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A topological group G is called ℵ-decomposable if G can be decomposed into ℵ
dense subsets. If in this de�nition ℵ is equal to the disperse character of G, then G

is called maximally decomposable. A group G is called absolutely decomposable if
it can be decomposed into two subsets dense in every nondiscrete group topology on
G.

The problem of absolute (maximal) decomposability of permutation groups en-
dowed with the pointwise convergence topology is investigated.

�«ï ª à¤¨­ «  ℵ â®¯®«®£¨ç¥áª ï £àã¯¯  G ­ §ë¢ ¥âáï ℵ-à §«®¦¨¬®©, ¥á«¨
¥¥ ¬®¦­  à §¡¨âì ­  ℵ ¯«®â­ëå ¯®¤¬­®¦¥áâ¢. �¡®§­ ç¨¬ ç¥à¥§ �(G) ¤¨á¯¥àá-
­ë© å à ªâ¥à £àã¯¯ë G, â.¥. ¬¨­¨¬ «ì­ãî ¨§ ¬®é­®áâ¥© ®ªà¥áâ­®áâ¥© ¥¤¨-
­¨æë. �á«¨ â®¯®«®£¨ç¥áª ï £àã¯¯  G ℵ-à §«®¦¨¬ , â®, ®ç¥¢¨¤­®, ℵ ≤ �(G).
�(G)-à §«®¦¨¬ ï â®¯®«®£¨ç¥áª ï £àã¯¯  G ­ §ë¢ ¥âáï ¬ ªá¨¬ «ì­® à §«®-
¦¨¬®©.

� áá¬®âà¨¬ £àã¯¯ã S(X) ¢á¥å ¯®¤áâ ­®¢®ª ­  ¡¥áª®­¥ç­®¬ ¬­®¦¥áâ¢¥ X.
�¤­®© ¨§ ­ ¨¡®«¥¥ ¥áâ¥áâ¢¥­­ëå â®¯®«®£¨© ­  S(X) ï¢«ï¥âáï â®¯®«®£¨ï ¯®â®-
ç¥ç­®© áå®¤¨¬®áâ¨. � §ã ®ªà¥áâ­®áâ¥© â®¦¤¥áâ¢¥­­®© ¯®¤áâ ­®¢ª¨ id ¢ íâ®©
â®¯®«®£¨¨ ®¡à §ãîâ ¯®¤£àã¯¯ë S(X,K) = {g ∈ G : g(x) = x ¤«ï ¢á¥å x ∈ K},
£¤¥ K ¯à®¡¥£ ¥â ¢á¥ ª®­¥ç­ë¥ ¯®¤¬­®¦¥áâ¢  ¨§ X. �®á¨â¥«¥¬ ¯®¤áâ ­®¢-
ª¨ g ∈ S(X) ­ §ë¢ ¥âáï ¬­®¦¥áâ¢® supp g = {x ∈ X : g(x) ̸= x}. � §ã
®ªà¥áâ­®áâ¥© â®¦¤¥áâ¢¥­­®© ¯®¤áâ ­®¢ª¨ ¢ â®¯®«®£¨¨ ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨
­  £àã¯¯¥ F (X) ¢á¥å ¯®¤áâ ­®¢®ª á ª®­¥ç­ë¬¨ ­®á¨â¥«ï¬¨ ®¡à §ãîâ ¯®¤£àã¯-
¯ë F (X,K) = {g ∈ F (X) : g(x) = x ¤«ï ¢á¥å x ∈ K}, £¤¥ K ¯à®¡¥£ ¥â ¢á¥
ª®­¥ç­ë¥ ¯®¤¬­®¦¥áâ¢  ¨§ X.

�¥®à¥¬  1. �àã¯¯ë S(X) ¨ F (X) á â®¯®«®£¨ï¬¨ ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨
¬ ªá¨¬ «ì­® à §«®¦¨¬ë.

�àã¯¯  G ­ §ë¢ ¥âáï  ¡á®«îâ­® à §«®¦¨¬®©, ¥á«¨ ¥¥ ¬®¦­  à §¡¨âì ­ 
¤¢  ¯®¤¬­®¦¥áâ¢ , ¯«®â­ë¥ ¢ «î¡®© ­¥¤¨áªà¥â­®© å ãá¤®àä®¢®© £àã¯¯®¢®©
â®¯®«®£¨¨ ­  G. �®¯à®á ®¡  ¡á®«îâ­®© à §«®¦¨¬®áâ¨ £àã¯¯ë F (X) ¯®áâ ¢«¥­
¢ áâ âì¥ [1].

1991 Mathematics Subject Classi�cation. 54H11, 20B07.

Typeset by AMS-TEX
131



132 �.�. ��������

�¥®à¥¬  2. �àã¯¯  F (X) ­¥ ï¢«ï¥âáï  ¡á®«îâ­® à §«®¦¨¬®©.

�®¯à®á ¨§ [1] ®¡  ¡á®«îâ­®© à §«®¦¨¬®áâ¨ £àã¯¯ë S(X) ®áâ ¥âáï ®âªàë-
âë¬.

�®¯®«®£¨ç¥áª ï £àã¯¯ , ®¡« ¤ îé ï ¡ §®© ®ªà¥áâ­®áâ¥© ¥¤¨­¨æë, á®áâ®ï-
é¥© ¨§ ¯®¤£àã¯¯, ­ §ë¢ ¥âáï 0-¬¥à­®©. � á¢ï§¨ á â¥®à¥¬®© 2 ¯à¥¤áâ ¢«ï¥â
®¯à¥¤¥«¥­­ë© ¨­â¥à¥á á«¥¤ãîé¥¥ ãá¨«¥­¨¥ â¥®à¥¬ë 5 ¨§ [1].

�¥®à¥¬  3. �«ï ­¥áç¥â­®£® ¬­®¦¥áâ¢  X £àã¯¯ã F (X) ¬®¦­  à §¡¨âì
­  áç¥â­®¥ ç¨á«® ¯®¤¬­®¦¥áâ¢, ¯«®â­ëå ¢ «î¡®© ­¥¤¨áªà¥â­®© 0-¬¥à­®©
£àã¯¯®¢®© â®¯®«®£¨¨ ­¥áç¥â­®£® ¤¨á¯¥àá­®£® å à ªâ¥à .

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ ¬ â¥®à¥¬. �á¥ à áá¬ âà¨¢ ¥¬ë¥ â®¯®«®£¨¨ ­ 
£àã¯¯ å ¯à¥¤¯®« £ îâáï å ãá¤®àä®¢ë¬¨ ¨ £àã¯¯®¢ë¬¨.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �­ ç «¥ ¤®ª ¦¥¬ ¬ ªá¨¬ «ì­ãî à §«®¦¨¬®áâì
â®¯®«®£¨ç¥áª®© £àã¯¯ë F (X). �ãáâì |X| = γ. � §®¡ì¥¬ ¬­®¦¥áâ¢® X ­  γ
¯®¤¬­®¦¥áâ¢ X = ∪{Xα : α < γ}, ª ¦¤®¥ ¨§ ª®â®àëå ¨¬¥¥â ¬®é­®áâì γ.
�¨­¥©­® ã¯®àï¤®ç¨¬ ¬­®¦¥áâ¢® X â ª, çâ®¡ë ª ¦¤®¥ ¯®¤¬­®¦¥áâ¢® Xα ¡ë«®
ª®­ä¨­ «ì­ë¬ ¢® ¬­®¦¥áâ¢¥ (X,≤).

�«ï ª ¦¤®£® ­¥¯ãáâ®£® ª®­¥ç­®£® ¯®¤¬­®¦¥áâ¢  K ⊂ X ®¡®§­ ç¨¬ ç¥à¥§
maxK ¬ ªá¨¬ «ì­ë© ¥«¥¬¥­â ¯®¤¬­®¦¥áâ¢ K ¢ ®¯à¥¤¥«¥­­®¬ ­ X «¨­¥©­®¬
¯®àï¤ª¥. �®«®¦¨¬

Dα = {g ∈ F (X)\{id} : max supp g ∈ Xα}

¨ ¯®ª ¦¥¬, çâ® ¢á¥ ¯®¤¬­®¦¥áâ¢  Dα, α < γ ¯«®â­ë ¢ â®¯®«®£¨ç¥áª®© £àã¯¯¥
F (X).

�¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë¥ í«¥¬¥­â g ∈ F (X) ¨ ­¥¯ãáâ®¥ ª®­¥ç­®¥ ¯®¤¬­®¦¥-
áâ¢® K ⊂ X. �®«ì§ãïáì ª®­ä¨­ «ì­®áâìî ¯®¤¬­®¦¥áâ¢  Xα ¢ (X,<), ¢ë¡¥à¥¬
í«¥¬¥­âë a, b ∈ Xα â ª, çâ®¡ë max{K ∪ supp g} < a < b.

�¯à¥¤¥«¨¬ ¯®¤áâ ­®¢ªã h ∈ F (X), ¯®« £ ï h(x) = x ¤«ï ¢á¥å x ∈ X\{a, b},
h(a) = b, h(b) = a. �®£¤  h ∈ F (X,K) ¨ supp gh = supp g ∪ {a, b}. � ª ª ª
max supp gh = b, â® gh ∈ Xα ¨, á«¥¤®¢ â¥«ì­®, gF (X,K) ∩Dα ̸= ∅.

� ªá¨¬ «ì­ ï à §«®¦¨¬®áâì â®¯®«®£¨ç¥áª®© £àã¯¯ë S(X) ¤®áâ â®ç­® ®ç¥-
¢¨¤­ . �¥©áâ¢¨â¥«ì­®, ¯®¤£àã¯¯  F (X) ¯«®â­  ¢ S(X). �«¥¤®¢ â¥«ì­®, ¯«®â¥­
¢ S(X) ¨ «î¡®© «¥¢ë© á¬¥¦­ë© ª« áá ¯® íâ®© ¯®¤£àã¯¯¥,   ç¨á«® â ª¨å «¥¢ëå
á¬¥¦­ëå ª« áá®¢ à ¢­® 2|X|.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �ë¤¥«¨¬ ¢® ¬­®¦¥áâ¢¥ X áç¥â­®¥ ¤¨§êî­ªâ­®¥
á¥¬¥©áâ¢® ¤¢ãåí«¥¬¥­â­ëå ¯®¤¬­®¦¥áâ¢ {Xn : n < ω}. �¡®§­ ç¨¬ ç¥à¥§ hn

¯®¤áâ ­®¢ªã, ¤¥©áâ¢ãîéãî â®¦¤¥áâ¢¥­­® ­  ¬­®¦¥áâ¢¥ X\Xn ¨ ¯¥à¥áâ ¢«ïî-
éãî í«¥¬¥­âë ¨§ Xn. �®«®¦¨¬ Dn = {hn, id} ¨ § ¬¥â¨¬, çâ® ¯®¤£àã¯¯  B,
¯®à®¦¤¥­­ ï ¯®¤¬­®¦¥áâ¢®¬ {hn : n < ω}, ï¢«ï¥âáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬
¯®¤£àã¯¯ Dn, n < ω. �¡®§­ ç¨¬ ç¥à¥§ Bn ¯®¤£àã¯¯ã, ¯®à®¦¤¥­­ãî ¯®¤¬­®-
¦¥áâ¢®¬ {hm : n ≤ m < ω}.

�®¤£àã¯  B ¤®áâ â®ç­® å®à®è® à á¯®«®¦¥­  ¢ £àã¯¯¥ F (X) ¢ á¬ëá«¥ ¢®§-
¬®¦­®áâ¨ ¯à®¤®«¦¥­¨ï â®¯®«®£¨© á B ­  F (X). �®ç­¥¥, ¯ãáâì ­  B § ¤ ­ 
â®¯®«®£¨ï á ¡ §®© ®ªà¥áâ­®áâ¥© ¥¤¨­¨æë τ , ¯à¨ç¥¬ ª ¦¤ ï ¯®¤£àã¯¯  Bn ®â-
ªàëâ  ¢ íâ®© â®¯®«®£¨¨. �®£¤  á¥¬¥©áâ¢® ¯®¤¬­®¦¥áâ¢ τ ¬®¦­® ¯à¨­ïâì ¢
ª ç¥áâ¢¥ ¡ §ë ®ªà¥áâ­®áâ¥© ¥¤¨­¨æë â®¯®«®£¨¨ ­  £àã¯¯¥ F (X). �¥©áâ¢¨â¥«ì-
­®, ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â g ∈ F (X) ¨ ®ªà¥áâ­®áâì ¥¤¨­¨æë U ∈ τ .
�ë¡¥à¥¬ ­ âãà «ì­®¥ ç¨á«® n â ª, çâ® supp g ∩ Xm = ∅ ¤«ï ¢á¥å m ≥ n.
�¥âàã¤­® ã¡¥¤¨âáï, çâ® gh = hg ¤«ï ¢á¥å h ∈ Bn. �®«®¦¨¬ V = U ∩Bn. �®£¤ 
V ∈ τ ¨ g−1V g ⊂ U .
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�à¥¤¯®«®¦¨¬, çâ® £àã¯¯  F (X)  ¡á®«îâ­® à §«®¦¨¬ , D1, D2 { ­¥¯¥à¥á¥-
ª îé¨¥áï ¯®¤¬­®¦¥áâ¢  ¨§ F (X), ¯«®â­ë¥ ¢ «î¡®© ­¥¤¨áªà¥â­®© £àã¯¯®¢®©
â®¯®«®£¨¨ ­  F (X), F (X) = D1 ∪ D2. �®«®¦¨¬ C1 = D1 ∩ B, C2 = D2 ∩ B.
�® â¥®à¥¬¥ 9 ¨§ [1], ¢ ®¤­®¬ ¨§ ¯®¤¬­®¦¥áâ¢ Ci ­ ©¤¥âáï á¬¥¦­ë© ª« áá ¯®
­¥ª®â®à®© ¡¥áª®­¥ç­®© ¯®¤£àã¯¯¥ H ⊂ B. �®«®¦¨¬ τ = {H ∩ Bn : n < ω}.
�®£¤  τ { ¡ §  ®ªà¥áâ­®áâ¥© ¥¤¨­¨æë ­¥ª®â®à®© ­¥¤¨áªà¥â­®© â®¯®«®£¨¨ ­ 
B. �à®¤®«¦¨¬ íâã â®¯®«®£¨î ­  £àã¯¯ã F (X). � ª ª ª ¯®¤¬­®¦¥áâ¢® gH
®âªàëâ® ¨ gH ⊂ Di, â® ¯®¤¬­®¦¥áâ¢® Di ¨¬¥¥â ­¥¯ãáâãî ¢­ãâà¥­­®áâì, çâ®
¯à®â¨¢®à¥ç¨â ¯«®â­®áâ¨ ¯®¤¬­®¦¥áâ¢  F (X)\Di ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã.

�á¯®«ì§ã¥¬ ¢®§¬®¦­®áâì ¯à®¤®«¦¥­¨ï â®¯®«®£¨© á ¯®¤£àã¯¯ë B ­  £àã¯¯ã
F (X) ¤«ï à¥è¥­¨ï ®¤­®© § ¤ ç¨ ®¡ íªáâà¥¬ «ì­® ­¥á¢ï§­ëå £àã¯¯ å. � ¯®¬-
­¨¬, çâ® â®¯®«®£¨ç¥áª ï £àã¯¯  ­ §ë¢ ¥âáï íªáâà¥¬ «ì­® ­¥á¢ï§­®©, ¥á«¨ § -
¬ëª ­¨¥ «î¡®£® ®âªàëâ®£® ¯®¤¬­®¦¥áâ¢  ®âªàëâ®. �.�. � «ëå¨­ § ¬¥â¨« [2],
çâ® ¢ «î¡®© ­¥¤¨áªà¥â­®© ¥ªáâà¥¬ «ì­® ­¥á¢ï§­®© £àã¯¯¥ ¨¬¥¥âáï ®âªàëâ ï
¯®¤£àã¯¯  íªá¯®­¥­âë 2. �® â®£¤  ã¬¥áâ¥­ â ª®© ¢®¯à®á. �¥à­® «¨, çâ® ­¥¤¨á-
ªà¥â­ ï íªáâà¥¬ «ì­® ­¥á¢ï§­ ï £àã¯¯  á®¤¥à¦¨â ¨­¢ à¨ ­â­ãî ®âªàëâãî
¯®¤£àã¯¯ã íªá¯®­¥­âë 2? �¥à¢ë© ¯à¨¬¥à ­¥¤¨áªà¥â­®© íªáâà¥¬ «ì­® ­¥á¢ï§-
­®© â®¯®«®£¨¨ ­  £àã¯¯¥ B ¯®áâà®¨« �. �¨à®â  [3], ¯à¥¤¯®« £ ï áãé¥áâ¢®¢ -
­¨¥ à ¬á¥¥¢ëå ã«ìâà ä¨«ìâà®¢ ­  áç¥â­®¬ ¬­®¦¥áâ¢¥. � â¥¬ �.�. � «ëå¨­
[2] ¯®áâà®¨« ­  B ­®¢ãî ­¥¤¨áªà¥â­ãî íªáâà¥¬ «ì­® ­¥á¢ï§­ãî â®¯®«®£¨î,
®á­®¢ë¢ ïáì ­   ªá¨®¬¥ � àâ¨­ . �â¬¥â¨¬, çâ® ¢ íâ¨å â®¯®«®£¨ïå ¢á¥ ¯®¤-
£àã¯¯ë Bn, n < ω, £àã¯¯ë B ®âªàëâë. �¨ªá¨àã¥¬ ­  £àã¯¯¥ B ­¥¤¨áªà¥â­ãî
íªáâà¥¬ «ì­® ­¥á¢ï§­ãî â®¯®«®£¨î á ®âªàëâë¬¨ ¯®¤£àã¯¯ ¬¨ Bn, n < ω, ¨
¯à®¤®«¦¨¬ ¥¥ ­  £àã¯¯ã F (X). � ª ª ª ¯®¤£àã¯¯  B ®âªàëâ  ¢ F (X), â® £àã¯-
¯  F (X) ¥ªáâà¥¬ «ì­® ­¥á¢ï§­ . �¤­ ª®, ¨­¢ à¨ ­â­ëå  ¡¥«¥¢ëå ¯®¤£àã¯¯,
®â«¨ç­ëå ®â ¥¤¨­¨ç­®© ¯®¤£àã¯¯ë, ¢ £àã¯¯¥ F (X) ­¥â. � ª¨¬ ®¡à §®¬, ¯à¨
¥áâ¥áâ¢¥­­ëå â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­ëå ¯à¥¤¯®«®¦¥­¨ïå ®â¢¥â ­  ¯®áâ ¢«¥­-
­ë© ¢®¯à®á ®âà¨æ â¥«¥­.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �ë¡¥à¥¬ ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì ­ -
âãà «ì­ëå ç¨á¥« ⟨an⟩ â ª, çâ®¡ë ¯®á«¥¤®¢ â¥«ì­®áâì ⟨an+1 − an⟩ â ª¦¥ ¡ë« 
¢®§à áâ îé¥©. �®«®¦¨¬

Ln = {a ∈ N : 2an ≤ a ≤ 2an+1 − 1}.

� §®¡ì¥¬ ¬­®¦¥áâ¢® ­ âãà «ì­ëå ç¨á¥« N ­  áç¥â­®¥ ç¨á«® ¯®¤¬­®¦¥áâ¢
N = ∪{Ak : k < ω} â ª, çâ®¡ë ª ¦¤®¥ ¯®¤¬­®¦¥áâ¢® Ak á®¤¥à¦ «® ¡¥áª®­¥ç-
­®¥ ç¨á«® ®âà¥§ª®¢ Ln. �¯à¥¤¥«¨¬ à §¡¨¥­¨¥ ¬­®¦¥áâ¢  F (X)\{id} ­  ¯®¤-
¬­®¦¥áâ¢ 

Dk = {g ∈ F (X)\{id} : | supp g| ∈ Ak}, k < ω,

£¤¥ | supp g| { ç¨á«® í«¥¬¥­â®¢ ¯®¤¬®¦¥áâ¢  supp g.
�®ª ¦¥¬, çâ® ª ¦¤®¥ ¯®¤¬­®¦¥áâ¢® Dk ¯«®â­® ¢ «î¡®© ­¥¤¨áªà¥â­®© 0-

¬¥à­®© â®¯®«®£¨¨ ­  F (X) ­¥áç¥â­®£® ¤¨á¯¥àá­®£® å à ªâ¥à . �¨ªá¨àã¥¬ ­ 
£àã¯¯¥ F (X) â ªãî â®¯®«®£¨î, ¢®§ì¬¥¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â g ∈ F (X) ¨
®âªàëâãî ¯®¤£àã¯¯ã U . � ª ª ª á¥¬¥©áâ¢® ª®­¥ç­ëå ¯®¤¬­®¦¥áâ¢ {supp g :
g ∈ U} ­¥áç¥â­®, ¯® «¥¬¬¥ ® ¯¥à¥á¥ç¥­¨ïå [4, £« ¢  4, §3] ­ ©¤¥âáï â ª®¥ áç¥â­®¥
¯®¤¬­®¦¥áâ¢® {gn : n < ω} ⊂ U , çâ® á¥¬¥©áâ¢® ¯®¤¬­®¦¥áâ¢ {supp gn : n < ω}
¤¨§êî­ªâ­® ¯® ¬®¤ã«î ¯¥à¥á¥ç¥­¨ï. �â® ®§­ ç ¥â, çâ® ¤«ï ­¥ª®â®àëå ç¨á¥«
s, t, 0 ≤ t < s, á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

s = | supp gn|, n < ω, t = | ∩ {supp gn : n < ω}|,
| supp gi ∩ supp gj | = t, 0 < i < j < ω.
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�®£¤  ¤«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  n ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

(s− t)n ≤ | supp g1g2 . . . gn| ≤ sn.

�®«®¦¨¬ d = | supp g| ¨ § ¬¥â¨¬, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  n
¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

(s− t)n− d ≤ | supp gg1g2 . . . gn| ≤ sn+ d.

�®«®¦¨¬ s1 = s − t, d1 = −d, hn = g1 . . . gn ¨ ®â¬¥â¨¬, çâ® s1 > 0, hn ∈ U .
� íâ¨å ®¡®§­ ç¥­¨ïå

d1 + s1n ≤ | supp ghn| ≤ d+ sn

¤«ï ¢á¥å ­ âãà «ì­ëå ç¨á¥« n.
�ç¨âë¢ ï íâ¨ ­¥à ¢¥­áâ¢ , ¤«ï ¤®ª § â¥«ìáâ¢  ¯«®â­®áâ¨ ¬­®¦¥áâ¢  Dk

¤®áâ â®ç­® ­ ©â¨ â ª¨¥ ®âà¥§®ª Lm ⊂ Ak ¨ ­ âãà «ì­®¥ ç¨á«® n, çâ® d1+s1n ∈
Lm, d+ sn ∈ Lm. �¥¤ì â®£¤  | supp ghn| ∈ Ak ¨, á«¥¤®¢ â¥«ì­®, gU ∩Dk ̸= ∅.

�® ®¯à¥¤¥«¥­¨î ¯®¤¬­®¦¥áâ¢  Ak â ª®© ¢ë¡®à ¢®§¬®¦¥­, ¥á«¨ ¤«ï ¢á¥å
¤®áâ â®ç­® ¡®«ìè¨å ­ âãà «ì­ëå ç¨á¥« m ­ ©¤ãâáï ­ âãà «ì­ë¥ ç¨á«  n(m),
ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ ¬

d1 + s1n(m) ≥ 2am , d+ sn(m) ≤ 2am+1 − 1.

� ª ª ª s1 > 0 ¨ ¯®á«¥¤®¢ â¥«ì­®áâì ⟨am+1 − am⟩ ¢®§à áâ îé ï, â® ¤«ï
«î¡®© ª®­áâ ­âë c ­¥à ¢¥­áâ¢®

s12
am+1−am − s > c

¢ë¯®«­ï¥âáï ¤«ï ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å ­ âãà «ì­ëå ç¨á¥« m. �âáî¤ 
á«¥¤ã¥â, çâ®, ­ ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à ,

2am+1 − 1− d

s
− 2am − d1

s1
≥ 1.

� ¢¥àè ï ¤®ª § â¥«ìáâ¢®, ¢ë¡¥à¥¬ ­ âãà «ì­®¥ ç¨á«® n(m) â ª, çâ®¡ë

2am − d1
s1

≤ n(m) ≤ 2am+1 − 1− d

s
.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¨á¯®«ì§ãï á¯®á®¡ ¯à®¤®«¦¥­¨ï â®¯®«®£¨© ¨§
¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2, ¬®¦­  ¯®ª § âì, çâ® ¤«ï «î¡®£® ¡¥áª®­¥ç­®£® ¬­®-
¦¥áâ¢  X ­  £àã¯¯¥ F (X) áãé¥áâ¢ã¥â exp exp |X| 0-¬¥à­ëå â®¯®«®£¨©. �«¥-
¤®¢ â¥«ì­®, ¤«ï ­¥áç¥â­®£® ¬­®¦¥áâ¢  X áãé¥áâ¢ã¥â áâ®«ìª® ¦¥ 0-¬¥à­ëå
â®¯®«®£¨© ­¥áç¥â­®£® ¤¨á¯¥àá­®£® å à ªâ¥à .
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