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The ring structures of H∗(�4,Z) and H∗(A6,Z) are determined. The restrictions
on the pairs (m,n) for the existence of free actions of the groups �4 and A6 on
Sm × Sn are obtained.

�¨§­ ç¥­­ï  ¤¨â¨¢­®ù â  ¬ã«ìâ¨¯«÷ª â¨¢­®ù áâàãªâãà £à ¤ã©®¢ ­®£® ª÷«ìæï
ª®£®¬®«®£÷© H∗(G) õ ®¤­÷õî § ­ ©¢ ¦«¨¢÷è¨å § ¤ ç ¢ ¥ª¢÷¢ à÷ ­â­÷© â¥®à÷ù
ª®£®¬®«®£÷©. �­ ­­ï  ¤¨â¨¢­®ù â  ¬ã«ìâ¨¯«÷ª â¨¢­®ù áâàãªâãà ¢ ª÷«ìæ÷ H∗(G)
­¥®¡åi¤­¥ ¢ â¨å ¢¨¯ ¤ª å, ª®«¨ ¯à¨ ¤®á«i¤¦¥­­ïå ¤÷© £àã¯¨ G ­  ¯à®áâ®à÷ X
¢¨ª®à¨áâ®¢ãõâìáï á¯¥ªâà «ì­  ¯®á«÷¤®¢­÷áâì ª®£®¬®«®£÷© ¤«ï à®§è àã¢ ­­ï
�¥àà  XG = X ×G EG

p→ BG.
�¤¨â¨¢­ã áâàãªâãàã ¢ ª÷«ìæ÷ ª®£®¬®«®£÷©H∗(�n,F2) á¨¬¥âà¨ç­®ù £àã¯¨ �n §

ª®¥äiæiõ­â ¬¨ ¢ ¯®«i F2 ¢¨§­ ç¨¢ �. � ª ®ª  [1]. �¨§­ ç¥­­ï ¬ã«ìâ¨¯«iª â¨¢-
­®ù áâàãªâãà¨ ªi«ìæï H∗(�n,F2) ­ èâ®¢åãõâìáï ­  §­ ç­i â¥å­iç­i âàã¤­®éi.
�¨ª®à¨áâ®¢ãîç¨ â¥®àiî i­¢ ài ­âi¢, �. �¤¥¬, �¦. �¥¤¦i­iá i �¦. �i«£à¥¬
[2] §­ ©è«¨ ¬¥â®¤, §  ¤®¯®¬®£®î ïª®£® ¬®¦­  ®¡ç¨á«¨â¨ ¬ã«ìâ¨¯«iª â¨¢­ã
áâàãªâãàã ªi«ìæï H∗(�n,F2) ¤«ï ¡ £ âì®å §­ ç¥­ì n. �®­¨ ¢¨§­ ç¨«¨ ¬ã«ìâ¨-
¯«iª â¨¢­ã áâàãªâãàã ªi«¥æì H∗(�n,F2) i H∗(An,F2) ¤«ï n = 6, 8, 10, 12, ¤¥ An

{ §­ ª®§¬i­­  £àã¯  ­  ¬­®¦¨­i § n ¥«¥¬¥­âi¢,   â ª®¦ ®¯¨á «¨ ¤iî  «£¥¡à¨
�âi­à®¤  ­  æ¨å ªi«ìæïå. �£ã¥­ �ã ­ �ã¥­ [3] § ¯à®¯®­ã¢ ¢ ¬¥â®¤, ®á­®¢ ­¨©
­  â¥®àiù ¬®¤ã«ì­¨å i­¢ ài ­âi¢, §  ¤®¯®¬®£®î ïª®£® ¬®¦­  ®¯¨á â¨ ¬ã«ìâ¨-
¯«iª â¨¢­ã áâàãªâãàã ªi«¥æì H∗(�n,Fp), H∗(An,Fp). �à®â¥ â®ç­¥ ¢¨§­ ç¥­-
­ï ¬ã«ìâ¨¯«iª â¨¢­®ù áâàãªâãà¨ ªi«¥æì H∗(�n,Fp), H∗(An,Fp) ­ â¨ª õâìáï ­ 
áª« ¤­i ¯à®¡«¥¬¨ â¥®àiù ¬®¤ã«ì­¨å i­¢ ài ­âi¢.

�«ï §­ å®¤¦¥­­ï ¬ã«ìâ¨¯«iª â¨¢­®ù áâàãªâãà¨ ªi«¥æì H∗(�4,Z), H∗(A6,Z)
§­ ­­ï ¬ã«ìâ¨¯«iª â¨¢­®ù áâàãªâãà¨ ­  H∗(�4,F2) â  H∗(A6,F2) ¬ õ ¢¨ài-
è «ì­¥ §­ ç¥­­ï. � ¤ ­i© ¯à æi ¢¨§­ ç¥­  ¬ã«ìâ¨¯«iª â¨¢­  áâàãªâãà  ªi«¥-
æì H∗(�4,Z), H∗(A6,Z),   â ª®¦ ­ ¢¥¤¥­i ¯à¨ª« ¤¨ ¢¨ª®à¨áâ ­­ï ªi«ìæ¥¢®ù
áâàãªâãà¨ ­  H∗(�4) i H∗(A6) ¯à¨ ¤®á«i¤¦¥­­i ¢i«ì­¨å ¤i© £àã¯ �4 i A6 ­ 
¤®¡ãâª å áä¥à. �®á«i¤¦¥­­ï¬ ¢i«ì­¨å ¤i© £àã¯ �4 i A6 ­  ¤®¡ãâª å áä¥à
¯à¨á¢ïç¥­  ­ áâã¯­  ¯à æï  ¢â®à , ïª  £®âãõâìáï ¤® ¤àãªã. � ­  ¯à æï ®à-
£ ­i§®¢ ­  ­ áâã¯­¨¬ ç¨­®¬. � §1 ®§­ çãîâìáï ®á­®¢­i ¯®­ïââï â  ­ ¢®¤ïâìáï
­¥®¡åi¤­i ¤ ­i § ¥ª¢i¢ ài ­â­®ù â¥®àiù ª®£®¬®«®£i©, ïªi ¢¨ª®à¨áâ®¢ãîâìáï ¤«ï
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¤®¢¥¤¥­­ï ®á­®¢­¨å à¥§ã«ìâ âi¢. � §2 ¤ ­®ù ¯à æi ¢¨§­ ç¥­  ¬ã«ìâ¨¯«iª â¨¢­ 
áâàãªâãà  ªi«¥æì H∗(�4,Z), H∗(A6,Z). �á­®¢­i à¥§ã«ìâ â¨ §2 áä®à¬ã«ì®¢ ­i
ã ¢¨£«ï¤i â¥®à¥¬ 1,2. � §3 ¤ ­i ¯à®  ¤¨â¨¢­ã â  ¬ã«ìâ¨¯«iª â¨¢­ã áâàãªâãà¨
ªi«¥æì H∗(�4), H∗(A6) ¢¨ª®à¨áâ®¢ãîâìáï ¤«ï ¢áâ ­®¢«¥­­ï ®¡¬¥¦¥­ì ­  ¯ à¨
(m,n), ¤«ï ïª¨å £àã¯ �4 i A6 ¤®¯ãáª îâì ¢i«ì­ã ¤iî ­  Sm × Sn.

§1
�¥å © G { áªi­ç¥­­  £àã¯ , � { ª®¬ãâ â¨¢­¥ ªi«ìæ¥ § ®¤¨­¨æ¥î i M { ¬®-

¤ã«ì ­ ¤ £àã¯®¢¨¬ ªi«ìæ¥¬ �G. �ã¤¥¬® £®¢®à¨â¨, é® M { G-¬®¤ã«ì, ïªé® §
ª®­â¥ªáâã §à®§ã¬i«®, ïª¥ ªi«ìæ¥ � § äiªá®¢ ­¥. �¥à¥§ H∗(G,M) (¢i¤¯®¢i¤­®
H∗(G,M)) ¯®§­ ç¨¬® £à ¤ã©®¢ ­¨© ¬®¤ã«ì ª®£®¬®«®£i© (¢i¤¯®¢i¤­® £®¬®«®-
£i©) £àã¯¨ G § ª®¥äiæiõ­â ¬¨ ¢ G-¬®¤ã«i M [4]. �ã¤¥¬® £®¢®à¨â¨, é® X {
G-¯à®áâià, ïªé® X { â®¯®«®£iç­¨© ¯à®áâià i§ § ¤ ­®î ­  ­ì®¬ã ¤iõî £àã¯¨ G.
�®§­ ç¨¬® ç¥à¥§ Fp ¯®«¥ «¨èªi¢ æi«¨å ç¨á¥« §  ¬®¤ã«¥¬ p, ¤¥ p { ¯à®áâ¥ ç¨á«®.

�§­ ç¥­­ï 1 [5]. Fp { ª®£®¬®«®£iç­¨¬ ¢¨¬ià®¬ ¯à®áâ®àã X ¡ã¤¥¬® ­ §¨¢ â¨
ç¨á«® sup { m | ÷á­ãõ Fp-¯ãç®ª F ­ ¤ X § ¢« áâ¨¢iáâî Hm(X,F ) ̸= 0 }, ïªé®
sup ¤®áï£ õâìáï, i ∞ ¢ ¯à®â¨«¥¦­®¬ã ¢¨¯ ¤ªã.

� â¢¥à¤¦¥­­ï �.II [5] ¢¨¯«¨¢ õ, é® ¤«ï ¯ à ª®¬¯ ªâ­®£® G-¯à®áâ®àã X
¬ õ¬®

cdFp(X/G) ≤ cdFp X,

¤¥ X/G { ¯à®áâià ®à¡iâ ¤iù £àã¯¨ G ­  X.
�¥å © BG { ª« á¨äiªãîç¨© ¯à®áâià ¤«ï £àã¯¨ G. � §3 ¬¨ ¡ã¤¥¬® ¢¨ª®-

à¨áâ®¢ã¢ â¨ á¯¥ªâà «ì­i ¯®á«i¤®¢­®áâi ª®£®¬®«®£i© ¤«ï à®§è àã¢ ­­ï �¥àà 
X×GEG

p→ BG § è à®¬ X, §®ªà¥¬ , ¬ã«ìâ¨¯«iª â¨¢­ã áâàãªâãàã â ª¨å á¯¥ª-
âà «ì­¨å ¯®á«i¤®¢­®áâ¥©, ¯à¨ ¤®á«i¤¦¥­­i G-¯à®áâ®àã X.

�®§£«ï­¥¬® â®ç­ã ¯ àã

D = H∗(X,Z) i′−−−−→ H∗(X,Z)

k′I@ 	�j′

H∗(X,F2),

¤¥ £®¬®¬®àäi§¬ i′ i­¤ãª®¢ ­¨© ®¯¥à æiõî ¬­®¦¥­­ï ­  2 ¢ £àã¯i ª®¥äiæiõ­âi¢
Z, £®¬®¬®àäi§¬ j′ i­¤ãª®¢ ­¨© £®¬®¬®àäi§¬®¬ ϱ : Z → F2,   k′ §¡÷£ õâìáï
§i §¢'ï§ãîç¨¬ £®¬®¬®àäi§¬®¬ �®ªèâ¥©­  [6]. �¥ â®ç­  ¯ à  �®ªèâ¥©­ . øù
¤¨ä¥à¥­æi « β1 = k′j′ §¡÷£ õâìáï § £®¬®¬®àäi§¬®¬ Sq1. �¨ä¥à¥­æi «¨ βr ùù
¯®åi¤­¨å ¯ à ­ §¨¢ îâìáï ¤¨ä¥à¥­æi « ¬¨ �®ªèâ¥©­  ¢¨é¨å ¯®àï¤ªi¢. � -
¤ «i ¬¨ ¡ã¤¥¬® ¢¨ª®àáâ®¢ã¢ â¨ ¤¨ä¥à¥­æi « 2-£® ¯®àï¤ªã β2 ¤«ï ¢¨§­ ç¥­­ï
¥«¥¬¥­âi¢ ¯¥ài®¤ã 4 ¢ £àã¯ å H4(�4,Z), H4(A6,Z).

� £ ¤ õ¬®, é® á¨¬¥âà¨ç­  £àã¯  �4 ¬ õ ¯®àï¤®ª 24, §­ ª®§¬i­­  £àã¯  A6
¬ õ ¯®àï¤®ª 360,   ¤i¥¤à «ì­  £àã¯  D4 { ¯®àï¤®ª 8. �ài¬ â®£®, ¤i¥¤à «ì­ 
£àã¯  D4 §¡÷£ õâìáï i§ á¯«¥âi­­ï¬ £àã¯ �2g�2 [7] i õ á¨«®¢áìª®î 2-¯i¤£àã¯®î
£àã¯ �4 i A6. � ã¢ ¦¨¬® â ª®¦, é® £àã¯  D4 ¬®¦¥ ¡ãâ¨ §®¡à ¦¥­  â®ç­¨¬
à®§è¨à¥­­ï¬

1 → Z/4 c→ D4 → Z/2 → 1, (1)

¤¥ £àã¯  Z/2 ¤iõ ­¥âà¨¢i «ì­® ­  Z/4.
�®§­ ç¨¬® ç¥à¥§ �2×�2 ¯i¤£àã¯ã £àã¯¨ �2g�2, ïª  áª« ¤ õâìáï § ¯i¤áâ ­®-

¢®ª (13), (24), (13)(24), 1,   ç¥à¥§ V2 { ¯i¤£àã¯ã, ïª  áª« ¤ õâìáï § ¯i¤áâ ­®¢®ª
(12)(34), (13)(24), (14)(23), 1. �¥å © j { ª ­®­iç­¥ ¢ª« ¤¥­­ï ¯i¤£àã¯¨ �2×�2

¢ �4,   J - ª ­®­iç­¥ ¢ª« ¤¥­­ï ¯i¤£àã¯¨ V2 ¢ �4. � õ¬®

H∗(�2 × �2,F2) ∼= F2[e1, e2], deg ei = 1.
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�­ «®£iç­®,
H∗(V,F2) ∼= F2[f1, f2], deg fj = 1, j = 1, 2.

�i¤®¬® [2], é®

H∗(�4,F2) ∼= F2[σ2, c3, σ1]/⟨σ1 · c3 = 0⟩, deg σ1 = 1, deg σ2 = 2, deg c3 = 3.

�ài¬ â®£®,

Im(j∗ : H∗(�4,F2) → H∗(�2 × �2,F2)) ⊂ F2[e1, e2]�2 ,

¤¥ â¢ià­  t ∈ �2 ¤iõ ¢ F2[e1, e2], ¯¥à¥áâ ¢«ïîç¨ e1 i e2. � ª¨¬ ç¨­®¬, Im j∗

¬iáâ¨âìáï ¢  «£¥¡ài F2[e1 + e2, e1e2], ¤¥ e1 + e2 = j∗(σ1), e1 · e2 = j∗(σ2). � «i

Im(J∗ : H∗(�4,F2) → H∗(V2,F2)) = F2[f
2
1 + f1f2 + f22 , f1f2(f1 + f2)],

¤¥ J∗(σ2) = f21 + f1f2 + f22 , J
∗(c3) = f1f2(f1 + f2). �iï  «£¥¡à¨ �âi­à®¤  Sq ­ 

ªi«ìæi H∗(�4,F2) ®¯¨áãõâìáï ­ áâã¯­¨¬¨ á¯i¢¢i¤­®è¥­­ï¬¨ [2]:

Sq1σ2 = c3 + σ1σ2, Sq1c3 = 0, Sq2c3 = σ2c3.

� £ ¤ õ¬® é¥ ®¤¨­ ä ªâ, ïª¨© ¡ã¤¥ ¢¨ª®à¨áâ ­¨© ¢ §2. �¥å © A = �2 ×�2
a
↪→

D4
λ
↪→ O(2) { ¢ª« ¤¥­­ï £àã¯¨ A ¢ ®àâ®£®­ «ì­ã £àã¯ã O(2). �àã¯  A { ¬ ªá¨-

¬ «ì­  §  ¢ª«îç¥­­ï¬ ¥«¥¬¥­â à­   ¡¥«¥¢  2-¯i¤£àã¯  £àã¯¨ O(2) (i £àã¯¨
D4 â ª®¦). � õ¬® H∗(O(2),F2) = F2[w′

1, w
′
2], ¤¥ w′

1 ∈ H ′(O(2),F2), w′
2 ∈

H2(O(2),F2), w′
1, w

′
2 { ª« á¨ �â¨ä¥«ï-�iâ­i, i λ∗a∗(w′

1) = t1 + t2, λ∗a∗(w′
2) =

t1 · t2, ¤¥ t1, t2 { â¢ià­i £àã¯¨ H1(�2×�2,F2). � «i à®§£«ï­¥¬® ­ áâã¯­ã ª®¬ã-
â â¨¢­ã ¤i £à ¬ã ¢ª« ¤¥­ì £àã¯:

D4
i−−−−−−−−→ A6

τ−−−−→ �6

j

]JJ i1

x
V2

r−−−−→ A4
q−−−−→ �4 × �2

j1

x
�2 × �2

s−−−−−−−−−−−−−−→ �2 × �2 × �2,

(2)

¤¥ D4 { ¯i¤£àã¯  £àã¯¨ A6, ¯®à®¤¦¥­  ¯i¤áâ ­®¢ª ¬¨ (14)(23), (13)(56), i {
¢i¤¯®¢i¤­¥ ¢ª« ¤¥­­ï £àã¯¨ D4 ¢ A6, �2 ×�2 = {1, (13)(56), (24)(56), (13)(24)},
V2 = {1, (14)(23), (12)(34), (13)(24)}, ¯i¤£àã¯  �2 × �2 × �2 ⊂ �6 ¯®à®¤¦¥­ 
¯i¤áâ ­®¢ª ¬¨ (12), (34), (56), r(12)(34) = (12)(34), r(13)(24) = (13)(24); ¤iï
à¥èâ¨ £®¬®¬®àäi§¬i¢ ®ç¥¢¨¤­ .

�i¤®¬®, é®

H∗(�6,F2) ∼= F2[σ1, σ2, σ3, c3]/⟨c3(σ3 + σ1σ2) = 0⟩,

¤¥ deg σi = i, deg c3 = 3. �®¬®¬®àäi§¬ áª®à®ç¥­­ï τ∗, τ∗ : H∗(�6,F2) →
H∗(A6,F2), { áîà'õªâ¨¢­¨© i

H∗(A6,F2) ∼= H∗(�6,F2)/⟨σ1 = 0⟩ ∼= F2[σ2, σ3, c3]/⟨σ3c3 = 0⟩.
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�®¬ã ­ ¤ «i â¢ià­i ¥«¥¬¥­â¨ σ2, σ3, c3  «£¥¡à¨ H∗(A6,F2) ®â®â®¦­îîâìáï §
â¢ià­¨¬¨  «£¥¡à¨H∗(�6,F2), é® ­¥ ¯à¨¢®¤¨âì ¤® ­¥®¤­®§­ ç­®áâi. �iï  «£¥¡à¨
�âi­à®¤  ­  ªi«ìæi H∗(A6,F2) ®¯¨áãõâìáï ­ áâã¯­¨¬¨ á¯i¢¢i¤­®è¥­­ï¬¨ [2]:

Sq1σ2 = σ3 + c3, Sq1c3 = 0, Sq2c3 = σ2c3, Sq1σ3 = 0, Sq2σ3 = σ2σ3.

�®ª« ¤¥¬® λ∗(w′
1) = w1, λ∗(w1

2) = w2. �®¤i ¬ õ¬®

H∗(D4,F2) ∼= F2[ξ1, w1, w2]/⟨ξ21 = ξ1w1⟩
¤«ï ¤¥ïª®£® ­¥­ã«ì®¢®£® ¥«¥¬¥­â  ξ1∈H1(D4,F2), ¯à¨ç®¬ã, a∗(ξ1)=0, a∗(w1)=
t1+ t2, a∗(w2) = t1t2, c∗(ξ1) ̸= 0 i c∗(w1) = 0, ¤¥ c∗ : H∗(D4,F2) → H∗(Z/4,F2) {
£®¬®¬®àäi§¬ áª®à®ç¥­­ï, i­¤ãª®¢ ­¨© ¢ª« ¤¥­­ï¬ c : Z/4 → D4. �i«ìè¥ â®£®,
β2({w2ξ1}) = {w2

2} i β3 = 0 [8]. �¥å © expM { ­ ©¬¥­è¥ ¤®¤ â­¥ æi«¥ ç¨á«®,
¤«ï ïª®£® nx = 0 ¯à¨ ¢áiå x ∈ M , ¤¥ M { ¤®¢i«ì­¨© áªi­ç¥­­¨© ¬®¤ã«ì. �
®áâ ­­iå á¯i¢¢i¤­®è¥­ì ¢¨¯«¨¢ õ, é® expHm(D4,Z) ≤ 2, ïªé® m > 0 i m ̸≡
0(mod 4),   H4q(D4,Z) = Z/4 +Aq, ¤¥ 2Aq = 0, q > 0 [8].

�«ï ¤®¢i«ì­®£® ¯à®áâ®£® ç¨á«  p i ¤®¢i«ì­®£® Z-¬®¤ã«ï M ç¥à¥§ M(p) ¯®-
§­ ç¨¬® ¬®¤ã«ì, ®¤¥à¦ ­¨© «®ª «i§ æiõî ¬®¤ã«ï M ¢ ¯à®áâ®¬ã i¤¥ «i (p),
M(p) ≃ M ⊗ Z(p). �­ «®£iç­® ¤® ®§­ ç¥­­ï 1 ¬®¦­  ¢¢¥áâ¨ ¯®­ïââï Z(p)-
ª®£®¬®«®£iç­®£® ¢¨¬iàã ¯à®áâ®àã X.

§2
�àã¯  �4 ¬iáâ¨âì ­¥âà¨¢i «ì­i á¨«®¢áìªi p-¯i¤£àã¯¨ âi«ìª¨ ¤«ï p = 2, 3. �ª

¡ã«® § §­ ç¥­® ¢¨é¥, á¨«®¢áìª  2-¯i¤£àã¯  £àã¯¨ �4 i§®¬®àä­  ¤i¥¤à «ì­i©
£àã¯i D4,   á¨«®¢áìª  3-¯i¤£àã¯  £àã¯¨ �4, ®ç¥¢¨¤­®, i§®¬®àä­  £àã¯i Z/3 i
¯®à®¤¦ãõâìáï, ­ ¯à¨ª« ¤, ¯i¤áâ ­®¢ª®î (123) = g. �¡ç¨á«¨¬® H∗(�4,Z)(3).
�­ á«i¤®ª â¥®à¥¬¨ 10.3 [4], £àã¯  Hn(�4,Z)(3) i§®¬®àä­  ¯i¤£àã¯i �4-i­¢ -
ài ­â­¨å ¥«¥¬¥­âi¢ £àã¯¨ Hn(Z/3,Z) ¯à¨ n > 0. �¥å © h = (12). � õ¬®
hgh−1 = (132) = g2. �¥£ª® ¡ ç¨â¨, é® ¯i¤£àã¯  �4-i­¢ ài ­â­¨å ¥«¥¬¥­âi¢
£àã¯¨ Hn(Z/3,Z) §¡÷£ õâìáï § ¯i¤£àã¯®î h-i­¢ ài ­â­¨å ¥«¥¬¥­âi¢. �®§£«ï­¥-
¬® ¢i«ì­ã à¥§®«ì¢¥­âã T ¤«ï Z/3-¬®¤ã«ï Z:

· · · → Z[Z/3] N→ Z[Z/3] t−1→ Z[Z/3] → · · · →t−1→ Z[Z/3] → Z → 0,

¤¥ £®¬®¬®àä÷§¬¨ N i t ¢¨§­ ç îâìáï ¤÷õî ­  â¢÷à­÷© g = (123), g ∈ Z[Z/3],
ä®à¬ã« ¬¨ t(g) = g2, N(g) = g + g2 + e,   e { ®¤¨­¨ç­¨© ¥«¥¬¥­â £àã¯¨ Z/3.
�¢â®¬®àäi§¬ ĥ : Z/3 → Z/3, h(g) = hgh−1, ¯à®¤®¢¦ãõâìáï ¤® « ­æî£®¢®£®
�4-¢i¤®¡à ¦¥­­ï θ : T → T , ïª¥ §¡¥ài£ õ  ã£¬¥­â æiî, ¯à¨ç®¬ã θ ¢¨§­ ç¥­¥
®¤­®§­ ç­® § â®ç­iáâî ¤® £®¬®â®¯iù [4]. � £ ¤ õ¬®, é® H2k(Z/3,Z) ∼= Z/3,
H2k−1(Z/3,Z) = 0 ¯à¨ k > 0. �¥å © x { â¢ià­  £àã¯¨ H2(Z/3,Z). �®¤i
xk { â¢ià­  £àã¯¨ H2k(Z/3,Z), k > 0. �®¤iï¢è¨ äã­ªâ®à®¬ HomZ/3(·,Z) ­ 
£®¬®¬®àäi§¬ θ, ®¤¥à¦¨¬® θ(2l)(xl) = xl ¯à¨ l = 2k, k > 0, i θ(2l) = 2xl

¯à¨ l = 2k − 1, k > 0. � ®áâ ­­÷å á¯÷¢¢÷¤­®è¥­ì ¢¨¯«¨¢ õ, é® ¯i¤ªi«ìæ¥
⊕
k>0

H4k(Z/3,Z) §¡÷£ õâìáï § ¯i¤ªi«ìæ¥¬ h-i­¢ ài ­â­¨å ¥«¥¬¥­âi¢ £à ¤ã©®¢ ­®£®

ªi«ìæï H̃∗(Z/3,Z) ∼= ⊕
l>0

H2l(Z/3,Z). � ª¨¬ ç¨­®¬, ¢¨ª®­ãõâìáï ­ áâã¯­¥

�¢¥à¤¦¥­­ï 1. H̃∗(�4,Z)(3) ∼= ⊕ H
k>0

4k(Z/3,Z), ¯à¨ç®¬ã â¢ià­  x £àã¯¨ H4(Z/3,

Z) ¯®à®¤¦ãõ ¢á¥ ªi«ìæ¥ H̃∗(�4,Z)(3).
�¥à¥©¤¥¬® â¥¯¥à ¤® ®¡ç¨á«¥­­ï 2-¯à¨¬ à­®ù ª®¬¯®­¥­â¨ ªi«ìæï ª®£®¬®«®£i©

H̃(�4,Z). �­ ©¤¥¬® á¯®ç âªã ®¡à § £®¬®¬®àäi§¬ã áª®à®ç¥­­ï k∗,H∗(�4,F2) →
H∗(D4,F2). �áªi«ìª¨ D4 { á¨«®¢áìª  2-¯i¤£àã¯  £àã¯¨ �4, â® § â¥®à¥¬¨ 10.3
[4] ¢¨¯«¨¢ õ, é® k∗ { ¬®­®¬®àäi§¬.
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�¢¥à¤¦¥­­ï 2. �®­®¬®àäi§¬ k∗ § ¤®¢®«ì­ïõ ­ áâã¯­÷ ài¢­®áâ÷: k∗(σ1) =
w1 + ξ1, k

∗(σ2) = ξ21 + w2, k
∗(c3) = ξ1w2.

�®¢¥¤¥­­ï. �¥å © k∗(c3) = a1ξ1w2 + b1w1w2 + γξ31 + δw3
1. �®¤i ¬ õ¬® 0 =

k∗(Sq1c3) = γξ41 + δw4
1. �â¦¥, γ = δ = 0 i k∗(c3) = a1ξ1w2 + b1w1w2. �áªi«ìª¨

a∗(ξ1) = 0, a∗(w1) ̸= 0, a∗(w2) ̸= 0, j∗(c3) = 0 i j∗ = a∗k∗, â® b1 = 0. �áªi«ìª¨
k∗(c3) ̸= 0 i b1 = 0, â® a1 = 1 i k∗c3 = ξ1w2.

� ài¢­®áâi a∗(ξ1) = 0 ¢¨¯«¨¢ õ, é® k∗(σ1) = w1 + tξ1, ¤¥ t = 0  ¡® t = 1.
�¥å © k∗(σ2) = αξ21 + βw2

1 + γw2. �à¨¯ãáâ¨¬®, é® t = 0 ¢ á¯i¢¢i¤­®è¥­­i
k∗(σ1) = w1 + tξ1. � õ¬®

Sq1k∗(σ2) = Sq1(αξ21 + βw2
1 + γw2) = Sq1(γw2) = γw1w2 = w1w2,

®áªi«ìª¨ Sq1k∗(σ2) = k∗Sq1σ2 = k∗(σ1σ2 + c3) ̸= 0. � i­è®£® ¡®ªã,

Sq1k∗(σ2) = k∗(Sq1σ2) = k∗(σ1σ2 + c3) = k∗(σ1) · k∗(σ2) + k∗(c3) =

= w1(αξ
2
1 + βw2

1 + γw2) + ξ1w2 = αξ31 + βw3
1 + w1w2 + ξ1w2.

� ®áâ ­­iå á¯i¢¢i¤­®è¥­ì ¢¨¯«¨¢ õ ­ áâã¯­  ài¢­iáâì: w1w2 = αξ31 + βw3
1 +

w1w2 + ξ1w2, â®¡â® αξ31 + βw3
1 + ξ1w2 = 0. �«¥ ®áâ ­­õ á¯i¢¢i¤­®è¥­­ï ­¥

¢¨ª®­ãõâìáï ¢ ªi«ìæi F2[ξ1, w1, w2]/⟨ξ21 = ξ1w1⟩ ­i ¯à¨ ïª¨å §­ ç¥­ïå α i β.
�â¦¥, ¯à¨¯ãé¥­­ï t = 0 ¯à¨¢®¤¨âì ¤® áã¯¥à¥ç­®áâi i â®¬ã ài¢­iáâì k∗(σ1) =
w1 + tξ1, ¢¨ª®­ãõâìáï ¯à¨ t = 1. � ª¨¬ ç¨­®¬, k∗(σ1) = ξ1 + w1. �ài¬ â®£®,
¬ õ¬®

w1w2 = Sq1k∗(σ2) = k∗(σ1σ2 + c3) = (ξ1 + w1)(αξ
2
1 + βw2

1 + w2) + ξ1w2 =

= αξ31 + βξ31 + ξ1w2 + αξ31 + βw3
1 + w1w2 + ξ1w2 = βξ31 + βw3

1 + w1w2,

i â®¬ã β(ξ31+w3
1) = 0. �áâ ­­õ á¯i¢¢i¤­®è¥­­ï ¢ ªi«ìæi F2[ξ1, w1, w2]/⟨ξ21 = ξ1w1⟩

¢¨ª®­ãõâìáï â÷«ìª¨ §  ã¬®¢¨ β = 0. �â¦¥, k∗(σ2) = αξ1 + w2. � õ¬® â ª®¦
­ áâã¯­¨© « ­æî¦®ª ài¢­®áâ¥©:

k∗(Sq2c3) = k∗(σ2c3) = ξ1w2(αξ
2
1 + w2) = αξ31w2 + αξ1w

2
2,

Sq2(k∗c3) = Sq2(ξ1w2) = ξ21w1w2 + ξ1w
2
2 = ξ31w2 + ξ1w

2
2.

� ®áâ ­­iå á¯i¢¢i¤­®è¥­ì ®¤¥à¦¨¬® ài¢­iáâì αξ31w2+αξ1w
2
2 = ξ31w2+ξ1w

2
2, â®¡â®

α = 1. � ª¨¬ ç¨­®¬, k∗(σ2) = ξ21 + w2.

�¥å © ϱ∗ : H∗(�4,Z) → H∗(�4,F2) { £®¬®¬®àäi§¬ ª®£®¬®«®£i©, é® i­¤ã-
ªãõâìáï ª®¥äiæiõ­â­¨¬ £®¬®¬®àäi§¬®¬ ϱ : Z → F2, ϱ(1) = 1. �¨ª®­ãõâìáï
­ áâã¯­ 

�¥®à¥¬  1. Iá­ãîâì â ªi ­¥­ã«ì®¢i ¥«¥¬¥­â¨ u, v, z, u ∈ H2(�4,Z)(2), v ∈
H3(�4,Z)(2), z ∈ H4(�4,Z)(2) ¯¥ài®¤i¢ 2, 3, 4 ¢i¤¯®¢i¤­®, ïªi ¯®à®¤¦ãîâì ªi«ì-

æ¥ H̃(�4,Z)(2), ¯à¨ç®¬ã, ϱ∗(u) = σ21, ϱ
∗(v) = c3+σ1σ2, ϱ

∗(z) = σ22. �i«ìè¥ â®£®,

¢ H̃∗(�4,Z)(2) ¢¨ª®­ãõâìáï á¯i¢¢i¤­®è¥­­ï u(v2 − uz) = 0 i ¢ái ­¥âà¨¢i «ì­i

á¯i¢¢i¤­®è¥­­ï ¢ H̃∗(�4,Z)(2) ¢¨¯«¨¢ îâì § ®áâ ­­ì®£®.

�®¢¥¤¥­­ï. �áªi«ìª¨ k∗ : H̃∗(�4,Z)(2) → H̃∗(D4,Z) { i­'õªæiï i ¢ H∗(D4,Z)
¢¨ª®­ãîâìáï á¯i¢¢i¤­®è¥­­ï H4q(D4,Z) ∼= Z/4 × Aq, ¤¥ 2Aq = 0, q > 0, i
expHi(D4,Z) ≤ 2 ¯à¨ i ̸= 4q, q > 0, â® expH4(�4,Z)(2) ≤ 2 ¯à¨ k ̸= 4q > 0 i
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expH4q(�4,Z)(2) ≤ 4 ¯à¨ q ≥ 0. �®ª ¦¥¬®, é® H4q(�4,Z)(2) ∼= Z/4 × Bq, ¤¥
expBq ≤ 2 ¯à¨ q > 0. �¥å © {Er}∞1 , {E′

r}∞1 { á¯¥ªâà «ì­i ¯®á«i¤®¢­®áâi �®ªè-
â¥©­  mod 2 ¤«ï H∗(�4,F2) i H∗(D4,F2) ¢i¤¯®¢i¤­® [8]. �ª« ¤¥­­ï k : D4 → �4

i­¤ãªãõ ¬®àäi§¬ τ á¯¥ªâà «ì­¨å ¯®á«i¤®¢­®áâ¥©, τ : {Er}∞1 → {E′
r}∞1 . �¥å ©

βr (β′
r) { ¤¨ä¥à¥­æi « ¢ r-®¬ã ç«¥­i á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi Er (¢÷¤¯®¢÷¤­®

E′
r), βr : Er → Er, β′

r : E
′
r → E′

r. � õ¬® β1(c3) = Sq1c3 = 0, β1(σ21) = Sq1(σ22) =
0. �£i¤­® [8] ®âà¨¬ õ¬® ­ áâã¯­i á¯i¢i¤­®è¥­­ï:

τ (2)β2{c3} = β′
2{τ (1)c3} = β′

2{ξ1w2} = {w2
2} = τ (2){σ22} i E3

∼= E′
3 = F2.

�â¦¥, ¢ H4(�4,Z) iá­ãõ ¥«¥¬¥­â z ¯¥ài®¤ã 4 i ¢ H̃∗(�4,Z) ­¥ iá­ãõ ¥«¥¬¥­-
â  § ¯¥ài®¤®¬ 2k, ¤¥ k > 2. �ài¬ â®£®, ϱ∗(z) = σ22 i k∗(z) ¬ õ ¯¥ài®¤ 4,
k∗(z) ∈ H∗(D4,Z). �áªi«ìª¨ k∗ { ¢ª« ¤¥­­ï, k∗(zl) = [k∗(z)]l,   [k∗(z)]l ¬ õ
¯¥ài®¤ 4 (¤¨¢. [8]), â® zl ¬ õ â ª®¦ ¯¥ài®¤ 4. �â¦¥, H4q(�4,Z)(2) ∼= Z/4 × Bq,
¤¥ expBq ≤ 2 i expH l(�4,Z)(2) ≤ 2, ïªé® l > 0 i l ̸≡ 0(mod 4). � «i § ä®à-
¬ã«¨ ã­i¢¥àá «ì­¨å ª®¥äiæiõ­âi¢ i § ªi«ìæ¥¢®£® £®¬®¬®àäi§¬ã H∗(�4,F2) ∼=
F2[σ1, σ2, c3]/⟨σ1c3 = 0⟩ ¢¨¯«¨¢ õ, é® £àã¯  H2(�4,Z)(2) i§®¬®àä­  Z/2 § â¢ià-
­®î u, £àã¯  H3(�4,Z)(2) i§®¬®àä­  Z/2 § â¢ià­®î v,   £àã¯  H4(�4,Z)(2)
i§®¬®àä­  Z/4×Z/2 § â¢ià­¨¬¨ z i u2 ¢i¤¯®¢i¤­®, ¯à¨ç®¬ã, ϱ∗(u) = σ21 , ϱ

∗(v) =
σ1σ2 + c3, ϱ∗(z) = σ22 . � îâì ¬iáæ¥ ­ áâã¯­i á¯i¢¢i¤­®è¥­­ï:

Sq1(σ2c3) = c23, Sq1σ1 = σ21 , Sq1σ1σ2 = 0, Sq1c3 = 0, Sq1σ2 = c3 + σ1σ2.
(3)

�®ª ¦¥¬®, é® ¤®¢i«ì­¨© ¥«¥¬¥­â x ∈ Hn(�4,Z)(2), n > 0, õ áã¬®î ¬®­®¬i¢

uivlzj , αzt, α = 0, 3, â®¡â® ªi«ìæ¥ H̃∗(�4,Z)(2) ¯®à®¤¦ãõâìáï ¥«¥¬¥­â ¬¨ u, v, z.

�¯à ¢¤÷, ­¥å © x ∈ Hn(�4,Z)(2). �«ï ¤®¢i«ì­®£® y ∈ H̃ l(�4,Z)(2), y ̸= 0,
á¯i¢¢i¤­®è¥­­ï ϱ∗(y) = 0 ¬ õ ¬iáæ¥ â®¤i i âi«ìª¨ â®¤i, ª®«¨ deg y = 4m, m > 0,
i y = 2zm. �â¦¥, ïªé® ϱ∗(x) = 0, â® x ¯®à®¤¦ãõâìáï ¥«¥¬¥­â®¬ z.

�¥å © ϱ∗(x) ̸= 0. �à¨¯ãáâ¨¬®, é® ã ¢áïª®¬ã ¬®­®¬i r ¯®«i­®¬  ϱ∗(x) §¬i­­i
σ1, σ2, c3 ¢å®¤ïâì § ¯ à­¨¬¨ áâ¥¯¥­ï¬¨. �®¤i x ¯®à®¤¦ãõâìáï ¥«¥¬¥­â ¬¨ u, v, z.
�¯à ¢¤÷, ¬ õ¬® ϱ∗(u) = σ21 , ϱ

∗(z) = σ22 , c
2
3 = (ϱ∗(v))2− (ϱ∗(zu))2. �â¦¥, ϱ∗(x) =

ϱ∗P (u, v, z) ¤«ï ¤¥ïª®£® ¯®«i­®¬  P ¢i¤ §¬i­­¨å u, v, z i ϱ∗(x − P (u, v, z)) = 0.
�ªé® x − P (u, v, z) = 0, â® x = P (u, v, z). �ªé® ¦ x − P (u, v, z) ̸= 0, â® i§
áª § ­®£® ¢¨é¥ ¢¨¯«¨¢ õ, é® x− P (u, v, z) = 2zs, ¤¥ deg x = degP = 4s = n. �
®¡¨¤¢®å ¢¨¯ ¤ª å x ¯®à®¤¦ãõâìáï ¥«¥¬¥­â ¬¨ u, v, z.

� «¨è¨«®áì à®§£«ï­ãâ¨ ¢¨¯ ¤®ª, ª®«¨ ¢ ãáïª®¬ã ¬®­®¬i r ¯®«i­®¬  ϱ∗(x)
iá­ãõ §¬i­­ , ïª  ¢å®¤¨âì ¢ r § ­¥¯ à­¨¬ áâ¥¯¥­¥¬. �ªé® |x| = 4, â®  ¡® x =
zs + y, ¤¥ |y| = 2 i ¢ ãáïª®¬ã ¬®­®¬i r ¯®«i­®¬  ϱ∗(y) iá­ãõ §¬i­­ , ïª  ¢å®¤¨âì
¢ r § ­¥¯ à­¨¬ áâ¥¯¥­¥¬,  ¡® y = 0. � ª¨¬ ç¨­®¬, ¤®áâ â­ì® à®§£«ï­ãâ¨
¢¨¯ ¤®ª, ª®«¨ |x| = 2, ϱ∗(x) ̸= 0 i ¢ ãáïª®¬ã ¬®­®¬i ¯®«i­®¬  ϱ∗(x) iá­ãõ §¬i­­ 
§ ­¥¯ à­¨¬ áâ¥¯¥­¥¬. �  â ª¨å ã¬®¢ ϱ∗(x) ¬®¦­  §®¡à §¨â¨ ã ¢¨£«ï¤i

ϱ∗(x) = α1σ1z1 + α2σ2z2 + α3σ1σ2z3 + α4c3z4 + α5σ2c3z5,

¤¥ zi = ϱ∗(ti) ¤«ï ¤¥ïª¨å ti ∈ H̃(�4,Z)(2), z1, z3 ∈ F2[σ1, σ2], z4, z5 ∈ F2[c3, σ2],
αi = 0  ¡® αi = 1, i = 1, 5. �à å®¢ãîç¨ (3) i ài¢­iáâì Sq1ϱ∗(x) = 0, ®¤¥à¦¨¬®
­ áâã¯­¥ á¯i¢¢i¤­®è¥­­ï:

α1σ
2
1z1 + α2(σ1σ2 + c3)z2 + α5c

2
3z5 = 0. (4)

� ã¢ ¦¨¬®, é® §¬i­­i σ1 i σ2  «£¥¡à ùç­® ­¥§ «¥¦­i ¢ H∗(�4,F2). �­ «®-
£iç­®, §¬i­­i σ2 i c3  «£¥¡à ùç­i ­¥§ «¥¦­i ¢ H∗(�4,F2). �ªé® ¢ (4) ¬®­®¬ σl

2
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¢å®¤¨âì ¢ z2 ïª ¤®¤ ­®ª, â® α2 = 0 i â®¤i, ¢à å®¢ãîç¨ (4), ®¤¥à¦¨¬® α1 = 0,
α5 = 0, â®¡â® ϱ∗(x) = α3σ1σ2z3 + α4c3z4.

�¥å © z2 = σ1z
′
2 + c3z

′′
2 , ¤¥ z′2 { ¯®«i­®¬ ¢i¤ §¬i­­¨å σ1, σ2,   z′′2 { ¯®«i­®¬

¢i¤ §¬i­­¨å c3, σ2, ¯à¨ç®¬ã, σ1|z′2 i c3|z′′2 . �à å®¢ãîç¨ (4), ®¤¥à¦¨¬® α1σ
2
1z1 +

α2σ
2
1σ2z

′
2 + α2c

2
3z

′′
2 + α5c

2
3z5 = 0. � ®áâ ­­ì®£® á¯i¢¢i¤­®è¥­­ï ¢¨¯«¨¢ îâì

ài¢­®áâi:
α1σ

2
1z1 + α2σ

2
1σ2z

′
2 = 0, α2c

2
3z

′′
2 + α5c

2
3z5 = 0. (5)

�ªé® α1 = 0, â® § (5) ¢¨¯«¨¢ õ ài¢­iáâì α2 = 0. �à å®¢ãîç¨ (5), § ài¢­®áâi α2 =
0 ®¤¥à¦¨¬® α5 = 0. �â¦¥, ¯à¨ α1 = 0 ¯®«÷­®¬ ϱ∗(x) ¬ õ ­ áâã¯­¨© ¢¨£«ï¤:
ϱ∗(x) = α3σ1σ2z3 + α4c3z4. �¥å © α1 = 1. �®¤i § (3) i (4) ¢¨¯«¨¢ îâì ài¢­®áâi
α2 = α5 = 1. � ®áâ ­­ì®¬ã ¢¨¯ ¤ªã ®¤¥à¦¨¬® ­ áâã¯­i á¯i¢¢i¤­®è¥­­ï:

σ21z1 + σ21σ2z
′
2 = 0, (6)

c23z
′′
2 + c23z5 = 0. (7)

�áªi«ìª¨ σ1 i σ2  «£¥¡à ùç­® ­¥§ «¥¦­i, â® § (6) ¢¨¯«¨¢ õ, é® z1 + σ2z
′
2 = 0.

�­ «®£iç­® ®âà¨¬ õ¬® á¯i¢¢i¤­®è¥­­ï z′′2 +z5 = 0. � ®áâ ­­ì®£® á¯i¢¢i¤­®è¥­-
­ï ®¤¥à¦¨¬® σ2c3z

′′
2 + σ2c3z5 = 0. �â¦¥,

σ1z1 + σ1σ2z
′
2 + σ2c3z

′′
2 + σ2c3z5 = 0.

� ãáiå ¢¨¯ ¤ª å ¤«ï ϱ∗(x) ¢¨ª®­ãõâìáï á¯i¢i¤­®è¥­­ï:

ϱ∗(x) = α3σ1σ2z3 + α4c3z4. (8)

�áªi«ìª¨ ¯¥ài®¤ ¥«¥¬¥­â  x ài¢­¨© 2, â® ¢ H̃∗(�4,F2) iá­ãõ â ª¨© ¥«¥¬¥­â y ∈
H̃∗(�4,F2), é® Sq1y = ϱ∗(x). �«¥¬¥­â y ¬®¦­  §®¡à §¨â¨ ã ¢¨£«ï¤i

y = γ1σ1y1 + γ2σ2y2 + γ3σ1σ2y3 + γ4c3y4 + γ5σ2c3y5, (9)

¤¥ y1, y3 ∈ F2[σ1, σ2], y4, y5 ∈ F2[σ2, c3], γi = 0  ¡® 1, i = 1, 5, ¯à¨ç®¬ã, ¢ ¤®¢i«ì-
­®¬ã ¬®­®¬÷ σk

1σ
l
2  ¡® σt

2c
s
3 ¯®«i­®¬  yi §¬i­­i σ1, σ2, c3 ¬ îâì ¯ à­i áâ¥¯¥­i.

� õ¬® Sq1yi = 0 ¤«ï i = 1, 5. �áªi«ìª¨ ϱ∗(x) = α3σ1σ2z3 + α4c3z4, ¤¥ σ1
¢å®¤¨âì ¢ ¬®­®¬¨ ¯®«i­®¬  z3 § ¯ à­¨¬¨ áâ¥¯¥­ï¬¨ i Sq1(σ1y1) = σ21y1, â®
ã ä®à¬ã«i (9) ¤«ï ¢¨à §ã y ¢¨ª®­ãõâìáï ài¢­iáâì γ1 = 0. �ài¬ â®£®, ¬®¦-
­  ¢¢ ¦ â¨, é® γ4 = γ3 = 0, ®áªi«ìª¨ Sq1(c3y4) = 0, Sq1(σ1σ2y3) = 0. �â¦¥,
y = γ2σ2y2+γ5σ2c3y5. � õ¬® Sq1y = γ2σ1σ2y2+γ2c3y2+γ5c

2
3y5. �áªi«ìª¨ §¬i­­ 

c3 ¢å®¤¨âì ¢ ¬®­®¬¨ ¯®«i­®¬  ϱ∗(x) § ­¥¯ à­¨¬¨ áâ¥¯¥­ï¬¨, â® γ5 = 0, y = σ2y2,
â®¡â® Sq1y = σ1σ2y2 + c3y2 = α3σ1σ2z3 + α4c3z4. �áâ ­­õ á¯i¢¢i¤­®è¥­­ï ¢¨-
ª®­ãõâìáï âi«ìª¨ ¯à¨ α3 = α4 = 1. �â¦¥, ϱ∗(x) = (σ1σ2 + c3)y2. �áªi«ì-
ª¨ ª®¦­¨© ¬®­®¬ ¯®«i­®¬  y2 ¬iáâ¨âì §¬i­­i âi«ìª¨ § ¯ à­¨¬¨ áâ¥¯¥­ï¬¨, â®
y2 = ϱ∗P (u, v, z) ¤«ï ¤¥ïª®£® ¯®«i­®¬  P . � õ¬® ϱ∗(vP ) = ϱ∗(x) = (σ1σ2+c3)y2,
â®¡â® x − vP = 0  ¡® x − vP = 2zs ¤«ï ¤¥ïª®£® s > 0. �â¦¥, x ¯®à®¤¦ãõâìáï
¥«¥¬¥­â ¬¨ u, v, z.

� ªi«ìæi H̃∗(�4,Z)(2) ¬i¦ ¥«¥¬¥­â ¬¨ u, v, z ¬®¦«¨¢i á¯i¢i¤­®è¥­­ï (­¥âà¨-
¢i «ì­i) ¬ îâì ­ áâã¯­¨© ¢¨£«ï¤:

t∑
i=1

ukivlizsi = 0, ¤¥ 2ki + 3li + 4si = n, i = 1, t (10)
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 ¡®
t∑

i=1

ukivlizsi = 2zn, ¤¥ 2ki + 3li + 4si = 4n, i = 1, t (11)

�à¨¯ãáâ¨¬®, é® ¢ H̃∗(�4,Z)(2) ¢¨ª®­ãõâìáï ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï (11).
�®¤i ki > 0  ¡® li > 0 ¤«ï ¢áiå i = 1, t, ®áªi«ìª¨ |zn| = 4 i |2zn| = 2. �®§£«ï­¥¬®
â®ç­ã ¯ àã

D = H∗(�4,Z)
i′−−−−→ H∗(�4,Z)

k′I@ 	�j′

H∗(�4,F2),

¤¥ j′ = ϱ∗. �¢¥¤¥¬® ¯®¤i¡­i ç«¥­¨ ¢ «i¢i© ç áâ¨­i á¯i¢¢i¤­®è¥­­ï (11). �®§­ -
ç¨¬® «i¢ã ç áâ¨­ã æì®£® á¯i¢¢i¤­®è¥­­ï ç¥à¥§ P . �®¤iï¢è¨ ­  ®¡¨¤¢i ç áâ¨­¨
á¯i¢i¤­®è¥­­ï (11) £®¬®¬®àäi§¬®¬ ϱ∗, ®¤¥à¦¨¬® ϱ∗P = 0. �¥å © ukivlizsi {
¤®¢i«ì­¨© ¬®­®¬ ¯®«i­®¬  P . � õ¬®

ϱ∗(ukivlizsi) = σ2ki
1 (σ1σ2 + c3)

liσ2si2 = σ2ki+li
1 σ2si+li

2 + σ2ki
1 cli3 σ

2si
2 .

�ªé® ki = 0, â® ϱ∗(ukivlizsi) = σli
1 σ

2si+li
2 + cli3 σ

2si
2 i á¯i¢¢i¤­®è¥­­ï (11), ®ç¥-

¢¨¤­®, ¬®¦¥ ¢¨ª®­ã¢ â¨áì âi«ìª¨ ¢ â®¬ã ¢¨¯ ¤ªã, ª®«¨ ¢ P ¢å®¤¨âì ¬®­®¬
â ª®£® ¦ ¢¨£«ï¤ã u0vljzsj , ¯à¨ç®¬ã, li = lj i 2si = 2sj . �«¥ â®¤i ¢ P õ ¯®¤i¡­i
ç«¥­¨, é® áã¯¥à¥ç¨âì áª § ­®¬ã ¢¨é¥. �â¦¥, ki > 0 ¤«ï ¢áiå i ∈ 1, t, i â®¬ã
¯®«i­®¬ P §®¡à ¦ õâìáï ã ¢¨£«ï¤i P = uP1, ¤¥ P1 { ¤¥ïª¨© ¯®«i­®¬ ¢i¤ §¬i­-
­¨å u, v, z. � õ¬® k′(σ1ϱ∗(P1)) = uP1 i 0 = ϱ∗(P ) = ϱ∗(u)ϱ∗(P1) = σ21ϱ

∗(P1). �
®áâ ­­iå ài¢­®áâ¥© ®¤¥à¦¨¬® σ1ϱ

∗(P1) = 0, P = k′(σ1ϱ∗(P1)) = k′(0). �¨ ®âà¨-
¬ «¨ áã¯¥à¥ç­iáâì, ®áªi«ìª¨ ¥«¥¬¥­â 2zn ¬ õ ¯¥ài®¤ 2 i â®¬ã 2zn ̸= 0. �â¦¥, ¢
H̃∗(�4,Z)(2) ­¥ ¢¨ª®­ãîâìáï á¯i¢¢i¤­®è¥­­ï (11).

�®§£«ï­¥¬® â¥¯¥à ¬®¦«¨¢¥ ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï (10). �¢¥¤¥¬® ¯®-
¤i¡­i ç«¥­¨ ¢ «i¢i© ç áâ¨­i ài¢­®áâi (10). �®§­ ç¨¬® ¯®«i­®¬

∑t
i=1 u

kivlizsi ç¥-
à¥§ P . �ª i ¢ ¯®¯¥à¥¤­ì®¬ã ¢¨¯ ¤ªã, ¤«ï ¤®¢i«ì­®£® ¬®­®¬  ukivlizsi ¯®«i­®¬ 
P ¢¨ª®­ãõâìáï ã¬®¢  ki > 0. �®§£«ï­¥¬® ¤®¢i«ì­¨© ¬®­®¬ ukivlizsi ¯®«i­®¬ 
P . � õ¬® ϱ∗(ukivlizsi) = σ2ki+li

1 σ2si+li
2 , ®áªi«ìª¨ ki > 0. �®¤iï¢è¨ ­  ®¡¨¤¢i

ç áâ¨­¨ ài¢­®áâi (10) £®¬®¬®àäi§¬®¬ ϱ∗, ®¤¥à¦¨¬® á¯i¢¢i¤­®è¥­­ï

t∑
i=1

σ2ki+li
1 σ2si+li

2 = 0. (12)

�áªi«ìª¨ σ1 i σ2  «£¥¡à ùç­® ­¥§ «¥¦­i ¢H∗(�4,F2), â® ài¢­iáâì (12) ¢¨ª®­ãõâì-
áï âi«ìª¨ ¢ â®¬ã ¢¨¯ ¤ªã, ª®«¨ ¤«ï ¤®¢i«ì­®£® ¬®­®¬  ukivlizsi ¯®«i­®¬  P iá-
­ãõ â ª¨© ¬®­®¬ ukjvljzsj ¯®«i­®¬  P , é® 2ki+li = 2kj+lj i 2si+li = 2sj+lj . � -
ª¨¬ ç¨­®¬, ¢ái ¬®­®¬¨ ¯®«i­®¬  P à®§¡¨¢ îâìáï ­  ¯ à¨ ⟨ukivlizsi , ukjvljzsj ⟩,
â ª é® ¤«ï ª®¦­®ù § ­¨å ¢¨ª®­ãîâìáï ã¬®¢¨ 2ki+li = 2kj+lj , 2si+li = 2sj+lj .
�â¦¥, ¤®¢i«ì­¥ ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï (12) ¢¨¯«¨¢ õ § á¯i¢¢i¤­®è¥­ì
¢¨£«ï¤ã

uk1vl1zs1 = uk2vl2zs2 , ki > 0, ¤¥ 2k1+ l1 = 2k2+ l2, 2s1+ l1 = 2s2+ l2. (13)
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�®§£«ï­¥¬® ¬®¦«¨¢¥ ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï (13). �«ï ¢¨§­ ç¥­®áâi,
­¥å © s2 ≤ s1. � õ¬® (uk2vl2 − uk1vl1zs1−s2)zs2 = 0 i

ϱ∗(uk2vl2 − uk1vl1zs1−s2)ϱ∗(zs2) = ϱ∗(uk2vl2 − uk1vl1zs1−s2)σ2s22 = 0.

�áªi«ìª¨ σ2s22 ­¥ õ ¤i«ì­¨ª®¬ ­ã«ï ¢ H∗(�4,F2), â® ϱ∗(uk2vl2−uk1vl1zs1−s2) = 0.
� «i, ®áªi«ìª¨ ¢ H̃∗(�4,Z)(2) ­¥ iá­ãõ á¯i¢¢i¤­®è¥­ì ¢¨£«ï¤ã uk2vl2−uk1vl1zs1−s2=
2zl, â® á¯i¢¢i¤­®è¥­­ï ϱ∗(uk2vl2 − uk1vl1zs1−s2) = 0 ¥ª¢i¢ «¥­â­¥ ­ áâã¯­®¬ã:

uk2vl2 − uk1vl1zs1−s2 = 0, ¤¥ 2k1 + l1 = 2k2 + l2, 2(s1 − s2) + l1 = l2. (14)

� ã¢ ¦¨¬®, é® ¢ H̃∗(�4,Z)(2) ¢¨ª®­ãõâìáï ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï uv2−
u2z = 0. �¯à ¢¤÷,

ϱ∗(uv2 − u2z) = σ21(σ1σ2 + c3)
2 + σ41σ

2
2 = σ21(σ

2
1σ

2
2 + c23) + σ41σ

2
2 = 0.

�áªi«ìª¨ uv2 − u2z ̸= 2z2, â® ài¢­iáâì ϱ∗(uv2 − u2z) = 0 ¢¨ª®­ãõâìáï âi«ìª¨ § 
ã¬®¢¨ uv2 − u2z = 0.

�ªé® ¢ (14) l2 = 0  ¡® l2 = 1, â® s2−s1 = 0 i l2 = l1, 2k1 = 2k2, â®¡â® ¬¨ ¬ õ¬®
âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï uk1vl1 = uk1vl1 . �ªé® ¢ (14) s2−s1 = 0, â® k2 = k1 i
l2 = l1, i ¬¨ §­®¢ã ®âà¨¬ «¨ âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï uk1vl1 = uk1vl1 . �¥å ©
s = s1 − s2 > 0. �®¤i k1 = s+ k2 ≥ 1 + 1 = 2 i ¢¨ª®­ãîâìáï ài¢­®áâi

uk1vl1zs = uk1−2vl1zs−1(u2z) = uk1−2vl1zs−1(uv2) = uk1−1vl1+2zs−1,

¤¥ 2(k1 − 1) + (l1 + 2) = 2k1 + l1 = 2k2 + l2 i 2(s − 1) + (l1 + 2) = 2s + l1 = l2.
�â¦¥, á¯i¢¢i¤­®è¥­­ï uk2vl2 = uk1vl1zs, ¤¥ l2 − l1 = 2s = 2(k1 − k2) > 0,
¢¨¯«¨¢ õ i§ á¯i¢¢i¤­®è¥­ì u2z = uv2, uk2vl2 = uk1−1vl1+2zs−1. � áâ®á®¢ãîç¨
i­¤ãªæiî ¯® ç¨á«ã s− j, ¬¨ ®âà¨¬ õ¬® ­ áâã¯­¥ â¢¥à¤¦¥­­ï: á¯i¢¢i¤­®è¥­­ï
uk2vl2 = uk1vl1zs, ¤¥ l2 − l1 = 2s = 2(k1 − k2) > 0, ¢¨¯«¨¢ õ i§ á¯i¢¢i¤­®è¥­ì
u2z = uv2, uk2vl2 = uk1−svl1+2sz0, ¤¥ k1 − s = k2 i l1 + 2s = l2, â®¡â® i§
á¯i¢¢i¤­®è¥­­ï u2z = uv2.

�¢¥à¤¦¥­­ï 1 i â¥®à¥¬  1 ¯®¢­iáâî ¢¨§­ ç îâì ªi«ìæ¥¢ã áâàãªâãàã ¢ H̃∗(�4,Z).
�¥à¥©¤¥¬® ¤® ®¡ç¨á«¥­­ï ¬ã«ìâ¨¯«iª â¨¢­®ù áâàãªâãà¨ ªi«ìæï H∗(A6,Z).

�¯®ç âªã ®¡ç¨á«¨¬® H∗(A6,Z)(3) i H∗(A6,Z)(5).
�i¤áâ ­®¢ª  d = (12345)(6) ¯®à®¤¦ãõ á¨«®¢áìªã 5-¯i¤£àã¯ã A6,5 £àã¯¨ A6,

A6,5
∼= Z/5,   ¯i¤áâ ­®¢ª  d1 = (12345) ¯®à®¤¦ãõ á¨«®¢áìªã 5-¯i¤£àã¯ã A5,5

£àã¯¨ A5, A5,5
∼= Z/5. �¥£ª® ¡ ç¨â¨, é® ¯i¤ªi«ìæ¥ A6-i­¢ ài ­â­¨å ¥«¥¬¥­âi¢

ªi«ìæï H̃∗(A6,5,Z)(5) §¡÷£ õâìáï § ¯i¤ªi«ìæ¥¬ g-i­¢ ài ­â­¨å ¥«¥¬¥­âi¢ æì®£®
ªi«ìæï, ¤¥ g = (25)(34), gdg−1 = d4. �­ «®£iç­®, ¯i¤ªi«ìæ¥ A5-i­¢ ài ­â­¨å
¥«¥¬¥­âi¢ ªi«ìæï H̃∗(A5,5,Z) §¡÷£ õâìáï § ¯i¤ªi«ìæ¥¬ g1-i­¢ ài ­â­¨å ¥«¥¬¥­âi¢
æì®£® ¦ ªi«ìæï, ¤¥ g1 = (25)(34), g1d1g

−1
1 = d41. � ª¨¬ ç¨­®¬, ¢¨ª®­ãõâìáï

­ áâã¯­¥

�¢¥à¤¦¥­­ï 3. �i«ìæï H̃∗(A5,Z)(5) i H̃∗(A6,Z)(5) i§®¬®àä­i.

� [3] ¢¨¯«¨¢ õ i§®¬®àäi§¬ H∗(A5,F5) ∼= F5[y2] ⊗ �[xy], ¤¥ y { â¢ià­  £àã¯¨
H2(A5,5,F5) ∼= F5, x { â¢ià­  £àã¯¨ H1(A5,5,F5) ∼= F5. �¥å © ϱ : Z → F5 { ª -
­®­÷ç­¨© £®¬®¬®àä÷§¬, ϱ(1) = 1,   ϱ∗ : H∗(A6,Z) → H∗(A6,F5) { £®¬®¬®àäi§¬
ª®£®¬®«®£i©, i­¤ãª®¢ ­¨© ª®¥äiæiõ­â­¨¬ £®¬®¬®àäi§¬®¬ ϱ. I§ áª § ­®£® ¢¨é¥
i § â¥®à¥¬¨ ¯à® ã­i¢¥àá «ì­i ª®¥äiæiõ­â¨ ¢¨¯«¨¢ õ ­ áâã¯­¥
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�¢¥à¤¦¥­­ï 4. H∗(A6,F5) ∼= F5[y2]⊗�[xy], ¤¥ y { â¢ià­  £àã¯¨ H2(A6,5,F5) ∼=
F5, x { â¢ià­  £àã¯¨ H1(A6,5,F5) ∼= F5. �ài¬ â®£®, ïªé® y1 { â¢ià­  £àã¯¨

H4(A6,Z)(5), H4(A6,Z)(5) ∼= Z/5, â® yn1 { â¢ià­  £àã¯¨ H4n(A6,Z)(5), H4n(A6,Z)(5)
∼= Z/5, n > 0, ¯à¨ç®¬ã, ϱ∗(y1) = y i H l(A6,Z)(5) = 0 ¯à¨ l ̸≡ 0(mod 4).

�¢¥à¤¦¥­­ï 4 ¯®¢­iáâî ®¯¨áãõ ªi«ìæ¥¢ã áâàãªâãàã ¢ H∗(A6,Z)(5).
�i¤£àã¯  A6,3 £àã¯¨ A6, ¯®à®¤¦¥­  ¯i¤áâ ­®¢ª ¬¨ (123), (456) õ á¨«®¢áìª®î

3-¯i¤£àã¯®î £àã¯¨ A6, A6,3
∼= Z/3×Z/3. �¥å © φ : Z/3×Z/3 → A6 { ¢i¤¯®¢i¤­¥

¢ª« ¤¥­­ï £àã¯¨ A6,5 ¢ £àã¯ã A6. �¥£ª® ¡ ç¨â¨, é® ¯i¤ªi«ìæ¥ A6-i­¢ ài ­â­¨å
¥«¥¬¥­âi¢ ªi«ìæï H̃∗(Z/3×Z/3,Z)(3) §¡÷£ õâìáï § ¯i¤ªi«ìæ¥¬ {g, h}-i­¢ ài ­â­¨å
¥«¥¬¥­âi¢, ¤¥ g = (12)(45), h = (1524)(36). �¥å © r { â¢ià­  £àã¯¨ H2(Z/3,Z),
e = pr∗1(r), f = pr∗2(r), ¤¥ pri { ¯à®¥ªæiï £àã¯¨ Z/3 × Z/3 ­  i-ã ª®¬¯®­¥­âã,
i = 1, 2. �i«ìæ¥ U = H̃∗(Z/3 × Z/3,Z) ¯®à®¤¦ãõâìáï ¥«¥¬¥­â ¬¨ e, f, s, ¤¥
e, f ∈ H2(Z/3 × Z/3,Z), H2(Z/3 × Z/3,Z) ∼= Z/3 × Z/3, s ∈ H3(Z/3 × Z/3,Z),
H3(Z/3×Z/3,Z) ∼= Z/3, ¯à¨ç®¬ã, ¤«ï e, f, s ¢¨ª®­ãîâìáï á¯i¢¢i¤­®è¥­­ï ef =
fe, se = es, sf = fs, s2 = 0.

�i¤ªi«ìæ¥ U1 g-i­¢ ài ­â­¨å ¥«¥¬¥­âi¢ ªi«ìæï U ¯®à®¤¦ãõâìáï ¥«¥¬¥­â ¬¨
e2, f2, ef, s. I­è¨¬¨ á«®¢ ¬¨, ïªé® U ′

1, U ′
1 = U1 ⊕ Z/3, à®§£«ï­ãâ¨ ïª  «£¥¡àã

­ ¤ F3, â® ¬ õ ¬iáæ¥ i§®¬®àäi§¬ U ′
1
∼= F3[e2, f2, ef ] ⊗ �[s]. �ài¬ â®£®, ¬ õ¬®

h∗(e2) = e2, h∗(f2) = f2, h∗(ef) = −ef , h∗(s) = s. �¥å © U2 { ¯i¤ªi«ìæ¥ ¢áiå
h-i­¢ ài ­â­¨å ¥«¥¬¥­âi¢ ªi«ìæï U1, U ′

2 = Z/3 ⊕ U2. �ªé® U ′
2 à®§£«ï­ãâ¨ ïª

 «£¥¡àã ­ ¤ F3, â® ¬ õ ¬iáæ¥ i§®¬®àäi§¬ U ′
2
∼= F3[e2, f2]⊗�[s]. �¥å © α = φ∗(e2),

β = φ∗(f2), t = φ∗(s). I§ áª § ­®£® ¢¨é¥ ¢¨¯«¨¢ õ ­ áâã¯­¥

�¢¥à¤¦¥­­ï 5. �i«ìæ¥ U2 = H̃∗(A6,Z)(3) ¯®à®¤¦ãõâìáï ¥«¥¬¥­â ¬¨ α, b, t,
¤«ï ïª¨å ¢¨ª®­ãîâìáï ­ áâã¯­i ­¥âà¨¢i «ì­i á¯i¢¢i¤­®è¥­­ï: αβ = βα, αt =
tα, βt = tβ, t2 = 0.

�¢¥à¤¦¥­­ï 5 ¯®¢­iáâî ®¯¨áãõ ªi«ìæ¥¢ã áâàãªâãàã H̃∗(A6,Z)(3).
�¡ç¨á«¨¬® ªi«ìæ¥ ª®£®¬®«®£i© H∗(A6,Z)(2). �­ ©¤¥¬® á¯®ç âªã ®¡à § £®-

¬®¬®àäi§¬ã áª®à®ç¥­­ï i∗ : H∗(A6,F2) → H∗(D4,F2), ¤¥ i { ¢ª« ¤¥­­ï £àã¯ §
¤i £à ¬¨ (2).

�¢¥à¤¦¥­­ï 6. �iï ¬®­®¬®àäi§¬ã i∗ ­  H∗(A6,F2) § ¤ õâìáï ­ áâã¯­¨¬¨

ài¢­®áâï¬¨: i∗(σ2) = w2
1 + w2, i

∗(σ3) = ξ1w2 + w1w2, i
∗(c3) = ξ1w2.

�®¢¥¤¥­­ï â¢¥à¤¦¥­­ï 6 ¯à®¢®¤¨âìáï §   ­ «®£iõî § ¤®¢¥¤¥­­ï¬ â¢¥à¤¦¥­-
­ï 2, § ¢¨ª®à¨áâ ­­ï¬ ¤iù  «£¥¡à¨ �âi­à®¤  ­  ªi«ìæïå H∗(A6,F2), H∗(D4,F2)
i á¯i¢¢i¤­®è¥­­ï j∗1 i

∗
1(c3) = 0 [2], ¤¥ j1, i1 { ¢i¤¯®¢i¤­÷ ¬®­®¬®àäi§¬¨ § ¤i £à ¬¨

(2)

�¥®à¥¬  2. Iá­ãîâì â ªi ­¥­ã«ì®¢i ¥«¥¬¥­â¨ x, z, v, x ∈ H3(A6,Z)(2), z ∈
H4(A6,Z)(2), v ∈ H6(A6,Z)(2) ¯¥ài®¤i¢ 3, 4, 6 ¢i¤¯®¢i¤­®, ïªi ¯®à®¤¦ãîâì ªi«ì-

æ¥ H̃(A6,Z)(2), ¯à¨ç®¬ã, ϱ∗(x) = σ3 + c3, ϱ
∗(z) = σ22, ϱ

∗(v) = c23. �i«ìè¥ â®£®,

¢ H̃∗(A6,Z)(2) ¢¨ª®­ãîâìáï á¯i¢¢i¤­®è¥­­ï v2 − vx2 = 0 i ¢ái ­¥âà¨¢i «ì­i

á¯i¢¢i¤­®è¥­­ï ¢ H̃∗(A6,Z)(2) ¢¨¯«¨¢ îâì § ®áâ ­­ì®£®.

�®¢¥¤¥­­ï. �áªi«ìª¨ i∗ : H∗(A6,Z)(2) → H∗(D4, Z)(2) { ¬®­®¬®àäi§¬ i ¢
H∗(D4, Z) ¬ îâì ¬iáæ¥ á¯i¢¢i¤­®è¥­­ï H4q(D4,Z) ∼= Z/4 × Aq, 2Aq = 0,
¤¥ q > 0, i expHi(D4,Z) ≤ 2 ¯à¨ i ̸= 4q, i > 0, â® expH l(A6,Z)(2) ≤ 2
¯à¨ l ̸= 4q i expH4q(A6,Z)(2) ≤ 4 ¯à¨ q > 0. �¥å © {Er}∞1 , {E′

r}∞1 { á¯¥ª-
âà «ì­i ¯®á«i¤®¢­®áâi �®ªèâ¥©­  mod 2 ¤«ï H∗(A6,F2) i H∗(D4,F2) ¢i¤¯®¢i¤-
­®. �ª« ¤¥­­ï i : D4 → A6 i­¤ãªãõ ¬®àäi§¬ á¯¥ªâà «ì­¨å ¯®á«i¤®¢­®áâ¥©
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τ : {Er}∞1 → {E′
r}∞1 . �¥å © βr(β′

r) { ¤¨ä¥à¥­æi « ¢ r-®¬ã ç«¥­i á¯¥ªâà «ì­®ù
¯®á«i¤®¢­®áâi {Er}∞1 (¢÷¤¯®¢÷¤­® {E′

r}∞1 ), βr : Er → Er, β′
r : E

′
r → E′

r. � õ¬®
β1(c3 + σ3) = β1(c3) + β1(σ3) = 0, β1(σ22) = Sq1σ22 = 0. �£i¤­® [8] i â¢¥à¤¦¥­­ï
6 ¢¨ª®­ãîâìáï ­ áâã¯­i á¯i¢¢i¤­®è¥­­ï: τ (2)β2{c3 + σ3} = β′

2{τ (1)(c3 + σ3)} =
β′
2{ξ1w2} = {w2

2} = {w2
2 + w4

1} = τ (2){σ22} i E3 = E′
3 = F2. �â¦¥, ¢ H4(A6,Z) iá-

­ãõ ¥«¥¬¥­â z § ¯¥ài®¤®¬ 4 i ¢ H̃∗(A6,Z)(2) ­¥ iá­ãõ ¥«¥¬¥­â  § ¯¥ài®¤®¬ 2l = |z|,
¤¥ l > 2. �áªi«ìª¨ i∗ { ¢ª« ¤¥­­ï, â® i∗(zl) = (i∗z)l,   (i∗z)l ¬ õ ¯¥ài®¤ 4,
â® zl â ª®¦ ¬ õ ¯¥ài®¤ 4. �â¦¥, H4q(A6,Z)(2) ∼= Z/4 × Aq, ¤¥ expAq ≤ 2 i
expH l(A6,Z)(2) ≤ 2, ïªé® l > 0 i l ̸≡ 0(mod 4).

� ä®à¬ã«¨ ã­i¢¥àá «ì­¨å ª®¥äiæiõ­âi¢ i § ªi«ìæ¥¢®£® i§®¬®àäi§¬ã

H∗(A6,F2) ∼= F2[σ2, σ3, c3]/⟨σ3c3 = 0⟩

¢¨¯«¨¢ õ, é® £àã¯  H3(A6,Z)(2) i§®¬®àä­  Z/2 § â¢ià­®î x, £àã¯  H4(A6,Z)(2)
i§®¬®àä­  Z/4 § â¢ià­®î z, £àã¯  H6(A6,Z)(2) i§®¬®àä­  Z/2×Z/2 § â¢ià­¨¬¨
v i x2 ¢i¤¯®¢i¤­®, ¯à¨ç®¬ã, ϱ∗(x) = σ3 + c3, ϱ∗(z) = σ22 , ϱ

∗(v) = c23. �ài¬ â®£®,
H1(A6,Z)(2) ∼= H2(A6,Z)(2) = 0 i ¢¨ª®­ãîâìáï á¯i¢¢i¤­®è¥­­ï

Sq1c3 = Sq1σ3 = 0, Sq1σ2 = c3 + σ3, Sq1σ2c3 = c23, Sq1σ2σ3 = σ23 . (15)

�®ª ¦¥¬®, é® ¤®¢i«ì­¨© ¥«¥¬¥­â y ∈ Hn(A6,Z)(2), n > 0, õ áã¬®î ¬®­®¬i¢

xivkzj , αzt, ¤¥ α = 0, 3, â®¡â® ªi«ìæ¥ H̃∗(A6,Z)(2) ¯®à®¤¦ãõâìáï ¥«¥¬¥­â ¬¨

x, z, v. �¥å © y ∈ H̃∗(A6,Z)(2), y ̸= 0. �ª i ¯à¨ ¤®¢¥¤¥­­i â¥®à¥¬¨ 1, ­¥âà¨¢i «ì-
­¨¬ õ ¢¨¯ ¤®ª, ª®«¨ y ¬ õ ¯¥ài®¤ 2, ϱ∗(y) ̸= 0 i ¢ ãáïª¨© ¬®­®¬ ¯®«i­®¬  ϱ∗(y)
¢å®¤¨âì §¬i­­  § ­¥¯ à­¨¬ áâ¥¯¥­¥¬. �  â ª¨å ã¬®¢ ϱ∗(y) ¬®¦­  §®¡à §¨â¨ ã
¢¨£«ï¤i:

ϱ∗(y) = α1σ2y1 + α2σ3y2 + α3σ2σ3y3 + α4c3y4 + α5c3σ2y5, (16)

¤¥ yi = ϱ∗(ti) ̸= 0, ti ∈ Hn(A6,Z)(2), y2, y3 { ¯®«i­®¬¨ ¢i¤ §¬i­­¨å σ2, σ3; y4, y5
{ ¯®«i­®¬¨ ¢i¤ §¬i­­¨å σ2, c3; αi = 0  ¡® 1, i = 1, 5. �¨ª®à¨áâ®¢ãîç¨ (15) i
ài¢­iáâì Sq1ϱ∗(y) = 0, ®¤¥à¦¨¬® ­ áâã¯­¥ á¯i¢¢i¤­®è¥­­ï:

α1(σ3 + c3)y1 + α3σ
2
3y3 + α5c

2
3y5 = 0. (17)

� ã¢ ¦¨¬®, é® §¬i­­i σ2 i σ3  «£¥¡à ùç­® ­¥§ «¥¦­i ¢ H∗(A6,F2). �­ «®£iç­®,
§¬i­­i σ2, c3  «£¥¡à ùç­® ­¥§ «¥¦­i ¢ H∗(A6,F2). �®¡à §¨¬® y1 ã ¢¨£«ï¤i y1 =
s1 + s2, ¤¥ s1 { ¯®«i­®¬ ¢i¤ σ22 , σ

2
3 ,   s2 { ¯®«i­®¬ ¢i¤ σ22 , c

2
3. �i¤áâ ¢«ïîç¨

y1 = s1+s2 ¢ (17), ®¤¥à¦¨¬® ài¢­iáâì P1(σ2, σ3)+P2(σ2, c3) = 0, ¤¥ P1(σ2, σ3) =
α1σ3s1 + α3σ

2
3y3, P2(σ2, c3) = α1c3s2 + α5c

2
3y5. �áâ ­­ï ài¢­iáâì ¢¨ª®­ãõâìáï ¢

H∗(A6,F2) âi«ìª¨ §  ã¬®¢¨ P1(σ2, σ3) = P2(σ2, c3) = 0. �áªi«ìª¨ §¬i­­i σ2 i σ3
 «£¥¡à ùç­® ­¥§ «¥¦­i, §¬i­­  σ3 ¢å®¤¨âì ¢ α1σ3s1 § ­¥¯ à­¨¬ áâ¥¯¥­¥¬,   ¢
α3σ

2
3y3 { § ¯ à­¨¬ áâ¥¯¥­¥¬, â® ài¢­iáâì P1(σ2, σ3) = 0 ¢¨ª®­ãõâìáï âi«ìª¨ § 

ã¬®¢¨ α1 = α3 = 0. � ài¢­®áâ¥© α1 = 0 i P2(σ2, c3) = 0 ¢¨¯«¨¢ õ á¯i¢¢i¤­®è¥­­ï
α5 = 0. �â¦¥, (17) ¢¨ª®­ãõâìáï âi«ìª¨ ¢ â®¬ã ¢¨¯ ¤ªã, ª®«¨ α1 = α3 = α5 = 0.
� ª¨¬ ç¨­®¬, ϱ∗(y) = α2σ3y2 + α4c3y4. � «i, ®áªi«ìª¨ |y| = 2, â® iá­ãõ â ª¥
u ∈ Hn−1(A6,F2),

u = γ1σ2u1 + γ2σ3u2 + γ3σ2σ3u3 + γ4c3u4 + γ5σ2c3u5,
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¤¥ u2, u3 { ¯®«i­®¬¨ ¢i¤ §¬i­­¨å σ22 , σ
2
3 ; u4, u5 { ¯®«i­®¬¨ ¢i¤ §¬i­­¨å σ22 , c

2
3; u1

{ ¯®«i­®¬ ¢i¤ §¬i­­¨å σ22 , σ
2
3 , c

2
3; γi = 0  ¡® γi = 1, i = 1, 5, é® Sq1u = ϱ∗(y).

�®¦­  ¢¢ ¦ â¨, é® γ2 = γ4 = 0, ®áªi«ìª¨ Sq1(σ3u2) = 0 = Sq1(c3u4). � õ¬®

Sq1u = γ1(Sq
1σ2)u1 + γ3(Sq

1(σ2σ3))u3 + γ5(Sq
1(σ2c3))u5 =

= γ1σ3u1 + γ1c3u1 + γ3σ
2
3u3 + γ5c

2
3u5 = α2σ3y2 + α4c3y4.

(18)

�®¤ ¬® (18) ã ¢¨£«ï¤i

γ3σ
2
3u3 + γ5c

2
3u5 = α2σ3y2 + α4c3y4 + γ1(σ3 + c3)u1. (19)

�áªi«ìª¨ ¢ «i¢i© ç áâ¨­i á¯i¢¢i¤­®è¥­­ï (19) §¬i­­i σ3, σ2, c3 ¬ îâì ¯ à­¨©
áâ¥¯i­ì,   ¢ ¯à ¢i© { ­¥¯ à­¨©, ®âà¨¬ õ¬® ài¢­®áâi:

γ3σ
2
3u3 + γ5c

2
3u5 = 0, α2σ3y2 + α4c3y4 + γ1(σ3 + c3)u1 = 0.

�áªi«ìª¨ u3 { ¯®«i­®¬ ¢i¤ σ2 i σ3, u5 { ¯®«i­®¬ ¢i¤ σ2 i c3,   ¢ H∗(A6,F2)
§¬i­­i σ3 i σ2  «£¥¡à ùç­® ­¥§ «¥¦­i, â® á¯i¢¢i¤­®è¥­­ï γ3σ

2
3u3 + γ5c

2
3u5 = 0

¢¨ª®­ãõâìáï âi«ìª¨ â®¤i, ª®«¨ γ3 = γ5 = 0. � ài¢­®áâ¥© γ2 = γ3 = γ4 = γ5 = 0 i §
ã¬®¢¨ u ̸= 0 ¢¨¯«¨¢ õ ài¢­iáâì γ1 ̸= 0. � õ¬® α2σ3y2+α4c3y4+σ3u1+c3u1 = 0.
� ®áâ ­­ì®£® á¯i¢¢i¤­®è¥­­ï ¢¨¯«¨¢ õ ài¢­iáâì ϱ∗(y) = α2σ3y3+α4c3y4 = (σ3+
c3)u1. �áªi«ìª¨ ¢ ª®¦­¨© ®¤­®ç«¥­ ¯®«i­®¬  P §¬i­­i σ2, σ3, c3 ¢å®¤ïâì âi«ìª¨
§ ¯ à­¨¬¨ áâ¥¯¥­ï¬¨, â® u1 ¬®¦­  §®¡à §¨â¨ ã ¢¨£«ï¤i u1 = ϱ∗(Q(x, z, v)), ¤¥
Q(x, z, v) =

∑s
i=1 x

kivlizmi . � õ¬® ϱ∗(y) = (σ3 + c3)ϱ∗(Q) = ϱ∗(x) · ϱ∗(Q) i
ϱ∗(y − xQ) = 0. �ªé® deg y ̸≡ 0(mod 4), â® y = xQ. �ªé® deg y ≡ 0(mod 4), â®
y − xQ = 2αzl, ¤¥ α = 0  ¡® α = 1, l > 0. � ãáiå ¢¨¯ ¤ª å ¥«¥¬¥­â y ªi«ìæï
H̃∗(A6, Z)(2) ¯®à®¤¦ãõâìáï ¥«¥¬¥­â ¬¨ x, z, v.

� ªi«ìæi H̃∗(A6,Z)(2) ¬i¦ ¥«¥¬¥­â ¬¨ x, z, v ¬®¦«¨¢i ­¥âà¨¢i «ì­i á¯i¢¢i¤-
­®è¥­­ï ¬ îâì ­ áâã¯­¨© ¢¨£«ï¤:

t∑
i=1

xkivlizsi = 0, ¤¥ 3ki + 4si + 6li = n, i = 1, t (20)

 ¡®
t∑

i=1

xkivlizsi = 2zm, ¤¥ 3ki + 4si + 6li = 4m, i = 1, t (21)

�à¨¯ãáâ¨¬®, é® ¢ H̃(A6,Z)(2) ¢¨ª®­ãõâìáï ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï (21).
�®¤i ki > 0  ¡® li > 0 ¤«ï ¢áiå i = 1, t, ®áªi«ìª¨ |zm| = 4 i |2zm| = 2. �®§£«ï­¥¬®
â®ç­ã ¯ àã

D = H∗(A6,Z)
i′−−−−→ H∗(A6,Z)

k′I@ 	�j′

H∗(A6,F2),

¤¥ j′ = ϱ∗. �¢¥¤¥¬® ¯®¤i¡­i ç«¥­¨ ¢ «i¢i© ç áâ¨­i á¯i¢¢i¤­®è¥­­ï (21). �®§­ -
ç¨¬® «i¢ã ç áâ¨­ã æì®£® á¯i¢i¤­®è¥­­ï ç¥à¥§ P . �®¤iï¢è¨ ­  ®¡¨¤¢i ç áâ¨­¨
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á¯i¢¢i¤­®è¥­­ï (21) £®¬®¬®àäi§¬®¬ ϱ∗, ®¤¥à¦¨¬® ϱ∗P = 0. �¥å © xkivlizsi {
¤®¢i«ì­¨© ¬®­®¬ ¯®«i­®¬  P . � õ¬®

ϱ∗(xkivlizsi) = (σ3 + c3)
kic2li3 σ2si2 = σki

3 c2li3 σ2si2 + cki+2li
3 σ2si2 .

�ªé® li = 0, â® ϱ∗(xkivl0zsi) = σki
3 σ2si2 + cki

3 σ2si2 i á¯i¢¢i¤­®è¥­­ï (21) ¬®¦¥
¢¨ª®­ã¢ â¨áì âi«ìª¨ ¢ â®¬ã ¢¨¯ ¤ªã, ª®«¨ ¢ P ¢å®¤¨âì ¬®­®¬ â ª®£® ¦ ¢¨£«ï-
¤ã xkjv0zsj , ¯à¨ç®¬ã, ki = kj i si = sj . �«¥ â®¤i ¢ P õ ¯®¤i¡­i ç«¥­¨, é®
áã¯¥à¥ç¨âì áª § ­®¬ã ¢¨é¥. �â¦¥, li ̸= 0 ¤«ï ¢áiå i ∈ 1, t, i â®¬ã ¯®«i­®¬ P
§®¡à ¦ õâìáï ã ¢¨£«ï¤i P = vP1, ¤¥ P1 { ¤¥ïª¨© ¯®«i­®¬ ¢i¤ §¬i­­¨å x, v, z.
� õ¬® k′(σ2c3ϱ∗(P1)) = vP1, 0 = ϱ∗(P ) = ϱ∗(v)ϱ∗(P1) = c23ϱ

∗(P1). �¨ ®âà¨¬ «¨
áã¯¥à¥ç­iáâì P = k′(σ2c3ϱ∗(P1)) = 0, ®áªi«ìª¨ ¥«¥¬¥­â zm ¬ õ ¯¥ài®¤ 4. �â¦¥,
¢ H̃∗(A6,Z)(2) ­¥ ¢¨ª®­ãõâìáï ài¢­iáâì (21).

�®§£«ï­¥¬® â¥¯¥à ¬®¦«¨¢¥ ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï (20). �¢¥¤¥¬® ¯®-
¤i¡­i ç«¥­¨ ¢ «i¢i© ç áâ¨­i ài¢­®áâi (20). �®§­ ç¨¬® ¯®«i­®¬

∑t
i=1 x

kivlizsi ç¥-
à¥§ P . �ª i ¢ ¯®¯¥à¥¤­ì®¬ã ¢¨¯ ¤ªã, ¤«ï ¤®¢i«ì­®£® ¬®­®¬  xkivlizsi ¯®«i­®¬ 
P ¢¨ª®­ãõâìáï ã¬®¢  li > 0. �®§£«ï­¥¬® ¤®¢i«ì­¨© ¬®­®¬ xkivlizsi ¯®«i­®¬  P .
� õ¬® ϱ∗(xkivlizsi) = cki+2li

3 σ2si2 , ®áªi«ìª¨ li > 0. �®¤iï¢è¨ £®¬®¬®àäi§¬®¬ ϱ∗

­  ®¡¨¤¢i ç áâ¨¨­¨ ài¢­®áâi (20), ®¤¥à¦¨¬® á¯i¢¢i¤­®è¥­­ï

t∑
i=1

cki+2li
3 σ2si2 = 0. (22)

�áªi«ìª¨ c3 i σ2  «£¥¡à ùç­® ­¥§ «¥¦­i ¢H∗(A6,F2), â® á¯i¢¢i¤­®è¥­­ï (22) ¬®-
¦¥ ¢¨ª®­ã¢ â¨áì âi«ìª¨ ¢ â®¬ã ¢¨¯ ¤ªã, ª®«¨ ¤«ï ¤®¢i«ì­®£® ¬®­®¬  xkivlizsi ¢
«i¢i© ç áâ¨­i ài¢­®áâi (20) iá­ãõ â ª¨© ¬®­®¬ xkjvljzsj ¯®«i­®¬  P , é® ki+2li =
kj + 2lj i 2si = 2sj . � ª¨¬ ç¨­®¬, ¢ái ¬®­®¬¨ ¯®«i­®¬  P à®§¡¨¢ îâìáï
­  ¯ à¨ ⟨xkivlizsi , xkjvljzsj ⟩, â ª é® ¤«ï ª®¦­®ù § ­¨å ¢¨ª®­ãîâìáï ã¬®¢¨
ki+2li = kj+2lj , 2si = 2sj . �áªi«ìª¨ ϱ∗(xkivlizsi−xkjvljzsj ) = 0 i ¢ H̃∗(A6,Z)(2)
­¥ ¢¨ª®­ãõâìáï á¯i¢¢i¤­®è¥­­ï (21), â® ®¤¥à¦¨¬® xkivlizsi − xkjvljzsj = 0.
�â¦¥, ¤®¢i«ì­¥ ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï (20) ¢¨¯«¨¢ õ i§ á¯i¢¢i¤­®è¥­ì
¢¨£«ï¤ã

xk1vl1zs1 = xk2vl2zs2 , k1 + 2l1 = k2 + 2l2, s1 = s2. (23)

�®§£«ï­¥¬® ¤®¢i«ì­¥ ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï ¢¨£«ï¤ã (23). � õ¬®

(xk1vl1 − xk2vl2)zs1 = 0, ϱ∗(xk1vl1 − xk2vl2)ϱ(zs1) = ϱ(xk1vl1 − xk2vl2)σ2s12 = 0.

�áªi«ìª¨ σ2s12 ­¥ õ ¤i«ì­¨ª®¬ ­ã«ï ¢H∗(A6,F2), â® i§ á¯i¢¢i¤­®è¥­­ï ϱ∗(xk1vl1−
xk2vl2)σ2s12 = 0 ¢¨¯«¨¢ õ ài¢­iáâì ϱ∗(xk1vl1 − xk2vl2) = 0. � «i, ®áªi«ìª¨ ¢
H̃∗(A6,Z)(2) ­¥ ¢¨ª®­ãõâìáï á¯i¢¢i¤­®è¥­­ï ¢¨£«ï¤ã xk1vl1 − xk2vl2 = 2zr, â®
á¯i¢¢i¤­®è¥­­ï ϱ∗(xk1vl1 − xk2vl2) = 0 ¥ª¢i¢ «¥­â­¥ ­ áâã¯­®¬ã

xk1vl1 − xk2vl2 = 0, k1 + 2l1 = k2 + 2l2. (24)

� ã¢ ¦¨¬®, é® ¢ H̃∗(A6,Z)(2) ¢¨ª®­ãõâìáï ­¥âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï x2v =
v2. �¯à ¢¤÷,

ϱ∗(x2v − v2) = (σ3 + c3)
2c23 + c43 = σ23c

2
3 + c43 + c43 = 0.
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�áªi«ìª¨ x2v−v2 ̸= 2z3, â® i§ á¯i¢¢i¤­®è¥­­ï ϱ∗(x2v−v2) = 0 ¢¨¯«¨¢ õ ài¢­iáâì
x2v−v2 = 0. �ªé® ¢ á¯i¢¢i¤­®è¥­­i (24) l1 = l2, â® k1 = k2, i (24) ¢¨à®¤¦ãõâìáï
¢ âà¨¢i «ì­¥ á¯i¢¢i¤­®è¥­­ï xk1vl1−xk1vl1 = 0. �¥å © ¤«ï ¢¨§­ ç¥­®áâi l1 > l2.
�áªi«ìª¨ k2 − k1 = 2(l1 − l2) i l1 − l2 ≥ 1, â® k2 ≥ 2. �¨ª®à¨áâ®¢ãîç¨ (l1 − l2)
à §i¢ á¯i¢¢i¤­®è¥­­ï x2v = v2, ®¤¥à¦¨¬® « ­æî¦®ª ài¢­®áâ¥©

xk2vl2 = xk2−2vl2−1(x2v) = xk2−2vl2−1v2 = xk2−2vl2+1 = xk2−4vl2+2 = · · · = xk1vl1 .

� ª¨¬ ç¨­®¬, ¤®¢i«ì­¥ á¯i¢¢i¤­®è¥­­ï ¢¨£«ï¤ã (24) ¢ H̃∗(A6, Z)(2) ¢¨¯«¨¢ õ i§
á¯i¢¢i¤­®è¥­­ï x2v = v2.

�¢¥à¤¦¥­­ï 5,6 i â¥®à¥¬  2 ¯®¢­iáâî ®¯¨áãîâì ªi«ìæ¥¢ã áâàãªâãàã ¢ H̃∗(A,Z).

§3.
� æi© ç áâ¨­i ¯à æi ¬¨ ¢¨ª®à¨áâ õ¬® à¥§ã«ìâ â¨ §2 ¯à® ªi«ìæ¥¢ã áâàãªâã-

àã ª®£®¬®«®£i© £àã¯ �4, A6 ¤«ï ®âà¨¬ ­­ï ¢¨¬ià­¨å ®¡¬¥¦¥­ì ­  iá­ã¢ ­­ï
¢i«ì­¨å ¤i© æ¨å £àã¯ ­  ¤®¡ãâª å áä¥à.

�¥®à¥¬  3. �¥å © X { áªi­ç¥­­®¢¨¬ià­¨© CW -ª®¬¯«¥ªá, X ∼Z Sm × Sn, ­ 
ïª®¬ã ÷á­ãõ ¢i«ì­  ¤iï £àã¯¨ A6. �®¤i n ≡ −1(mod 4) i m ≡ −1(mod 12)  ¡®
m ≡ −1(mod 4) i n ≡ −1(mod 12).
�®¢¥¤¥­­ï. �à¨¯ãáâ¨¬®, é® ­ X iá­ãõ ¢i«ì­  ¤iï £àã¯¨ A6. �áªi«ìª¨ £àã¯ A4
­¥ ¬®¦¥ ¤iïâ¨ ¢i«ì­® ­  áªi­ç¥­­®¢¨¬ià­®¬ã CW -ª®¬¯«¥ªái X, ¤¥ X ∼ Sn×Sn

[9], i A4 ⊂ A6, â® m ̸= n. �¥å © ¤«ï ¢¨§­ ç¥­®áâi m > n. �®¤i i­¤ãª®¢ ­ 
¤iï £àã¯¨ A6 ­  ª®£®¬®«®£iïå H∗(X,Z) âà¨¢i «ì­ . �®§£«ï­¥¬® á¯¥ªâà «ì­ã
¯®á«i¤®¢­iáâì ª®£®¬®«®£i© {E∗

r , dr}∞r=1 § ª®¥äiæiõ­â ¬¨ ¢ Z ¤«ï à®§è àã¢ ­­ï
�¥àà  X ×G EG

p→ BG, ¤¥ G = A6. �àã£¨© ç«¥­ á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi
{Er}∞1 ¬ õ ­ áâã¯­¨© ¢¨£«ï¤:

Em,n
2

∼= Hm(A6,Z)⊗Hn(X,Z).

�áªi«ìª¨ £àã¯  A6 ¤iõ ¢i«ì­® ­  X, â® XG = X×GEG ∼ X/G [9] i á¯¥ªâà «ì­ 
¯®á«i¤®¢­iáâì {E∗

r}∞1 §¡i£ õâìáï ¤® H∗(X/G,Z). �ài¬ â®£®, § â¢¥à¤¦¥­­ï A.II
[5] ¢¨¯«¨¢ õ, é® cdF3(X/G) ≤ cdF3(X) = m+n i cdF2(X/G) ≤ cdF2(X) = m+n.
�à¨¯ãáâ¨¬®, é® m ̸≡ −1(mod 4)  ¡® n ̸≡ −1(mod 4). �®¤i § ¬ã«ìâ¨¯«iª â¨¢-
­®áâi á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi ¢¨¯«¨¢ õ, é® ¢ái ª« á¨ {αi}, i > m + n + 1,
 ¡® ¢ái ª« á¨ {βi}, i > m + n + 1, ¤¥ α, β { â¢ià­i £àã¯¨ H4(A6,Z)(3), ¤®-
¦¨¢ îâì ¤® E∗

∞. � õ¬® cdZ(X/G) = ∞ i cdF3(X/G) = ∞, é® áã¯¥à¥ç¨âì
­¥ài¢­®áâi cdF3(X/G) ≤ m + n. �â¦¥, m ≡ −1(mod 4) i n ≡ −1(mod 4). �ªé®
m ̸≡ −1(mod 3) i n ≡ −1(mod 3), â® § ¬ã«ìâ¨¯«iª â¨¢­¨å ¢« áâ¨¢®áâ¥© á¯¥â-
à «ì­®ù ¯®á«i¤®¢­®áâi ¢¨¯«¨¢ õ, é® ¢ái ª« á¨ {xi}, i > m + n + 1, ¤®¦¨¢ îâì
¤® E∗

∞, ¤¥ x { â¢ià­  £àã¯¨ H3(A6,Z)(2). � ®âà¨¬ ­®ù áã¯¥à¥ç­®áâi ¢¨¯«¨¢ õ,
é® m ≡ −1(mod 3)  ¡® n ≡ −1(mod 3).

�¥®à¥¬  4. �àã¯  �4 ­¥ ¬®¦¥ ¤iïâ¨ ¢i«ì­® ­  S3 × Sk, ¤¥ k ≥ 3.

�®¢¥¤¥­­ï. �áªi«ìª¨ £àã¯  A4 ­¥ ¬®¦¥ ¤iïâ¨ ¢i«ì­® ­  S3 × S3,   A4 ⊂ �4,
â® £àã¯  �4 ­¥ ¬®¦¥ ¤iïâ¨ ¢i«ì­® ­  S3 × S3. �à¨¯ãáâ¨¬®, é® �4 ¤iõ ¢i«ì-
­® ­  S3 × Sk = X, ¤¥ k ≥ 4. �®¤i i­¤ãª®¢ ­  ¤iï £àã¯¨ �4 ­  ª®£®¬®«®£iïå
H∗(S3 × Sk,Z) i H∗(S3 × Sk,F2) âà¨¢i «ì­ . �¥å © ϱ∗ : H∗(X,Z) → H∗(X,F2)
{ £®¬®¬®àäi§¬ ª®£®¬®«®£i©, é® i­¤ãªãõâìáï ª ­®­iç­¨¬ £®¬®¬®àäi§¬®¬ ϱ :
Z → F2. �®§­ ç¨¬® ç¥à¥§ a1 i b1 â¢ià­i £àã¯ H3(X,Z) i Hk(X,Z) ¢i¤¯®¢i¤-
­®. �®ª« ¤¥¬® a = ϱ∗(a1), b = ϱ∗(b1). �®§£«ï­¥¬® á¯¥ªâà «ì­i ¯®á«i¤®¢­®-
áâi {E∗

r , d
′
r}∞r=1, {U∗

r , dr}∞r=1 ª®£®¬®«®£i© § ª®¥äiæiõ­â ¬¨ § Z i F2 ¢i¤¯®¢i¤­®
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¤«ï à®§è àã¢ ­ì �¥àà  X ×G EG
p→ BG, ¤¥ X { ¯à®áâià § ¢i«ì­®î ¤iõî

£àã¯¨ G = �4, X = S3 × Sk, k ≥ 4. �àã£¨© ç«¥­ á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®-
áâi {E∗

r , d
′
r}∞r=1 ¬ õ ¢¨£«ï¤

Em,n
2

∼= Hm(�4,Z)⊗Hn(X,Z).

�­ «®£iç­®,
Um,n
2

∼= Hm(�4,F2)⊗Hn(X,F2).

�à¨¯ãáâ¨¬®, é® k = 4. �ªé® ¤¨ä¥à¥­æi « d′2 á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi
{Er}∞1 ¢i¤¬i­­¨© ¢i¤ ­ã«ï, â® d′2(b1) = u ⊗ a1 i d2(b) = σ21 ⊗ a, ®áªi«ìª¨ d2 i­-
¤ãªãõâìáï ¤¨ä¥à¥­æi «®¬ d′2. �®¤i ç«¥­ U∗

3 á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi {Ur}∞1
¬ õ ­ áâã¯­¨© ¢¨£«ï¤:

U∗,0
3

∼= P = F2[σ2, σ1, c3]/⟨σ1c3 = 0⟩, U∗,3
3

∼= (P/⟨σ21 = 0⟩)⊗ a,

U∗,4
3

∼= P · c3 ⊗ b, U∗,7
3

∼= U∗,7
2 = P · (1⊗ ab),

U∗,i
3 = 0 ¯à¨ i ̸= 0, 3, 4, 7. �¥å © d4(a) = τ . �áªi«ìª¨ d4(σ21 ⊗ a) = d4(0) =

σ21d4(a) i deg τ = 4, â® d4(a) = 0. � õ¬® 0 = (c3 ⊗ b) · d4(a) = d4(c3 ⊗ ab) =
c3 · d4(ab). �áªi«ìª¨ d4(ab) ∈ P · (c3 ⊗ b), â® § ã¬®¢¨ c3 · d4(ab) = 0 ¢¨¯«¨-
¢ õ ài¢­iáâì d4(ab) = 0. �â¦¥, U∗

5
∼= U∗

3 . �¥å © d5(c3 ⊗ b) = λ. �áªi«ì-
ª¨ σ1 · d5(c3 ⊗ b) = d5(σ1c3 ⊗ b) = d5(0) = 0, â® σ1λ = 0, â®¡â® λ = 0  ¡®
λ = c3σ2. � õ¬® U∗,0

6
∼= P/⟨c3σ2 = 0⟩  ¡® U∗,0

6 = P . �áªi«ìª¨ ¢ U∗,0
6 ª« á¨ {σ1}

i {σ2}  «£¥¡à ùç­® ­¥§ «¥¦­i, â® ¯à¨ ¡ã¤ì-ïªi© ¤iù ¤¨ä¥à¥­æi «  d8 ®¤¥à¦¨¬®
dimU∗,0

∞ = dimU8,0
9 = ∞. � õ¬® cdF2(X/G) = dimU∗

∞ = ∞, é® áã¯¥à¥ç¨âì
ã¬®¢i cdF2(X/G) ≤ 7. �â¦¥, d2 = 0.

�¥å © d4(a) = µ. �áªi«ìª¨ ¤¨ä¥à¥­æi « d4 i­¤ãªãõâìáï ¤¨ä¥à¥­æi «®¬ d′4
æi«®ç¨á¥«ì­®ù á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi, â® µ ¬®¦¥ ­ ¡ã¢ â¨ âi«ìª¨ â ªi §­ -
ç¥­­ï: 0, σ41 , σ

2
2 , σ

2
2 + σ41 . �¥å © µ = 0. �®¤i § ¬ã«ìâ¨¯«iª â¨¢­¨å ¢« áâ¨-

¢®áâ¥© á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi {Ur}∞1 ¢¨¯«¨¢ õ, é® d4(ab) = 0. �â¦¥,
dimU∗,3

∞ = ∞ ¯à¨ ¡ã¤ì-ïªi© ¤iù ¤¨ä¥à¥­æi «i¢ d5, d8 i â®¬ã cdF2(X/G) = ∞.
�âà¨¬ ­  áã¯¥à¥ç­iáâì ¯®ª §ãõ, é® µ ̸= 0.

�«ï á¯à®é¥­­ï ¯®§­ ç¥­ì § ¬÷áâì P/⟨a = 0⟩ ¡ã¤¥¬® ¢¦¨¢ â¨ â ª®¦ § ¯¨á
P/⟨a⟩. �¥å © µ = σ41 . �®¤i d4(ab) = σ41⊗ b i ç«¥­ U∗

5 á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi
{Ur}∞1 ¬ õ ­ áâã¯­¨© ¢¨£«ï¤:

U∗,0
5

∼= P/⟨σ41 = 0⟩, U∗,3
5 = P · (c3 ⊗ a),

U∗,4
5

∼= (P/⟨σ41 = 0⟩) · 1⊗ b, U∗,8
5

∼= P · (c3 ⊗ ab).

�¥å © d5(b) = α, ¤¥ degα = 5. � ®áâ ­­ì®ù ã¬®¢¨ ¢¨¯«¨¢ õ ài¢­iáâì d5(c3⊗ab) =
d5(b)·(c3⊗a) = αc3⊗a. � õ¬® U∗,3

6 = (c3P/⟨c3α⟩)·(1⊗a) = U∗,3
∞ i dimU∗,3

6 = ∞,
®áªi«ìª¨ ªi«ìæ¥ c3P/⟨c3α⟩ ¬iáâ¨âì ¢ái ­¥­ã«ì®¢i ª« á¨ {ci3}, i > 0. �¨ ®âà¨¬ «¨
áã¯¥à¥ç­iáâì cdF2(X/G) = ∞. �â¦¥, d4(a) = σ22  ¡® d4(a) = σ22 +σ41 . � ®¡¨¤¢®å
¢¨¯ ¤ª å ¬ õ¬®

U∗,0
5 = P/⟨µ⟩, U∗,3

5 = 0, U∗,4
5 = (P/⟨µ⟩)(1⊗ b), U∗,7

5 = 0.

�à¨ ¡ã¤ì-ïªi© ¤iù ¤¨ä¥à¥­æi «  d5 ®âà¨¬ õ¬® U∗,0
6 = U∗,0

∞ i dimU∗,0
6 = ∞,

®áªi«ìª¨ ªi«ìæ¥ P/⟨µ, d5(b) = 0⟩ ¬iáâ¨âì ¢ái ­¥­ã«ì®¢i ª« á¨ {ci3}, i > 0. � õ¬®
cdF2(X/G) = ∞, é® áã¯¥à¥ç¨âì ã¬®¢i cdF2(X/G) ≤ 7. �â¦¥, �4 ­¥ ¬®¦¥ ¤iïâ¨
¢i«ì­® ­  S3 × S4.
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�à¨¯ãáâ¨¬®, é® �4 ¤iõ ¢i«ì­® ­  S3 × S5. �¥å © d3(b) = τ ⊗ a, ¤¥ τ ̸= 0.
�áªi«ìª¨ ¤¨ä¥à¥­æi « d3 i­¤ãªãõâìáï ¤¨ä¥à¥­æi «®¬ d′3 á¯¥ªâà «ì­®ù ¯®á«i-
¤®¢­®áâi {Er}∞1 , â® d′3(b1) = v ⊗ a1, ¤¥ v { â¢ià­  £àã¯¨ H3(�4,Z)(2) i d3(b) =
(c3 + σ1σ2)⊗ a. � õ¬®

U∗,0
4 = P , U∗,3

4 = (P/⟨c3 + σ1σ2 = 0⟩) · 1⊗ a,

U∗,5
4 = 0, U∗,8

4 = P · (1⊗ ab).

�¥å © d4(a) = θ. � ®áâ ­­ì®ù à÷¢­®áâ÷ ®âà¨¬ õ¬® d4(0) = d4[(c3+σ1σ2)·(1⊗a)] =
(c3 + σ1σ2)d4(a) = (c3 + σ1σ2) · θ. �áªi«ìª¨ c3 + σ1σ2 ­¥ õ ¤i«ì­¨ª®¬ ­ã«ï ¢
H∗(�4,F2), â® § ã¬®¢¨ (c3 + σ1σ2)θ = 0 ¢¨¯«¨¢ õ ài¢­iáâì θ = 0. � õ¬®

U∗,0
7 = U∗,0

5 = U∗,0
4 = P, U∗,0

∞ = U∗,0
10 = U∗,0

9 / Im d9

i â®¬ã U∗,0
∞ ¬iáâ¨âì ­¥­ã«ì®¢¨© ª« á {ck3σl

2}, ¤¥ 3k+2l ≥ 11. �â¦¥, cdF2(X/G) ≥
11, é® áã¯¥à¥ç¨âì ã¬®¢i cdF2(X/G) ≤ 8. � ª¨¬ ç¨­®¬, ïªé® �4 ¤iõ ¢i«ì­®
­  S3 × S5, â® ¤¨ä¥à¥­æi « d4 á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi {Ur}∞1 õ ­ã«ì®¢¨¬.
�­ «®£iç­®, ïªé® �4 ¤iõ ¢i«ì­® ­  S3 × S6, â® ¤¨ä¥à¥­æi « d4 á¯¥ªâà «ì­®ù
¯®á«i¤®¢­®áâi {Ur}∞1 õ ­ã«ì®¢¨¬ ­  àï¤ªã U∗,6

4 . �¯à ¢¤÷, ­¥å © d4(a) = λ,
d4(b) = τ ⊗ a, �áªi«ìª¨ ¤¨ä¥à¥­æi « d4 i­¤ãªãõâìáï ¤¨ä¥à¥­æi «®¬ d′4, â® τ i λ
¬®¦ãâì ­ ¡ã¢ â¨ âi«ìª¨ â ªi §­ ç¥­­ï: 0, σ22 , σ

4
1 , σ

2
2+σ41 . � õ¬® 0 = d4(τ⊗a) =

τλ. �áªi«ìª¨ ¢ H∗(�4,F2) ¥«¥¬¥­â¨ σ2 i σ1  «£¥¡à ùç­® ­¥§ «¥¦­i, â® § ài¢­®áâi
τλ = 0 ¢¨¯«¨¢ õ, é® τ = 0  ¡® λ = 0. �¥å © τ = σ41 . �®¤i ®¤¥à¦¨¬®

U∗,0
5 = P, U∗,3

5
∼= (P/⟨σ41⟩) · (1⊗ a), U∗,6

5 = c3P · (1⊗ b), U∗,9
5 = P · (1⊗ ab).

�ài¬ â®£®, ¬ õ¬® U∗,3
∞

∼= U∗,3
8 = U∗,3

7 /⟨d7(ab)⟩. �áªi«ìª¨ ªi«ìæ¥ P/⟨σ41⟩ ¬iáâ¨âì
ªi«ìæ¥ ¯®«i­®¬i¢ F2[σ2, c3], â® dimU∗,3

∞ = ∞ ¯à¨ ¡ã¤ì-ïªi© ¤iù ¤¨ä¥à¥­æi «  d7,
â®¡â® cdF2(X/G) = ∞. �¨ ®âà¨¬ «¨ áã¯¥à¥ç­iáâì § ã¬®¢®î cdF2(X/G) ≤ 9.
�â¦¥, τ ̸= σ41 . �à¨¯ãáâ¨¬®, é® τ = σ22  ¡® τ = σ22 + σ41 . � õ¬®

U∗,0
5 = P, U∗,3

5
∼= (P/⟨τ⟩) · (1⊗ a), U∗,6

5 = 0, U∗,9
5 = P · (1⊗ ab).

�ài¬ â®£®, ®áªi«ìª¨ U∗,6
5 = 0, â® U∗,0

8
∼= U∗,0

5 = P . �¥å © d7(ab) = {λ ⊗ a}.
�ªé® {λ ⊗ a} = 0, â® U∗,3

∞ = U∗,3
8 = (1 ⊗ a) · (P/⟨τ⟩) i â®¤i dimU∗,3

∞ = ∞.
�ªé® {λ ⊗ a} ≠ 0, â® U∗,9

8 = Ker(d7|U∗,9
7 ) = P · (α ⊗ ab), ¤¥ α = σ2  ¡®

α = σ21 . � õ¬® i§®¬®àäi§¬¨ U∗,0
∞ = U∗,0

11
∼= U∗,0

8 /⟨d10{(α⊗ab)}⟩, §¢i¤ª¨ ¢¨¯«¨¢ õ
á¯i¢¢i¤­®è¥­­ï dimU∗,0

∞ = ∞. � ®¡®å ¢¨¯ ¤ª å ¬¨ ®âà¨¬ «¨: cdF2(X/G) = ∞,
é® áã¯¥à¥ç¨âì ã¬®¢i cdF2(X/G) ≤ 9. �â¦¥, τ = 0.

�«ï § ¢¥àè¥­­ï ¤®¢¥¤¥­­ï â¥®à¥¬¨ § «¨è¨«®áì à®§£«ï­ãâ¨ ¢¨¯ ¤®ª k ≥
5. �ªé® k − 3 ≤ 3, â® i§ áª § ­®£® ¢¨é¥ ¢¨¯«¨¢ õ, é® ¤¨ä¥à¥­æi « dk−2

á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi {Ur}∞1 õ ­ã«ì®¢¨¬ ­  àï¤ªã U∗,k
k−2. � ª¨¬ ç¨­®¬,

ïªé® ds { ­¥­ã«ì®¢¨© ¤¨ä¥à¥­æi « á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi {Ur}∞1 , â® s ≥ 4.
�à¨¯ãáâ¨¬®, é® d4(a) = 0. �®¤i d4(ab) = 0 i U∗

5 = U∗
2 . �ài¬ â®£®, ïªé® k−3 > 3,

â® dk−2(b) = 0. �¯à ¢¤÷, ¯à¨¯ãáâ¨¬® ¯à®â¨«¥¦­¥. �¥å © dk−2(b) = τ(1 ⊗ a).
�ªé® τ = σ1τ1 ¤«ï ¤¥ïª®£® τ1 ∈ F2[σ1, σ2], â®

U∗,0
k−1 = U∗,0

5 = P,U∗,3
k−1 = (P/⟨τ⟩)(1⊗a), U∗,k

k−1 = c3P · (1⊗b), U∗,k+3
k−1 = P · (1⊗ab).

�ài¬ â®£®, ¬ õ¬® U∗,3
∞ = (P/⟨τ, dk+1(1 ⊗ ab) = 0⟩)(1 ⊗ a). �i«ìæ¥ P/⟨τ⟩ ¬i-

áâ¨âì ªi«ìæ¥ ¯®«i­®¬i¢ F2[σ2, c3]. �®¤i dimU∗,3
∞ = ∞ ¯à¨ ¡ã¤ì-ïªi© ¤iù ¤¨ä¥-

à¥­æi «  dk+1. �¨ ®âà¨¬ «¨ ài¢­iáâì cdF2(X/G) = ∞, ïª  áã¯¥à¥ç¨âì ã¬®¢i
cdF2(X/G) ≤ k + 3.
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�ªé® τ = c3τ2, â®  ­ «®£iç­® ¤® ¯®¯¥à¥¤­ì®£® ¢¨¯ ¤ªã ®âà¨¬ õ¬® áã¯¥à¥ç-
­iáâì cdF2(X/G) = ∞. �à¨¯ãáâ¨¬®, é® τ ­¥ ¤i«¨âìáï ­i ­  σ1, ­i ­  c3. � õ¬®

U∗,0
k−1 = U∗,0

5 = P, U∗,3
k−1 = (P/⟨τ⟩) · (1⊗ a), U∗,k

k−1 = 0, U∗,k+3
k−1 = P · (1⊗ ab).

�áªi«ìª¨ U∗,k
k−1 = 0, ®âà¨¬ õ¬® i§®¬®àäi§¬ U∗,0

k+2 = U∗,0
k−1 = P . �®¤i U∗,0

∞ = U∗,0
k+5

i dimU∗,0
k+5 = ∞ ¯à¨ ¡ã¤ì-ïªi© ¤iù ¤¨ä¥à¥­æi «  dk+4. �¨ §­®¢ã ®âà¨¬ «¨

á¯i¢¢i¤­®è¥­­ï cdF2(X/G) = ∞, ïª¥ áã¯¥à¥ç¨âì ã¬®¢i cdF2(X/G) ≤ k + 3.
�â¦¥, § ã¬®¢¨ d4(a) = 0 ¢¨¯«¨¢ õ ài¢­iáâì dk−2(b) = 0 (¯à¨ k > 6). � ª¨¬
ç¨­®¬, ïªé® d4(a) = 0, â® ¤«ï ¤®¢i«ì­®£® k ≥ 5 (k + 1)-¨© ç«¥­ á¯¥ªâà «ì­®ù
¯®á«i¤®¢­®áâi {Ur}∞1 ¬ õ ­ áâã¯­¨© ¢¨£«ï¤:

U∗,0
k+1 = P, U∗,3

k+1 = P (1⊗ a), U∗,k
k+1 = P (1⊗ b), U∗,k+3

k+1 = P (1⊗ ab).

�áªi«ìª¨ U∗,3
k+1 = P ·(1⊗a) ∼= P , â® dimU∗,3

∞ = ∞ ¯à¨ ¡ã¤ì-ïªi© ¤iù ¤¨ä¥à¥­æi « 
dk+1. �¢i¤á¨ ¢¨¯«¨¢ õ, é® cdF2(X/G) = ∞. �âà¨¬ ­  áã¯¥à¥ç­iáâì ¯®ª §ãõ,
é® d4(a) ̸= 0. �áªi«ìª¨ ¤¨ä¥à¥­æi « d4 i­¤ãªãõâìáï ¤¨ä¥à¥­æi «®¬ d′4, â® d4(a)
¬®¦¥ ­ ¡ã¢ â¨ âi«ìª¨ â ªi §­ ç¥­­ï: σ41 , σ

2
2 , σ

2
2 + σ41 .

�¥å © d4(a) = σ41 . �ªé® k = 6, â® i§ áª § ­®£® ¢¨é¥ ¢¨¯«¨¢ õ ài¢­iáâì
d4(b) = 0. �â¦¥, ¤«ï ¤®¢i«ì­®£® k ≥ 5 ç«¥­ U∗

5 á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi
{U∗

r }∞1 ¬ õ ­ áâã¯­¨© ¢¨£«ï¤: U∗,0
5

∼= P/⟨σ41⟩, U∗,3
5 = P · (c3 ⊗ a), U∗,k

5
∼=

(P/⟨σ41⟩)(1⊗ b), U∗,k+3
5 = P · (c3 ⊗ ab).

�¥å © dk−2(b) = c3λ⊗ a ̸= 0 (æ¥ ¬®¦«¨¢® âi«ìª¨ §  ã¬®¢ k > 6 i λ ̸= 1). �®¤i
ç«¥­ U∗

k−1 á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi {Ur}∞1 ¬ õ ­ áâã¯­¨© ¢¨£«ï¤:

U∗,0
k−1

∼= P/⟨σ41⟩, U∗,3
k−1

∼= (c3P/⟨c3λ⟩) · (1⊗ a),

U∗,k
k−1 = (σ1P/⟨σ41⟩) · (1⊗ b), U∗,k+3

k−1 = c3P · (1⊗ ab).

� ã¢ ¦¨¬®, é® U∗,0
k+1 ¬iáâ¨âì ªi«ìæ¥ F2[σ2, c3]. �®§£«ï­¥¬® ¤¨ä¥à¥­æi « dk+1

á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi {Ur}∞1 . �¥å © dk+1(σ1 ⊗ b) = α, degα = k + 2 i
dk+1(c3 ⊗ ab) = β ⊗ a, deg β = k + 4. � õ¬®

U∗,0
k+2 = P/⟨σ41 , α = 0⟩, U∗,3

k+2
∼= (c3P/⟨c3λ, β = 0⟩) · (1⊗ a),

U∗,k
k+2 = Ker(dk+1|U∗,k

k+1), U∗,k+3
k+2 = Ker(dk+1|U∗,k+3

k+1 ).

�ªé® dk+4|U∗,k+3
k+4 = 0, â® dimU∗,k+3

k+5 = ∞, â®¡â® cdF2(X/G) = ∞, é® áã¯¥à¥-

ç¨âì ã¬®¢i cdF2(X/G) ≤ k + 3. �ªé® dk+4|U∗,k+3
k+4 ̸= 0, â® ¤«ï ¤®¢i«ì­®£® ­¥­ã-

«ì®¢®£® ¥«¥¬¥­â  q ªi«ìæï Im(dk+4|U∗,3
k+4) ¬ õ¬® deg q ≥ 3+(k+4) = k+7. � ª¨¬

ç¨­®¬, ¢ U∗,0
∞ iá­ãõ ­¥­ã«ì®¢¨© ª« á {σl

2c
t
3}, ¤¥ 2l+3t ≥ (k+2)+(k+7)−5 = 2k+4,

â®¡â® cdF2(X/G) ≥ 2k + 4, é® áã¯¥à¥ç¨âì ã¬®¢i cdF2(X/G) ≤ k + 3. �â¦¥,
dk−2(b) = 0. � ®áâ ­­ì®ù ã¬®¢¨ ¢¨¯«¨¢ õ ­ áâã¯­  ài¢­iáâì: U∗

k−1 = U∗
5 . �®§£-

«ï­¥¬® ¤¨ä¥à¥­æi « dk+1 á¯¥ªâà «ì­®ù ¯®á«i¤®¢­®áâi {U∗
r }∞1 . �ªé® dk+1(b) = 0

 ¡® dk+1(b) = σ1λ ¤«ï ¤¥ïª®£® λ ∈ F2[σ1, σ2], â® ªi«ìæ¥ U∗,0
k+2 ¬iáâ¨âì ¢ á®¡i

ªi«ìæ¥ ¯®«i­®¬i¢ F2[σ2, c3], i â®¬ã dimU∗,0
∞ = dimU∗,0

k+5 = ∞ ¯à¨ ¡ã¤ì-ïªi©
¤iù ¤¨ä¥à¥­æi «  dk+1. �¨ ®¤¥à¦ «¨ cdF2(X/G) = ∞, é® áã¯¥à¥ç¨âì ã¬®-
¢i cdF2(X/G) ≤ k + 3. �â¦¥, dk+1(b) ̸= 0 i σ1 ­¥ ¤i«¨âì dk+1(b). �®¬ã, ­¥
®¡¬¥¦ãîç¨ § £ «ì­®áâ÷, ¬®¦­  ¢¢ ¦ â¨, é® τ = dk+1(b) { ¯®«÷­®¬ ¢÷¤ σ2 i
c3. �®¤÷ ®âà¨¬ õ¬® dk+1(c3 ⊗ ab) = dk+1(b) · (c3 ⊗ a) = c3τ ⊗ a. � õ¬® â -
ª®¦ U∗,0

k+2
∼= P/⟨σ41 , τ = 0⟩, U∗,3

k+2
∼= (c3P/⟨c3τ⟩) · (1 ⊗ a), U∗,k

k+2 = 0 = U∗,k+3
k+2 i
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U∗
∞ = U∗

k+5 = U∗
k+2. �áª÷«ìª¨ dimU∗,0

k+2 = dimU∗,3
k+2 = ∞, â® cdF2(X/G) = ∞,

é® áã¯¥à¥ç¨âì ã¬®¢÷ cdF2(X/G) ≤ k + 3. �â¦¥, d4(a) ̸= σ41 .
�¥å © d4(a) = µ, ¤¥ µ = σ22  ¡® µ = σ22 + σ41 . �áª÷«ìª¨ âà ­á£à¥á÷ï ¯¥à¥-

áâ ¢­  § £®¬®¬®àä÷§¬®¬ Sq, â® ª« á 0 = d6Sq
2(a) §¡÷£ õâìáï § ª« á®¬ {Sq2µ}

¢ H6(�4,F2)/ Im d4. � ã¢ ¦¨¬®, é® Sq2(σ22 + σ41) = Sq2(σ22) = [Sq1σ2]2 =
[Sq1(σ2 + σ21)]

2 = (c3 + σ1σ2)2 = c23 + σ21σ
2
2 . ö­è¨¬¨ á«®¢ ¬¨, ª« á {c23 + σ21σ

2
2}

à÷¢­¨© ­ã«¥¢÷ ¢ H6(�4,F2)/ Im d4. � ¬ã«ìâ¨¯«÷ª â¨¢­¨å ¢« áâ¨¢®áâ¥© á¯¥ª-
âà «ì­®ù ¯®á«÷¤®¢­®áâ÷ {Ur}∞1 ¢¨¯«¨¢ õ, é® Im d4 = σ22 · P . �â¦¥, ¥«¥¬¥­â
c23 + σ21σ

2
2 ­ «¥¦¨âì £®«®¢­®¬ã ÷¤¥ «®¢÷ σ22P = ⟨σ22⟩, â®¡â® c23 + σ21σ

2
2 = σ22t, ¤¥

t ∈ P . �«¥ ¢ H∗(�4,F2) á¯÷¢¢÷¤­®è¥­­ï c23 = σ22(σ
2
1 + t) ­¥ ¢¨ª®­ãõâìáï ­÷ ¯à¨

ïª®¬ã §­ ç¥­­÷ t. �âà¨¬ ­  áã¯¥à¥ç­÷áâì ¯®ª §ãõ, é® d4(a) ­¥ ¬®¦¥ ­ ¡ã¢ -
â¨ §­ ç¥­ì σ22 , σ

2
2 + σ41 . � ª¨¬ ç¨­®¬, ¯à¨ ¡ã¤ì-ïª®¬ã §­ ç¥­­÷ d4(a) ¬ õ¬®

cdF2(X/G) ≥ 2k − 2, é® áã¯¥à¥ç¨âì ã¬®¢÷ cdF2(X/G) ≤ k + 3.

� ã¢ ¦¨¬®, é® â¢¥à¤¦¥­­ï â¥®à¥¬¨ 4 áâ õ ­¥¯à ¢¨«ì­¨¬, ïªé® ã¬®¢ã \X =
S3×Sk" § ¬÷­¨â¨ ­  á« ¡èã ã¬®¢ã \X { ¬­®£®¢¨¤, ¤«ï ïª®£®X ∼ S3×Sk, â®¡â®
H∗(X,Z) ∼= H∗(S3 × Sk,Z)". �¯à ¢¤÷, ¤«ï £àã¯¨ �÷ SU(3) ¬ õ¬® H∗(SU(3)) ∼=
H∗(S3 × S5) i �4 ⊂ SU(3).

� I � � � � � � � �

1. Nakaoka M. Homology of the in�nite symmetric group // Ann. of Math. 1961. V.73. P.229{
257.

2. Adem A., Maginnis J., Milgram J. Symmetric invariants and cohomology of groups // Math.
Ann. 1990. V.287. P.391{411.

3. �£ã¥­ �ã ­ �ã¥­. � ª®£®¬®«®£¨¨ §­ ª®¯¥à¥¬¥­­ëå £àã¯¯ ¨ ¥¥ ¯à¨¬¥­¥­¨¨ ¢ â®¯®«®£¨¨

// �àã¤ë �¡¨«¨ááª®£® ¬ â¥¬ â¨ç¥áª®£® ¨­áâ¨âãâ . �¡®¡é¥­­ë¥ £®¬®«®£¨¨ ¨ £®¬®â®¯¨¨.
1992. �.97. �.18{47.

4. �à ã­ �.�. �®£®¬®«®£¨¨ £àã¯¯. { �.: � ãª , 1987.

5. Quillen D. The spectrum of an equivariant cohomology ring I // Ann. of Math. 1971. V.94.
P.549{572.

6. �®è¥à �., � ­£®à  �. �®£®¬®«®£¨ç¥áª¨¥ ®¯¥à æ¨¨ ¨ ¨å ¯à¨«®¦¥­¨ï ¢ â¥®à¨¨ £®¬®â®¯¨©.
{ �.: �¨à, 1970.

7. � ¤á¥­ �., �¨«£à¥¬ �. �« áá¨ä¨æ¨àãîé¨¥ ¯à®áâà ­áâ¢  ¤«ï ¯¥à¥áâà®¥ª ¨ ª®¡®à¤¨§¬®¢
¬­®£®®¡à §¨©. { �.: �¨à, 1984.

8. Browder W. Cohomology and group actions // Invent. Math. V.71. 1983. P.599{608.

9. Oliver R. Free compact group actions on products of spheres //Algebraic topology. Aargus
1978. Proceedings. Lect. Notes in Math. 1979. V.763. Berlin, Springer-Verlag. P.539{548.

ö­áâ¨âãâ ¯à¨ª« ¤­¨å ¯à®¡«¥¬ ¬¥å ­÷ª¨ â  ¬ â¥¬ â¨ª¨ ��� �ªà ù­¨

� ãª®¢  3¡, �ì¢÷¢, 290053, �ªà ù­ 

� ¤i©è«® 3.10.94.


