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In the paper there are obtained su�cient conditions of existence and uniqueness
of generalized solution of the problem without initial data for evolution systems with
the second time derivative containing, in particular, some parabolic systems.

�¥å © Q ⊂ Rn × (−∞, T ), T < ∞; Q
∩
{t = τ} = 
τ ; ∂Q

∩
{t = τ} = Sτ ,

S =
∪

τ∈(−∞,T ]

Sτ . �à¨¯ãáª â¨¬¥¬®, é® ¤«ï ¢áiå τ ∈ (−∞, T ] ¬­®¦¨­  
τ õ

®¡¬¥¦¥­®î ®¡« áâî ¢ Rn i 
∗
τ ⊂ 
, ¤¥ 
 ⊂ Rn { ®¡¬¥¦¥­  ®¡« áâì ,   
∗

τ {
¯à®¥ªæiï 
τ ­  ¯«®é¨­ã t = 0.

�®§£«ï­¥¬® ¢ ®¡« áâi Q á¨áâ¥¬ã ài¢­ï­ì ¢¨£«ï¤ã

utt +
∑

|α|=|β|≤m

(−1)|α|Dα(Aαβ(x, t)D
βu) +

∑
|α|≤m

Gα(x, t)D
αu+

+
∑

|α|=|β|≤l

(−1)|α|Dα(Bαβ(x, t)D
βut) +

∑
|α|≤l

Cα(x, t)D
αut = F (x, t), (1)

§ ªà ©®¢¨¬¨ ã¬®¢ ¬¨

Dαu

∣∣∣∣
S

= 0, |α| ≤ m− 1; Dβut

∣∣∣∣
S

= 0, 1 ≤ |β| ≤ l − 1. (2)

�ãâ Aαβ , Bκσ, Gγ , Cϱ { ª¢ ¤à â­i ¬ âà¨æi à®§¬iàã N ×N ;

u = (u1, . . . , uN ); F = (f1, . . . , fN ); l ≤ m;

Dα =
∂|α|

∂xα1

1 , . . . , ∂xαn
n

, |α| = α1 + · · ·+ αn.

� ã¢ ¦¨¬®, é® ¤«ï ¤®¢i«ì­®ù äã­ªæiù v ∈ Hk
0 (
) ¯à ¢¨«ì­  ­¥ài¢­iáâì �ài-

¤àiåá  ([1], áâ®à.44)∫



∑
|α|=j

(Dαv)2dx ≤ γk,j(
)

∫



∑
|α|=k

(Dαv)2dx, (3)
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¤¥ áâ «  γk,j(
) § «¥¦¨âì «¨è¥ ¢i¤ ®¡« áâi 
 â  ç¨á¥« j, k.
�®¢®à¨â¨¬¥¬®, é® ¤«ï ª®¥äiæiõ­âi¢ á¨áâ¥¬¨ (1) ¢¨ª®­ãîâìáï ¢i¤¯®¢i¤­® ã¬®-

¢¨ (�0), (A1), (B0), (�0), ïªé®:

(Ai) :Aαβ(x, t) = Aβα(x, t), Aαβ(x, t) = A∗
αβ(x, t), (x, t) ∈ Q, |α| = |β| ≤ m;

ai(
t)

∫

t

∑
|α|=m

|Dαu|2dx ≤
∫

t

∑
|α|=|β|≤m

(
∂iAαβ(x, t)

∂ti
Dβu,Dαu

)
dx ≤

≤ ai(
t)

∫

t

∑
|α|=m

|Dαu|2dx,

a0(
t) > 0, t ∈ (−∞, T ], ∀u ∈ (Hm
0 (
t))

N ; i = 0, 1;

(B0) :

∫

t

∑
|α|=|β|≤l

(Bαβ(x, t)D
βu,Dαu)dx ≥ b0(
t)

∫

t

∑
|α|=l

|Dαu|2dx,

b0(
t) > 0, t ∈ (−∞, T ], ∀u ∈ (H l
0(
t))

N ;

(C0) : (C0(x, t)ξ, ξ) ≥ c00(
t)|ξ|2, ∀ξ ∈ Rn, (x, t) ∈ Q.

�¢¥¤¥¬® â ª÷ ¯®§­ ç¥­­ï:

ai = inf
(−∞,T )

sup
(−∞,t)

ai(
τ ); i = 0, 1;

a1 = inf
(−∞,T )

sup
(−∞,t)

a1(
τ ); b0 = inf
(−∞,T )

sup
(−∞,t)

b0(
τ );

b1i (Qt) = max
j=0,...,l

max
|β|=j

sup
Qt

∑
|α|=j

∥∥∥∥∂iBαβ(x, τ)

∂ti

∥∥∥∥, i = 0, 1;

b2i (Qt) = max
j=0,...,l

max
|α|=j

sup
Qt

∑
|β|=j

∥∥∥∥∂iBαβ(x, τ)

∂ti

∥∥∥∥, i = 0, 1;

bki (Q) = inf
(−∞,T )

bki (Qt), i = 0, 1; k = 1, 2;

gi(Qt) = sup
Qt

∑
|α|≤m

∥∥∥∥∂iGα(x, τ)

∂ti

∥∥∥∥2, gi(Q) = inf
(−∞,T )

gi(Qt); i = 0, 1;

c00 = inf
(−∞,T )

sup
(−∞,t)

c00(
τ ); ci(Qt) = sup
Qt

∑
|α|≤l

∥∥∥∥∂iCα(x, τ)

∂ti

∥∥∥∥2, i = 0, 1;

c2(Qt) = sup
Qt

∑
1≤|α|≤l

∥Cα(x, τ)∥2; ci(Q) = inf
(−∞,T )

ci(Qt); i = 0, 1, 2;

γk,j = inf
(−∞,T )

sup
(−∞,t)

γk,j(
τ ); γk
m,j(
t) =

k∑
s=j

γm,s(
t); γk
m,j =

k∑
s=j

γm,s.

�§­ ç¥­­ï. �ã­ªæiî u, ïªa § ¤®¢®«ì­ïõ ¢ª«îç¥­­ï

u ∈ L2
loc((−∞, T ]; (Hm

0 (
t))
N ), ut ∈ L2

loc((−∞, T ]; (H l
0(
t))

N ),

utt ∈ L2
loc((−∞, T ]; (H−m(
t))

N )
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i ài¢­iáâì∫
Q

[
(utt, v) +

∑
|α|=|β|≤m

(Aαβ(x, t)D
βu,Dαv) +

∑
|α|=|β|≤l

(Bαβ(x, t)D
βut, D

αv)+

+
∑

|α|≤m

(Gα(x, t)D
αu, v) +

∑
|α|≤l

(Cα(x, t)D
αut, v)− (F (x, t), v)

]
dx dt = 0 (4)

¤«ï ¤®¢i«ì­®ù äã­ªæiù v ∈ C∞
0 (Q), ­ §¨¢ â¨¬¥¬® ã§ £ «ì­¥­¨¬ à®§¢'ï§ª®¬ § -

¤ çi (1), (2). �ãâ ç¥à¥§ (·, ·) ¯®§­ ç¥­® áª «ïà­¨© ¤®¡ãâ®ª ã ¯à®áâ®ài Rn.

�®§£«ï­¥¬® â ªã á¨áâ¥¬ã ­¥ài¢­®áâ¥©:

λa0 − a1 − λb10(Q)γ
l
m,0δ1 −

√
g0(Q)γ

m
m,0

δ2
−

λ
√

c0(Q)γ
l
m,0

δ3
+ λ3γm,0 > 0, (5)

2b0−
λb20(Q)γ

l
l,0

δ1
−2

√
c2(Q)γl

l,1γl,0−λ
√
c0(Q)γl,0δ3+(2c

0
0 − 3λ−δ2

√
g0(Q))γl,0>0.

�ã¤¥¬® ­ §¨¢ â¨ ­ ¡ià ç¨á¥« {δ1, δ2, δ3} (δ1 > 0, δ2 > 0, δ3 > 0) ¤®¯ãáâ¨¬¨¬ ¤«ï
á¨áâ¥¬¨ (5), ïªé® ¢®­  ¤«ï æì®£® ­ ¡®àã ¬ õ ¤®¤ â­¨© à®§¢'ï§®ª λ.

�®§­ ç¨¬® ç¥à¥§ �1 ¬­®¦¨­ã ¤®¯ãáâ¨¬¨å ­ ¡®ài¢ ¤«ï á¨áâ¥¬¨ (5) i ç¥à¥§
�1 { ¬­®¦¨­ã ¤®¤ â­¨å à®§¢'ï§ªi¢ æiõù á¨áâ¥¬¨ ¤«ï ¢áiå {δ1, δ2, δ3} ⊂ �1.

�¥£ª® ¡ ç¨â¨, é® ¬­®¦¨­  �1 ¢i¤ªà¨â .

�¥®à¥¬  1. �¥å © ¤«ï ª®¥äiæiõ­âi¢ á¨áâ¥¬¨ (1) ¢¨ª®­ãîâìáï ã¬®¢¨ (�0),
(�1), (B0), (�0) i, ªài¬ â®£®,
m = l;
Aαβ , Aαβt,
Bαβ(|α| = |β| ≤ m),
Gκ , Cκ(|κ| ≤ m) ∈ L∞(Q); �1 ̸= ∅.
�®¤i § ¤ ça (1), (2) ­¥ ¬®¦¥ ¬ â¨ ¡i«ìè¥ ­÷¦ ®¤¨­ à®§¢'ï§®ª ¢ ª« ái äã­ªæi©
u â ª¨å, é® ∫


t

(
|ut|2 +

∑
|α|=m

|Dαu|2
)
dx = o(1) exp(−λt), (6)

ª®«¨ t → −∞, ¤¥ λ ∈ �1.

�®¢¥¤¥­­ï. �¥å © § ¤ ç  (1), (2) ¬ õ ¤¢  ã§ £ «ì­¥­i à®§¢'ï§ª¨ u1 i u2, ïªi
§ ¤®¢®«ì­ïîâì ã¬®¢ã (6). �®¤i äã­ªæiï u = u1−u2 â¥¦ § ¤®¢®«ì­ïõ ã¬®¢ã (6).
�  ¯÷¤áâ ¢÷ â¥®à¥¬¨ 1.17 ([1],áâ®à.177) ut ∈ C([t1, t2]; (L

2(
t))
N ) ¤«ï ¤®¢i«ì­¨å

t1, t2(−∞ < t1 < t2 < T ). �®§£«ï­¥¬® ®¡« áâì Qt1,t2 = Q ∩ {t1 < t < t2}. �®¤i
¤«ï äã­ªæiù u ¡ã¤¥ á¯à ¢¥¤«¨¢  ài¢­iáâì∫

Qt1,t2

[
(utt, v) +

∑
|α|=|β|≤m

(Aαβ(x, t)D
βu,Dαv) +

∑
|α|≤m

(Gα(x, t)D
αu, v)+

+
∑

|α|=|β|≤l

(Bαβ(x, t)D
βut, D

αv) +
∑
|α|≤l

(Cα(x, t)D
αut, v)

]
dx dt = 0 (7)
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¤«ï ¤®¢i«ì­®ù v ∈ C∞
0 (Qt1,t2).�®§­ ç¨¬® ç¥à¥§H

l,0(Qt1,t2) § ¬¨ª ­­ï ¬­®¦¨­¨
C∞
0 (Qt1,t2) §  ­®à¬®î

∥u∥Hl,0(Qt1,t2 )
=

( ∫
Qt1,t2

∑
|α|=l

|Dαu|2dx dt
) 1

2

.

�®¤i ài¢­iáâì (7) ¡ã¤¥ á¯à ¢¤¦ã¢ â¨áï i ¤«ï ¢áiå äã­ªæi© v ∈ H l,0(Qt1,t2).
�à®¡¨¬® ¢ (7) § ¬i­ã u(x, t) = w(x, t)e−λt i §  v ¢¨¡¥à¥¬® äã­ªæiî wt. �iá«ï

¯à®áâ¨å ¯¥à¥â¢®à¥­ì ®âà¨¬ õ¬® ài¢­iáâì∫
Qt1,t2

[
(wtt, wt)+

∑
|α|=|β|≤m

(Aαβ(x, t)D
βw,Dαwt)+

∑
|α|=|β|≤l

(Bαβ(x, t)D
βwt, D

αwt)+

+
∑

|α|≤m

(Gα(x, t)D
αw,wt)+

∑
|α|≤l

(Cα(x, t)D
αwt, wt)−λ

∑
|α|=|β|≤l

(Bαβ(x, t)D
βw,Dαwt)−

−λ
∑
|α|≤l

(Cα(x, t)D
αw,wt)− 2λ(wt, wt) + λ2(w,wt)

]
e−λtdx dt = 0. (8)

�à å®¢ãîç¨ ­¥ài¢­iáâì (3), ã¬®¢¨ (�0), (�1), (B0), (�0), â¥®à¥¬ã 1.17 ([1],
áâ®à.177) i ¯®§­ ç¥­­ï, ¯¥à¥â¢®à¨¬® ª®¦­¨© ç«¥­ ài¢­®áâi (8) ®ªà¥¬®. � -
â¨¬¥¬®:

ℑ1 =

∫
Qt1,t2

(wtt, wt)e
−λtdx dt =

=
1

2

∫

t2

|wt|2e−λt2dx− 1

2

∫

t1

|wt|2e−λt1dx+
λ

2

∫
Qt1,t2

|wt|2e−λtdx dt;

ℑ2 =

∫
Qt1,t2

∑
|α|=|β|≤m

(Aαβ(x, t)D
βw,Dαwt)e

−λtdxdt ≥

≥ 1

2
a0(
t2)

∫

t2

∑
|α|=m

|Dαw|2e−λt2dx− 1

2
a0(
t1)

∫

t1

∑
|α|=m

|Dαw|2e−λt1dx+

+
1

2

∫
Qt1,t2

(λa0(
t)− a1(
t))
∑

|α|=m

|Dαw|2e−λtdxdt;

ℑ3 =

∫
Qt1,t2

∑
|α|=|β|≤l

(Bαβ(x, t)D
βwt, D

αwt)e
−λtdx dt ≥

∫
Qt1,t2

b0(
t)
∑
|α|=l

|Dαwt|2e−λtdx dt;

ℑ4 = λ

∫
Qt1,t2

∑
|α|=|β|≤l

(Bαβ(x, t)D
βw,Dαwt)e

−λtdx dt ≤

≤ λ

2

∫
Qt1,t2

[
δ1γ

l
m,0(
t)b

1
0(Qt)

∑
|α|=m

|Dαw|2 + 1

δ1
b20(Qt)γ

l
l,0(
t)

∑
|α|=l

|Dαwt|2
]
e−λtdx dt,

δ1 > 0;
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ℑ5 =

∫
Qt1,t2

∑
|α|≤m

(Gα(x, t)D
αw,wt)e

−λtdx dt ≤

≤ 1

2

∫
Qt1,t2

[
δ2
√

g0(Qt)|wt|2 +
1

δ2

√
g0(Qt)γ

m
m,0(
t)

∑
|α|=m

|Dαw|2
]
e−λtdx dt, δ2 > 0;

ℑ6 =

∫
Qt1,t2

∑
|α|≤m

(Cα(x, t)D
αwt, wt)e

−λtdx dt ≥

≥
∫

Qt1,t2

[
c00(
t)|wt|2 −

√
c2(Qt)γl

l,1(
t)γl,0(
t)
∑
|α|=l

|Dαwt|2]e−λtdx dt;

ℑ7 = λ

∫
Qt1,t2

∑
|α|≤l

(Cα(x, t)D
αw,wt)e

−λtdx dt ≤ λ

2

∫
Qt1,t2

[√
c0(Qt)γl,0(
t)δ3

∑
|α|=l

|Dαwt|2+

+
1

δ3

√
c0(Qt)γ

l
m,0(
t)

∑
|α|=m

|Dαw|2
]
e−λtdx dt, δ3 > 0;

ℑ8 = −2λ
∫

Qt1,t2

(wt, wt)e
−λtdx dt = −2λ

∫
Qt1,t2

|wt|2e−λtdx dt;

ℑ9 = λ2
∫

Qt1,t2

(w,wt)e
−λtdx dt =

=
λ2

2

∫

t2

|w|2e−λt2dx− λ2

2

∫

t1

|w|2e−λt1dx+
λ3

2

∫
Qt1,t2

|w|2e−λtdx dt.

� ®æi­®ª i­â¥£à «i¢ ℑ1, . . . ,ℑ8 ÷ ài¢­®áâi (8) ¢¨¯«¨¢ õ ­¥ài¢­iáâì∫

t2

[
|wt|2 + a0(
t2)

∑
|α|=m

|Dαw|2 + λ2|w|2
]
e−λt2dx+

+

∫
Qt1,t2

[(
2c00(
t)− 3λ− δ2

√
g0(Qt)

)
|wt|2 + λ3|w|2+

+
(
λa0(
t)− a1(
t)− λb10(Qt)γ

l
m,0(
t)δ1−

− 1

δ2

√
g0(Qt)γ

m
m,0(
t)−

1

δ3
λ
√

c0(Qt)γ
l
m,0(
t)

) ∑
|α|=m

|Dαw|2+

+
(
2b0(
t)−

1

δ1
λb20(Qt)γ

l
l,0(
t)− 2

√
c2(Qt)γl

l,1(
t)γl,0(
t)−

− λ
√
c0(Qt)γl,0(
t)δ3

) ∑
|α|=l

|Dαwt|2
]
e−λtdx dt ≤

≤
∫

t1

[
λ2|w|2 + |wt|2 + a0(
t1)

∑
|α|=m

|Dαw|2
]
e−λt1dx. (9)

�à å®¢ãîç¨ ã¬®¢¨ â¥®à¥¬¨, § (9) «¥£ª® ®âà¨¬ â¨ ®æ÷­ªã
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∫

t

[
|wt|2 +

∑
|α|=m

|Dαw|2
]
e−λtdx ≤ 0, t ∈ (−∞, t2), t2 ∈ (−∞, T ).

�¢i¤á¨ i ¢¨¯«¨¢ õ, é® u = 0 ¬ ©¦¥ áªà÷§ì ¢ Q−∞,t2 . � «i ¢i¤®¬¨¬ ¬¥â®¤®¬ ([2],
á.201) «¥£ª® ¯®ª § â¨, é® u = 0 ¬ ©¦¥ áªà÷§ì ¢ Qt2,T . �¥®à¥¬ã 1 ¤®¢¥¤¥­®.

�®§£«ï­¥¬® á¨áâ¥¬ã ­¥ài¢­®áâ¥©

λa0 + a1 −
1

δ1

(
2λb20(Q) + b21(Q)

)
γl
m,0 −

√
2(g1(Q) + λ2g0(Q))γm

m,0γm,0−

− δ2
√
g0(Q)γ

m
m,0 − (2λ

√
c0(Q)δ3 +

√
c1(Q)δ3)γm,0 > 0;

2b0 − δ1(2λb
1
0(Q)+b11(Q))γ

l
l,0 −

1

δ2

√
g0(Q)γl,0 −

2λ

δ3

√
c0(Q)γ

l
l,0−

− 1

δ3

√
c1(Q)γ

l
l,0 − 2

√
c0(Q)γl

l,0γl,0 + (2c00 − 7λ)γl,0 > 0.

(10)
� §¢¥¬® ­ ¡ià ç¨á¥« {δ1, δ2, δ3} (δ1 > 0, δ2 > 0, δ3 > 0) ¤®¯ãáâ¨¬¨¬ ¤«ï á¨áâ¥¬¨
(10), ïªé® æï á¨áâ¥¬  ¬ õ ¤«ï ç¨á¥« δ1, δ2, δ3 ¤®¤ â­¨© à®§¢'ï§®ª λ. �®§­ ç¨¬®
ç¥à¥§ �2 ¬­®¦¨­ã ¢áiå ¤®¯ãáâ¨¬¨å ­ ¡®ài¢ {δ1, δ2, δ3} á¨áâ¥¬¨ (10),   ç¥à¥§ �2

{ ¬­®¦¨­ã ¤®¤ â­¨å à®§¢'ï§ªi¢ á¨áâ¥¬¨ (10) ¤«ï ¢áiå {δ1, δ2, δ3} ∈ �2.

�¥®à¥¬  2. �¥å © ¤«ï ª®¥äiæiõ­âi¢ á¨áâ¥¬¨ (1) ¢¨ª®­ãîâìáï ã¬®¢¨ (�0),
(�1), (B0), (�0) i, ªài¬ â®£®,
l < m;
Aαβ , Aαβt, (|α| = |β| ≤ m),
Bκσ, Bκσt(|κ| = |σ| ≤ l)
Gγ , Gγt (|γ| ≤ m),
Cϱ, Cϱt (|ϱ| ≤ l) ∈ L∞(Q);
�2 ̸= ∅; 
∗

t2 ⊆ 
∗
t1

¤«ï ¢áiå t1, t2 (−∞ < t1 < t2 ≤ T ). �®¤i § ¤ ça (1), (2) ­¥ ¬®¦¥ ¬ â¨ ¡i«ìè¥
®¤­®£® à®§¢'ï§ªã ¢ ª« ái äã­ªæi© u â ª¨å, é®

∫

t

[ ∑
|α|=m

|Dαu|2 +
∑
|α|=l

|Dαut|2
]
dx → o(1)e−λ0t,

ª®«¨ t → −∞, ¤¥ λ0 ∈ �2.

�®¢¥¤¥­­ï æ÷õù â¥®à¥¬¨  ­ «®£÷ç­¥ ¤®¢¥¤¥­­î â¥®à¥¬¨ 1.

�¥å © â¥¯¥à � = 
×(−∞, T ), � = ∂
×(−∞, T ). �ã¤¥¬® ­ ¤ «i ¯à¨¯ãáª â¨,
é® ª®¥äiæiõ­â¨ á¨áâ¥¬¨ (1) ¢¨§­ ç¥­i ¢ ®¡« áâi �. �¢¥¤¥¬® äã­ªæiî

F�(x, t) =

{
F (x, t), ïªé® (x, t) ∈ Q,

0, ïªé® (x, t) ∈ � \Q.
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�®§£«ï­¥¬® á¨áâ¥¬ã ­¥ài¢­®áâ¥©

λa0(
)− a1(
)− λb10(�)γ
l
m,0(
)δ1 −

1

δ2

√
g0(�)γ

l
m,0(
)−

− 1

δ3
λ
√
c0(�)γ

l
m,0(
) + λ3γm,0(
) > 0,

2b0(
)−
1

δ1
λb20(�)γ

l
l,0(
)− 2

√
c2(�)γl

l,1(
)γl,0(
)− λ
√
c0(�)γl,0(
)δ3+

+ (2c00(
)− 3λ− δ2
√

g0(�))γl,0(
) > 0.

(11)
�ã¤¥¬® ­ §¨¢ â¨ ­ ¡ià ç¨á¥« {δ1, δ2, δ3} (δ1 > 0, δ2 > 0, δ3 > 0) ¤®¯ãáâ¨¬¨¬ ¤«ï
á¨áâ¥¬¨ (14) , ïªé® ¢®­  ¤«ï æì®£® ­ ¡®àã ç¨á¥« ¬ õ ¤®¤ â­¨© à®§¢'ï§®ª λ.

�®§­ ç¨¬® ç¥à¥§ �3 ¬­®¦¨­ã ¢áiå ¤®¯ãáâ¨¬¨å ­ ¡®ài¢ ¤«ï á¨áâ¥¬¨ (11) i
ç¥à¥§ �3 { ¬­®¦¨­ã ¤®¤ â­¨å à®§¢'ï§ªi¢ æiõù á¨áâ¥¬¨ ¤«ï ¢áiå {δ1, δ2, δ3} ∈ �3.

�¥®à¥¬  3. �¥å © ¤«ï ª®¥äiæiõ­âi¢ á¨áâ¥¬¨ (1) ¢ ®¡« áâi � ¢¨ª®­ãîâìáï
ã¬®¢¨ (�0), (�1), (B0), (�0) i, ªài¬ â®£®,
Aαβ , Aαβt, (|α| = |β| ≤ m),
Bκσ(|κ| = |σ| ≤ l)
Gγ , (|γ| ≤ m),
Cϱ, (|ϱ| ≤ l) ∈ L∞(�);
l ≤ m; ∂
 ⊂ Cm−1,1; �3 ̸= ∅;
¬¥¦  S ®¡« áâi Q â ª , é® ïªé® t ∈ (−∞, T ], v ∈ Hm

0 (
) i v = 0 ¬ ©¦¥
áªà÷§ì ¢ 
 \
t, â® v ∈ Hm

0 (
t);
∫
Q

|F (x, t)|2eλtdx dt < ∞, ¤¥ λ ∈ �3; ®¡« áâi 
t,

t ∈ (−∞, T ], ®¤­®§¢'ï§­i. �®¤i iá­ãõ ã§ £ «ì­¥­¨© à®§¢'ï§®ª u § ¤ çi (1), (2)
â ª¨©, é® ∫


t

(
|ut|2 +

∑
|α|=m

|Dαu|2
)
dx = o(1)e−λt,

ª®«¨ t → −∞.

�®¢¥¤¥­­ï. �¥å © {φk} { ¡ §¨á ¯à®áâ®àã Hm
0 (
) i {uj,ε} { ¯®á«i¤®¢­iáâì äã­ª-

æi©, ïª  ¢¨§­ ç õâìáï ä®à¬ã«®î

uj,ε(x, t) =

j∑
k=1

cjk(t)φ
k(x), j = 1, 2, ...,

¤¥ cj1(t), . . . , c
j
j(t) { à®§¢'ï§®ª â ª®ù § ¤ çi �®èi:∫




[
(uj,ε

tt , φ
k)+

∑
|α|=|β|≤m

(Aαβ(x, t)D
βuj,ε, Dαφk)+

∑
|α|=|β|≤l

(Bαβ(x, t)D
βuj,ε

t , Dαφk)+

+
∑

|α|≤m

(Gα(x, t)D
αuj,ε, φk) +

∑
|α|≤l

(Cα(x, t)D
αuj,ε

t , φk) +
1

ε
(E(x, t)uj,ε

t , φk)+

+
λ

ε
(E(x, t)uj,ε, φk)− (F�(x, t), φ

k)

]
dx = 0, (12)

cjk(t0) = 0, cjkt(t0) = 0, k = 1, . . . , j, −∞ < t0 < T, ε > 0, (13)
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¤¥

E(x, t) =

{
0, ïªé® (x, t) ∈ Q,

1, ïªé® (x, t) ∈ � \Q.

�à®¡¨¬® ¢ (12) § ¬i­ã

uj,ε(x, t) = wj,ε(x, t)e−λt.

�®¤i á¨áâ¥¬  (12) ­ ¡ã¤¥ ¢¨£«ï¤ã∫



[
(wj,ε

tt , φk) +
∑

|α|=|β|≤m

(Aαβ(x, t)D
βwj,ε, Dαφk)+

+
∑

|α|=|β|≤l

(Bαβ(x, t)D
βwj,ε

t , Dαφk)−

− λ
∑

|α|=|β|≤l

(Bαβ(x, t)D
βwj,ε, Dαφk)−

−
∑

|α|≤m

(Gα(x, t)D
αwj,ε, φk) +

∑
|α|≤l

Cα(x, t)D
αwj,ε

t , φk)−

− λ
∑
|α|≤l

(Cα(x, t)D
αwj,ε, φk)− 2λ(wj,ε

t , φk) + λ2(wj,ε, φk)+

+
1

ε
(E(x, t)wj,ε

t , φk)− (F�(x, t)e
λt, φk)

]
e−λtdx = 0, k = 0, . . . , j.

(14)

�®¬­®¦¨¬® ª®¦­¥ § ài¢­ï­ì á¨áâ¥¬¨ (14) ¢i¤¯®¢i¤­® ­  äã­ªæiî ájkt(t)e
λt, i

¤®¤ ¬® ùå, ¯®âi¬ ¯®¬­®¦¨¬® ª®¦­¥ ài¢­ï­­ï á¨áâ¥¬¨ (7) ¢i¤¯®¢i¤­® ­  äã­ªæiù

λcjk(t)e
λt i ¤®¤ ¬® ùå. �ªé® â¥¯¥à ¤®¤ â¨ à¥§ã«ìâ â¨ ¯®¯¥à¥¤­iå ¤i© i ¯à®i­â¥-

£àã¢ â¨ ¯® ¯à®¬i¦ªã [t0, τ ], â® ®âà¨¬ õ¬® ài¢­iáâì∫
�t0,τ

[
(wj,ε

tt , wj,ε
t ) +

1

ε
(E(x, t)wj,ε

t , wj,ε
t )− (F�(x, t)e

λt, wj,ε
t )

]
e−λtdx dt+

+

τ∫
t0

Aλ(w
j,ε, wj,ε

t )e−λtdt = 0, (15)

¤¥

Aλ(y, z) =

∫



[ ∑
|α|=|β|≤m

(Aαβ(x, t)D
βy,Dαz)+

+
∑

|α|=|β|≤l

(Bαβ(x, t)D
βyt, D

αzt)− λ
∑

|α|=|β|≤l

(Bαβ(x, t)D
βy,Dαzt)+

+
∑

|α|≤m

(Gα(x, t)D
αy, zt) +

∑
|α|≤l

(Cα(x, t)D
αyt, zt)−

− λ
∑
|α|≤l

(Cα(x, t)D
αy, zt)− 2λ(yt, zt) + λ2(y, zt)

]
dx,
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�t0,τ = 
× (t0, τ). �i¢­iáâì (15) ã ¯®ài¢­ï­­i § (8) ¬iáâ¨âì «¨è¥ ¤¢  ­®¢i ç«¥­¨:∫
�t0,τ

1

ε
(E(x, t)wj,ε

t , wj,ε
t )e−λtdx dt;

ℑ10 =

∫
�t0,τ

(F�(x, t)e
λ
2
t, wj,ε

t e
−λ
2

t)dx dt ≤

≤ 1

2δ4

∫
�t0,τ

|F�|2eλtdx dt+
δ4
2

∫
�t0,τ

|wj,ε
t |2e−λtdx dt, δ4 > 0.

�®¤i, ¢à å®¢ãîç¨ ®æi­ª¨ i­â¥£à «i¢ ℑ1, . . . ,ℑ10, i ã¬®¢¨ (13), ¬¨ § ài¢­®áâi (15)
®âà¨¬ õ¬® ­¥ài¢­iáâì

∫

τ

[
|wj,ε

t |2 + a0(
)
∑

|α|=m

|Dαwj,ε|2 + λ2|wj,ε|2
]
e−λτdx+

+

∫
Qt0,τ

[(
2c00(
)− 3λ− δ4 − δ2

√
g0(�t)

)
|wj,ε

t |2 + λ3|wj,ε|2+

+
(
λa0(
)− a1(
)− λb10(�t)γ

l
m,0(
)δ1 −

1

δ2

√
g0(�t)γ

m
m,0(
)−

− 1

δ3
λ
√
á0(�t)γ

l
m,0(
)

) ∑
|α|=m

|Dαwj,ε|2 +
(
2b0(
)−

1

δ1
λb20(�t)γ

l
l,0(
)−

− 2
√
c2(�t)γl

l,1(
)γl,0(
)− λ
√
c0(�t)γl,0(
)δ3

) ∑
|α|=l

|Dαwj,ε
t |2

]
e−λtdxdt+

+
1

ε

∫
�t0,τ

(E(x, t)wj,ε
t , wj,ε

t )e−λtdx dt ≤

≤ 1

δ4

∫
�t0,τ

|F�|2eλtdx dt, ¤¥ �t = 
× (−∞, t). (16)

�áªi«ìª¨ λ ∈ �3, â® §­ ©¤¥âìáï â ª¨© ­ ¡ià {δ1, δ2, δ3} ∈ �3 i â ª÷ ç¨á« 
τ0(−∞ < τ0 < T ), δ4 > 0, é® ¢ ®¡« áâi �τ0 á¯à ¢¤¦ã¢ â¨¬ãâìáï ®æi­ª¨

∫
�τ0

[ ∑
|α|=m

|Dαwj,ε|2 +
∑
|α|=l

|Dαwj,ε
t |2

]
e−λtdx dt ≤ µ11, (17)

∫
�τ0

(E(x, t)wj,ε
t , wj,ε

t )e−λtdx dt ≤ µ11ε, (18)

¤¥ áâ «  µ11 ­¥ § «¥¦¨âì ¢i¤ j i ε,   äã­ªæiï wj,ε ¯à®¤®¢¦¥­  ­ã«¥¬ ­  ®¡« áâì
�t0 . �æi­ª¨ (17), (18) ®âà¨¬ãõ¬® æi«ª®¬ ¯®¤÷¡­® ïª i ¯à¨ ¤®¢¥¤¥­­i â¥®à¥¬¨ 1.
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� «i «¥£ª® ®âà¨¬ â¨ ®æi­ª¨ (17), (18) i ¢ ®¡« áâi �τ0,T . �â¦¥,∫
�

[ ∑
|α|=m

|Dαwj,ε|2 +
∑
|α|=l

|Dαwj,ε
t |2

]
e−λtdx dt ≤ µ11, (19)

∫
�

(E(x, t)wj,ε
t , wj,ε

t )e−λtdx dt ≤ µ11ε. (20)

� ®æi­ª¨ (19) ¢¨¯«¨¢ õ iá­ã¢ ­­ï â ª®ù ¯i¤¯®á«i¤®¢­®áâi {ws,ε,t0} ⊂ {wj,ε}, é®

e−λtws,ε,t0 → e−λtwε,t0 á« ¡® ¢ L2((−∞, T ); (Hm
0 (
))N );

e−λtws,ε,t0
t → e−λtwε,t0

t á« ¡® ¢ L2((−∞, T ); (H l
0(
))

N ),

ª®«¨ s → ∞, ¯à¨ç®¬ã ¤«ï ª®¦­®ù äã­ªæiù wε,t0 â¥¯¥à ¯à ¢¨«ì­÷ ®æi­ª¨ (19),
(20). �®¤i

Aλ(w
s,ε,t0 , v) +

1

ε

∫



[
(E(x, t)ws,ε,t0

t , v)− ε(F�,t0(x, t)e
λt, v)

]
e−λtdx →

→ Aλ(w
ε,t0 , v) +

1

ε

∫



[
(E(x, t)wε,t0

t , v)− ε(F�,t0(x, t)e
λt, v)

]
e−λtdx,

ª®«¨ s → ∞ ¤«ï ¤®¢i«ì­®ù v ∈ C∞
0 (
). �ãâ

F�,t0(x, t) =

{
F�(x, t), ïªé® (x, t) ∈ �t0,T ,

0, ïªé® (x, t) ∈ �t0 .

�¥£ª® ¡ ç¨â¨, é®

wε,t0
tt e−λt ∈ L2((−∞, T ); (H−m(
))N )

i wε,t0 õ ã§ £ «ì­¥­¨¬ à®§¢'ï§ª®¬ § ¤ çi:

wtt +
∑

|α|=|β|≤m

(−1)|α|Dα(Aαβ(x, t)D
βw) +

∑
|α|=|β|≤l

(−1)|α|Dα(Bαβ(x, t)D
βwt)−

−λ
∑

|α|=|β|≤l

Dα(Bαβ(x, t)D
βw) +

∑
|α|≤m

Gα(x, t)D
αw +

∑
|α|≤l

Cα(x, t)D
αwt−

−λ
∑
|α|≤l

Cα(x, t)D
αw − 2λwt + λ2w +

1

ε
E(x, t)wt = F�,t0(x, t), (21)

Dαw

∣∣∣∣
�

= 0, |α| ≤ m− 1. (22)

�ã¤¥¬® â¥¯¥à ­ ¤ ¢ â¨ ¯®á«i¤®¢­® ¤«ï t0 §­ ç¥­­ï

t0 = T − 1, t0 = T − 2, . . . , t0 = T − k, . . .
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�®¤i ®âà¨¬ õ¬® ¯®á«i¤®¢­iáâì äã­ªæi© {wε,k(x, t)}, ª®¦­  § ïª¨å õ ã§ £ «ì­¥-
­¨¬ à®§¢'ï§ª®¬ § ¤ çi (21),(22) ¢i¤¯®¢i¤­® § ¯à ¢®î ç áâ¨­®î F�,T−k(x, t) i
¤«ï æ¨å äã­ªæi© ¯à ¢¨«ì­÷ ®æi­ª¨ (19), (20). �â¦¥, § {wε,k} ¬®¦­  ¢¨¤i«¨â¨
¯i¤¯®á«i¤®¢­iáâì {wε,i} â ªã, é®

e−λtwε,i → e−λtwε á« ¡® ¢ L2((−∞, T ); (Hm
0 (
))N );

e−λtwε,i
t → e−λtwε

t á« ¡® ¢ L2((−∞, T ); (H l
0(
))

N ),

ª®«¨ i → ∞, i ¤«ï äã­ªæi© wε(x, t) ¯à ¢¨«ì­÷ ®æi­ª¨ (19), (20). �¥å © t1(−∞ <
t1 < T ) { ¤®¢i«ì­¥ äiªá®¢ ­¥ ç¨á«®. �¥¢ ¦ª® ¯¥à¥ª®­ â¨áï, é® wε(x, t) õ
ã§ £ «ì­¥­¨¬ à®§¢'ï§ª®¬ § ¤ çi (21), (22) § ¯à ¢®î ç áâ¨­®î F�. �  ¯÷¤áâ ¢÷
®æi­ª¨ (19), ïª  ¯à ¢¨«ì­  ¤«ï äã­ªæi© wε, ¬®¦¥¬® ¢¨¡à â¨ ¯i¤¯®á«i¤®¢­iáâì
{wεk} â ªã, é®

e−λtwεk → e−λtw á« ¡® ¢ L2((−∞, T ); (Hm
0 (
))N );

e−λtwεk
t → e−λtwt á« ¡® ¢ L2((−∞, T ); (H l

0(
))
N ),

ª®«¨ εk → 0, i ¤«ï £à ­¨ç­®ù äã­ªæiù ¯à ¢¨«ì­÷ ®æi­ª¨ (19), (20). �®¤i § (20)
¢¨¯«¨¢ õ, é® ∫

�

(E(x, t)wt, wt)e
−λtdx dt = 0,

â®¡â® wt = 0 ¬ ©¦¥ áªà÷§ì ¢ � \ Q. �áªi«ìª¨ w
∣∣
�
= 0, â® w = 0 ¬ ©¦¥

áªà÷§ì ¢ � \ Q. �¢i¤á¨ ­  ¯÷¤áâ ¢÷ ã¬®¢¨ â¥®à¥¬¨ ¢¨¯«¨¢ õ, é® w ∈ Hm
0 (
t)

i wt ∈ H l
0(
t) ¤«ï ¬ ©¦¥ ¢áiå t ∈ (−∞, T ). �¥¯¥à «¥£ª® ¯®ª § â¨, é® w õ ã§ -

£ «ì­¥­¨¬ à®§¢'ï§ª®¬ § ¤ çi (21), (22) § ¯à ¢®î ç áâ¨­®î F�. �¢i¤á¨ ¬ õ¬®, é®
äã­ªæiï u = we−λt ¡ã¤¥ ã§ £ «ì­¥­¨¬ à®§¢'ï§ª®¬ § ¤ çi (1), (2) § ¢i¤¯®¢i¤­®î
¯®¢¥¤i­ª®î, ª®«¨ t → −∞. �¥®à¥¬ã 3 ¤®¢¥¤¥­®.

� ã¢ ¦¥­­ï. �ªé® 
∗
t = 
, t ∈ (−∞, T ), â® ¢ â¥®à¥¬i 3 ¬®¦­  ¢i¤¬®¢¨â¨áì

¢i¤ ®¤­®§¢'ï§­®áâi ®¡« áâi 
.
�  § ªi­ç¥­­ï § ã¢ ¦¨¬®, é® § ¤ ç  �ãà'õ ¤«ï ¥¢®«îæi©­¨å ài¢­ï­ì i á¨-

áâ¥¬ à®§£«ï¤ « áì ã à®¡®â å [3]{[15].
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