà£®¤¨ç¥áª®© â¥®à¨¨ â¥®à¥¬ë �¥¬¥-
à¥¤¨ ®¡  à¨ä¬¥â¨ç¥áª¨å ¯à®£à¥áá¨ïå. �áâ®à¨ï ¢®¯à®á  ¯®¤à®¡­® ¨§«®¦¥­  ¢
áâ âì¥ [10]. � ¯®¬­¨¬, çâ® ¯«®â­®áâìî ¬­®¦¥áâ¢  A ⊂ N ­ §ë¢ ¥âáï ç¨á«®

d(A) = lim sup
n→∞

|A ∩ {1, 2, . . . , n}|
n

.
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�¥®à¥¬  �¥¬¥à¥¤¨ ãâ¢¥à¦¤ ¥â, çâ® ¢ «î¡®¬ ¬­®¦¥áâ¢¥ A ⊂ N, ¯«®â­®áâì
ª®â®à®£® ¯®«®¦¨â¥«ì­ , á®¤¥à¦ âáï áª®«ì ã£®¤­® ¤«¨­­ë¥ ª®­¥ç­ë¥  à¨ä¬¥-
â¨ç¥áª¨¥ ¯à®£à¥áá¨¨. �«ï ¤®ª § â¥«ìáâ¢  íâ®© â¥®à¥¬ë �îàáâ¥­¡¥à£ á®¯®-
áâ ¢¨« ­¥ª®â®àë¬ á¯¥æ¨ «ì­ë¬ ®¡à §®¬ ª ¦¤®¬ã ¬­®¦¥áâ¢ã ¯®«®¦¨â¥«ì­®©
¯«®â­®áâ¨ ¯à®áâà ­áâ¢® á ª®­¥ç­®© áç¥â­®  ¤¤¨â¨¢­®© ¬¥à®© ¨ á®åà ­ïîé¥¥
¬¥àã ¯à¥®¡à §®¢ ­¨¥ ¢ íâ®¬ ¯à®áâà ­áâ¢¥, ¯®á«¥ á¥£® â¥®à¥¬  �¥¬¥à¥¤¨ ã¦¥
¢ë¢®¤¨« áì ¨§ á«¥¤ãîé¥£®, â ª¦¥ ¯à¨­ ¤«¥¦ é¥£® �îàáâ¥­¡¥à£ã ãâ®ç­¥­¨ï
â¥®à¥¬ë �ã ­ª à¥ ® ¢®§¢à é¥­¨¨ (á¬, ­ ¯à¨¬¥à, [10]).

�¥®à¥¬  3. �á«¨ (X,B, µ) { ¯à®áâà ­áâ¢® á ª®­¥ç­®© ¬¥à®©, T : X → X
{  ¢â®¬®àä¨§¬ íâ®£® ¯à®áâà ­áâ¢ , A ∈ B, µ(A) > 0, â® ¤«ï «î¡®£® k ∈ N
­ ©¤¥âáï â ª®¥ n ∈ N, n ̸= 0, çâ® µ

(
A∩Tn(A)∩T 2n(A)∩· · ·∩T (k−1)n(A)

)
> 0.

�¤¥áì ¯à¨ ¯®¬®é¨ ¯à®áâà ­áâ¢ �¥¡  ã¯®¬ï­ãâ ï ¢ëè¥ ª®­áâàãªæ¨ï �îà-
áâ¥­¡¥à£  áâà®¨âáï ¢ ¡®«¥¥ ®¡é¥© á¨âã æ¨¨, ª®£¤  ¢¬¥áâ® N à áá¬ âà¨¢ ¥âáï
 ¬¥­ ¡¥«ì­ ï £àã¯¯  G. �¥£ª® ¯®­ïâì, çâ® ¯à¨ ®¯à¥¤¥«¥­¨¨ ¯«®â­®áâ¨ ¬®¦­®
¯¥à¥©â¨ ®â N ª Z ¨ à áá¬ âà¨¢ âì

dZ(A) = lim sup
n→∞

|A ∩ {−n, . . . , n}|
2n+ 1

¤«ï A ⊂ Z. �à¨ íâ®¬, ¥á«¨ A ⊂ N ¨ d(A) > 0, â® ¨ dZ(A) > 0.
� ª ¦¤®© ä¥«­¥à®¢áª®© ¯®á«¥¤®¢ â¥«ì­®áâìî U  ¬¥­ ¡¥«ì­®© £àã¯¯ë G

¬®¦­® á¢ï§ âì U -¯«®â­®áâì ¬­®¦¥áâ¢ A ⊂ G ¯® ä®à¬ã«¥

dU (A) = lim sup
n→∞

|A ∩ Un|
|Un|

.

�¥£ª® ¢¨¤¥âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì U = {{−n, . . . , n} | n ∈ N} ï¢«ï¥âáï ä¥«-
­¥à®¢áª®© ¯®á«¥¤®¢ â¥«ì­®áâìî ¢  ¤¤¨â¨¢­®© £àã¯¯¥ Z ¨ ¢¢¥¤¥­­ ï ¯«®â­®áâì
ï¢«ï¥âáï U -¯«®â­®áâìî ¤«ï íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨. �á¯®«ì§ãï à §¢¨âë©
¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥  ¯¯ à â ¬ë ¤®ª ¦¥¬ á¥©ç á á«¥¤ãîéãî â¥®à¥¬ã,
ª®â®àãî, á«¥¤ãï [10], ­ §®¢¥¬ ¯à¨­æ¨¯®¬ á®®â¢¥âáâ¢¨ï �îàáâ¥­¡¥à£  ¤«ï
 ¬¥­ ¡¥«ì­ëå £àã¯¯.

�¥®à¥¬  4. �ãáâì G { áç¥â­ ï  ¬¥­ ¡¥«ì­ ï £àã¯¯ , U = {Un | n ∈ N} {
ä¥«­¥à®¢áª ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯®¤¬­®¦¥áâ¢ G. �®£¤  ¤«ï «î¡®£® ¬­®¦¥-
áâ¢  A ⊂ G á dU (A) > 0 áãé¥áâ¢ãîâ ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢® (X,B, µ),
¨­¢ à¨ ­â­®¥ ¤¥©áâ¢¨¥ T £àã¯¯ë G ­  X ¨ £®¬®¬®àä¨§¬ ¡ã«¥¢ëå  «£¥¡à
φ : P(C) → B, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

(1) ∀B ⊂ G µ(φ(B)) ≤ dU (B);
(2) ∀B ⊂ G φ(gB) = Tg(φ(B));
(3) µ(φ(A)) = dU (A).

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨ï ä¥«­¥à®¢áª®© ¯«®â­®áâ¨ á«¥¤ã¥â, çâ® ¤«ï
«î¡®£® B ⊂ G

∀
 ∈ ∗N\N |∗B ∩ U
|
|U
|

≤ dU (B) ¨ (5)

∀� ∈ ∗N\N |∗A ∩ U�|
|U�|

≈ dU (B). (6)

� ä¨ªá¨àã¥¬ ª ª®¥-­¨¡ã¤ì �, ã¤®¢«¥â¢®àïîé¥¥ (6), ¨ à áá¬®âà¨¬ á®®â¢¥âáâ¢ã-
îé¥¥ ¥¬ã ¯à®áâà ­áâ¢® �¥¡ -�¥«­¥à  (á¬. ¯à¥¤ë¤ãé¨© ¯ à £à ä). �¯à¥¤¥-
«¨¬ ¤¥©áâ¢¨¥ T ¨ £®¬®¬®àä¨§¬ ¡ã«¥¢ëå  «£¥¡à φ â ª ¦¥ ª ª ¢ â¥®à¥¬¥ 1.
�¥¯¥àì ïá­®, çâ® ®áâ «®áì ¤®ª § âì «¨èì ãâ¢¥à¦¤¥­¨¥ (1) ¨ (3) ¤ ­­®© â¥®à¥-
¬ë. �¬¥¥¬ µ(φ(B)) = µ(∗B ∩ U�) =

◦(|∗B ∩ U�| · |U�|−1) ≤ dU (B) ¢ á¨«ã (5),  
µ(φ(A)) = dU (A) ¢ á¨«ã (6), çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.
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�«¥¤áâ¢¨¥. �ãáâì G { áç¥â­ ï  ¬¥­ ¡¥«ì­ ï £àã¯¯ . �«ï «î¡®£® ¬­®¦¥-
áâ¢  ¯®«®¦¨â¥«ì­®© ¯«®â­®áâ¨ A ⊂ G, «î¡®£® g ∈ G ¨ «î¡®£® k ∈ N ­ ©-
¤ãâáï â ª¨¥ x ∈ A ¨ n ∈ N, çâ® {x, gnx, g2nx, . . . , g(k−1)nx} ⊂ A.

�®ª § â¥«ìáâ¢®. �ãáâì A ⊂ G, dU (A) > 0,   (X,B, µ), T ¨ φ ã¤®¢«¥â¢®àïîâ
â¥®à¥¬¥ 4. �®£¤  µ(φ(A)) > 0. �ãáâì g ∈ G. �® â¥®à¥¬¥ 3 á ãç¥â®¬ á¢®©áâ¢
(1){(3) £®¬®¬®àä¨§¬  φ ¯®«ãç ¥¬, çâ® ¤«ï «î¡®£® k ∈ N áãé¥áâ¢ã¥â â ª®¥
n ∈ N, çâ®

0 < µ
(
φ(A) ∩ Tn

g (φ(A)) ∩ · · · ∩ T (k−1)n
g (φ(A))

)
=

= µ
(
φ
(
A ∩ gnA ∩ · · · ∩ g(k−1)nA

))
≤ dU

(
A ∩ gnA ∩ · · · ∩ g(k−1)nA

)
â.¥. (A ∩ gnA ∩ · · · ∩ g(k−1)nA) ̸= ∅

�á«¨ G = Z, â® ¤ ­­®¥ á«¥¤áâ¢¨¥ ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© â¥®à¥¬ã �¥¬¥à¥¤¨.
�®ª § â¥«ìáâ¢  â¥®à¥¬ë 4 ¨ ¤ ­­®£® á«¥¤áâ¢¨ï ¤«ï ­¥ª®â®àëå ª®­ªà¥â­ëå
 ¡¥«¥¢ëå £àã¯¯, ¡®«¥¥ ®¡é¨å, ç¥¬ £àã¯¯  Z, á®¤¥à¦¨âáï ¢ [10]. �â® ¤®ª § -
â¥«ìáâ¢® ¨á¯®«ì§ã¥â ¤®¢®«ì­® á¨«ì­ë©  ¯¯ à â äã­ªæ¨®­ «ì­®£®  ­ «¨§ .
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